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FREE  BOUNDARIES  AND  JETS  IN  THE  THEORY  OF  CAVITATION* 

Bt  David  Gilbarg  and  James  Serrin 


1.  Introduction.  The  problems  of  finite  cavity  formation  arising  in  high  speed 
water  entry  of  projectiles  and  in  cavitation  phenomena  demand  an  extension 
of  the  classical  Helmholtz  free  boundary  theory,  for  which  the  cavity  (or  wake) 
is  infinite  in  extent.  We  discuss  here  a  theory  of  the  finite  cavity  based  on  a 
model  whose  characteristic  feature  is  a  jet  extending  from  the  rear  of  the  cavity 
into  its  interior,  (Fig.  1).  The  appropriateness  of  this  model  is  indicated  by  water 
entry  and  water  timnel  experiments  which  show  clearly  the  existence  of  jets  [1], 

fill. 

Kreisel  [2]  first  considered  the  theory  of  these  flows,  treating  the  special 
case  of  flat  plate  and  wedge  obstacles  which  are  S3rmmetrically  disposed  to  the 
incident  imiform  flow.  Recently,  Shiffman  [3],  using  a  new  approach  to  the  free 
boundary  problem  based  on  the  reflection  principle,  extended  the  theory  of  the 
jet  model  to  include  asymmetric  flows  past  polygonal  obstacles. 

We  present  here  a  systematic  accoimt  of  the  free  boundary  theory,  showing 
first  the  mathematical  necessity  for  the  jet  model  of  the  cavity;  (Sec.  2).  The 
flow  problem  is  solved  in  expUcit  form  for  an  inclined  flat  plate  and  wedge, 
(Sec.  4),  although  the  methods  apply  also  to  general  polygonal  obstacles.  The 
considerations  here,  as  in  the  classical  theory,  rest  on  the  conformal  map  of  the 
velocity  plane  on  the  plane  of  the  complex  velocity  potential,  and  differ  therein 
from  Shiffman ’s  method  which  is  independent  of  the  velocity  plane.  The  mappings 
depend  on  a  generalization  of  the  Schwarz-Christoffel  formula  which  applies 
to  a  certain  class  of  polygonal  Riemannian  manifolds  in  addition  to  plane  poly¬ 
gons.  Finally,  in  analogy  with  the  Levi-Civita  theory  of  the  classical  free  bound¬ 
ary  flows,  the  flow  problem  for  curved  obstacles  is  reduced  to  a  non-linear 
boundary  value  problem  for  an  analytic  function  defined  in  the  unit  circle  in 
terms  of  which  the  various  flow  quantities  are  expressed  by  simple  formulas, 
(Sec.  5). 

Attention  should  be  called  to  a  note  by  Efros  [6]  which  recently  became  avail¬ 
able  to  the  authors,  where  some  of  the  results  of  the  present  paper  are  stated 
without  derivation. 

2.  Preliminary  considerations.  We  consider  a  uniform  two  dimensional  flow 
of  an  ideal  incompressible  fluid  striking  a  fixed  obstacle.  It  is  assumed  that  two 
free  streamlines  separate  from  the  obstacle  and  enclose  a  region  of  constant 
pressure.  This  r^on  may  be  thought  of  as  the  wake  of  the  classical  Helmholtz 
theory,  or  the  cavity  associated  with  water  entry  and  water  tunnel  cavitation 
phenomena. 

Flows  satisf3ring  the  following  conditions  will  be  considered: 

(i)  the  flow  is  steady  and  irrotational; 

*  Prepared  under  Navy  Contract  No.  N6onr-180,  Task  Order  V,  with  Indiana  University. 
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(ii)  the  pressure  in  the  interior  of  the  fluid  is  nowhere  less  than  the  cavity 
pressure,  p« ; 

(iii)  the  static  pressure  of  the  uniform  flow  is  greater  than  the  cavity  pressure; 
i.e.,  p«  >  Pe  where  p«  is  the  pressure  at  infinity; 

(iv)  the  pressure  is  continuous  across  the  free  streamlines. 

Condition  (ii)  reflects  the  fact  that  cavitation  occurs  in  a  real  fluid  when  the 
pressure  is  less  than  the  vapor  pressure  of  the  fluid.  It  should  be  noted  that  these 
conditions  differ  only  in  (iii)  from  the  classical  theory,  for  which  pe  =  p«  . 

The  constant  flow  speed,  V,  on  the  free  streamlines  may  be  determined  from 
Bernoulli’s  equation, 

p+  l/2p?*  -  p,+  l/2pC/*; 

where  p  is  the  pressure,  p  the  constant  density,  and  q  the  flow  speed,  at  any 
point  in  the  flow,  and  U  is  the  velocity  at  infinity.  Thus  V  is  related  to  the  other 
constants  by 

p,+  l/2p7*  -  P.+  l/2pt^. 


From  (ii)  we  have  that  the  pressure  minimum,  and,  as  a  result,  the  velocity 
mAximiim  are  achieved  on  the  free  boundary.  It  follows  readily  that  the  free 
streamlines  are  convex  towards  the  cavity. 

The  behavior  of  the  free  streamlines  will  indicate  the  direction  of  further 
considerations.  Several  possibilities  are  available. 

(a)  The  free  streamlines  pieet  at  a  point,  forming  a  finite  cavity  bubble  behind 
the  obstacle.  This  is  impossible,  since  it  would  violate  obvious  continuity  condi¬ 
tions  at  the  junction  of  the  two  streamlines. 

(b)  The  streamlines  extend  to  infinity,  as  in  the  classical  theory.  A  considera¬ 
tion  of  the  conformal  mapping  of  the  flow  region  on  its  image  in  the  velocity 
plane  shows  this  to  be  impKxssible  alsoV 

‘  If  w(z)  u  the  complex  velocity  potential  of  the  flow,  the  image  region  in  the  velocity 
plane,  obtained  from  the  mapping  q(i)  —  dw/dz,  ia  a  simply  connected  region.  As  a  conse¬ 
quence  of  the  assumption  that  the  free  streamlines  extend  to  infinity,  the  point  at  infinity, 
I,  in  the  flow  plane  must  map  into  a  set  of  points,  instead  of  a  single  point,  on  the  boundary 
of  this  image  region.  But,  according  to  the  theory  of  the  correspondence  of  boundaries 
under  conformal  mapping  [7],  this  is  the  case  only  if  the  image  points  of  I,  (which  form  a 
prime  end),  are  inaccessible  from  the  interior  of  the  image  region.  One  can  see  from  the 
simple  nature  of  the  remainder  of  the  Iwundary  in  the  9-plane  that  this  is  not  possible. 
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(c)  The  streamlines  turn  back,  forming  a  jet.  (See  Fig.  1.)  Such  a  jet  would 
strike  the  rear  of  the  obstacle  or  the  free  streamlines,  resulting  in  an  unsteady 
flow.  If,  however,  the  non-physical  assumption  is  made  that  the  jet  is  not  inter¬ 
rupted,  or  more  precisely,  that  the  jet  forms  a  second  sheet  of  the  flow  plane, 
the  flow  is  still  mathematically  possible. 

Since  (c)  is  the  only  mathematically  tenable  alternative  consistent  with 
classical  hydrodynamics*,  this  model  of  cavity  flow  would  seem  to  be  the  “correct” 
one.  Furthermore,  water  tunnel  and  water  entry  experiments  [1],  [11]  show 
the  presence  of  such  backward  jets.  These  flows  are  the  concern  of  the 
present  article. 

It  may  be  shown,  as  in  (b),  that  the  jet  is  of  finite  width,  and  it  is  clear  that 
the  formation  of  the  jet  requires  the  flow  to  contain  a  stagnation  point  in  its 
interior  as  well  as  on  the  obstacle  (provided  it  is  non-cusped).  The  only  type  of 
stagnation  point  consistent  ^vith  a  uniform  flow  at  infinity  and  two  free  stream¬ 
lines  is  one  with  two  entering  and  two  outgoing  streamlines,  and  it  is  supposed 
that  there  is  exactly  one  such  point.  The  essential  features  of  the  flow  are  dis¬ 
played  in  Fig.  1. 

3.  Statement  of  the  problem.  Let  the  region  of  flow  be  in  the  2-piane,  where 
z  —  X  -i-  iy,  the  x-axis  being  taken  parallel  to  the  incident  uniform  flow  .  Let 

w{z)  =  <p{x,  y)  -f  iilfix,  y), 

where  is  the  velocity  potential,  ^  is  the  stream  fimction,  and  w{z)  is  the  complex 
velocity  potential  defined  oyer  the  tw'o  sheeted  flow  region  R  in  the  2-plane. 
The  flow  is  determined  once  w(z)  and  the  free  streamlines,  Zi ,  Z: ,  are  known. 
These  will  ultimately  be  obtained  through  the  knowledge  of  the  local  properties 
of  w(z),  which  are  completely  stated  in  the  following. 

(i)  In  the  neighborhood  of  the  stagnation  point  B,  tp(z)  is  of  the  form, 

u>(z)  *  Wa  -H  (*  —  Za)*P(z  —  2»),  jP(0)  0.* 

(ii)  In  the  neighborhood  of  infinity,  /,  10(2)  is  of  the  form 

w{z)  «  K  log  2  +  I7z  -f-  P(l/2),  «  ^  0. 

For  consider  any  circuit  around  the  cavity  in  the  2-plane.  The  value  of  uf(z) 
after  completing  such  a  circuit  in,  say,  the  positive  direction,  is  seen  to  differ 
from  its  starting  value  by  a  constant  k  ^  0  which  is  independent  of  the  path 
and  the  starting  point.  In  particular,  the  change  in  value  of  the  stream  function, 

must  be  non-zero  to  account  for  the  jet,  while  the  change  in  value  of  the 

*  Other  variatione  of  (c)  are  still  possible,  e.g.,  the  jet  might  strike  another  portion  of 
the  obstacle,  dividing  there  into  two  jets  which  form  additional  sheets  of  the  flow  plane. 
However,  these  possibilities  will  be  disregarded  here. 

*  The  values  in  the  various  complex  planes  corresponding  to  the  points  lableled  A,  B,C, 
...  in  the  flow  plane  are  designated  throughout  by  the  appropriate  subscripts;  thus  the 
value  of  to  at  the  point  in  the  w-plane  corresponding  to  fi  in  the  low  plane  is  wa-  The  nota¬ 
tion  P(t  —  s«)  will  be  used  to  represent  any  functions  regular  at  the  point  ,  but  if  a  specific 
function  is  meant  it  will  be  represented  differently. 
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potential,  tp,  is  equal  to  the  circulation  of  the  flow  about  the  cavity.  This  may  or 
maynot  vanish.  Let  k  «  fc/2rt,  sothattr(z)  —  x  log  z  is  single  valued  in  the  neighbor¬ 
hood  of  7.  It  therefore  has  a  Laurent  expansion  about  7,  which,  since  lim  to'(z)  « 

U,  is  of  the  form  Uz  +  P(l/z). 

(iii)  At  all  other  interior  points  of  R,  wiz)  is  regular  and  u;'(z)  ^  0. 

The  problem  can  now  be  formulated  in  fimction-theoretic  terms  without 
reference  to  the  flow. 

Let  A  be  a  simply  connected  region  without  winding  points  on  a  two-sheeted 
Riemann  surface  over  the  z-plane.  72  is  to  contain  the  point  at  infinity  as  an 
interior  point,  7,  and  as  a  boundary  point,  C.  Part  of  the  boundary  of  72  is  to  be 
an  arc  SiASt  of  a  given  curve  in  the  z-plane  (the  obstacle),  while  the  remainder 
is  to  consist  of  two  (unknown)  curves  Z, ,  2, .  These  curves  are  to  have  con¬ 
tinuously  turning  tangents  with  the  same  limiting  direction  y  at  C. 

The  complex  velocity  potential  is  to  be  an  analytic  function  to(z)  defined 
throughout  72  which  satisfies  the  following  conditions. 

1.  I  dw/dz  I  =  T  on  2, ,  Z, . 

1  dw/dz  I  <  F  on  SiASt  .* 

2.  The  image  of  the  boundary  of  72  is  the  slit  positive  real  axis  of  the  tc-plane. 

3.  In  the  neighborhood  of  some  interior  point  z« , 

u>(z)  =  «>■  -h  (z  —  z»)*P(z  —  Zb),  P(0)  ^  0. 

4.  In  the  neighborhood  of  7, 

w(,z)  «  K  log  z  -1-  Uz-{-  P(l/z),  X  ^  0. 

5.  Elsewhere  in  the  interior  of  72,  w(js)  is  regular  and  to'(z)  ^  0. 

A  function  w{z)  and  curves  2, ,  2,  which  satisfy  these  conditions  form 
jointly  a  solution  of  the  free  boundary  problem  for  the  given  obstacle.  The 
constants  zb  ,  Zb  ,  Zb,  ,  zb,  ,  x,  and  y,  which  are  in  general  unknown,  are  to  be  deter¬ 
mined  in  conjunction  with  is(z).  As  we  shall  see,  unless  the  circulation, 
(=  —  7m(2Tx)),  or  some  other  real  quanity  is  fixed,  the  solution  will  not  be 
unique.  < 

The  foregoing  is  not  intended  to  be  a  minimum  formulation  of  the  flow  prob¬ 
lem,  but  does  indicate  its  essential  content.  The  general  method  of  solution,  as  in 
the  classical  treatment,  is  to  reduce  the  problem  with  free  boundaries  to  one  of 
conformal  mapping  of  regions  with  known  boundaries.  The  regions  concerned 
are  the  w-  and  Q-images  of  the  flow  plane,  where 

tl(z)  =  t  log  V~^dw/dz  =  0  -h  t  log  q/V, 

d  being  the  inclination  of  the  velocity  vector. 

A  description  of  the  tr-image  is  readily  obtained  from  the  above  properties  of 
w{z).  By  virtue  of  2  and  4  the  mapping  is  infinitely  many- valued  and  the  tr-plane 

*  This  is  equivalent  to  (ii)  of  Sec.  2.  Although  an  important  ph>'8ical  condition,  it  may  be 
omitted  for  the  sake  of  generalising  the  mathematical  problem. 
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is  multiply  covered.  A  single  sheet  of  the  Riemann  surface  over  the  to-plane 
(Fig.  2)  is  obtained  by  cutting  the  z-plane  along  the  streamline  IBC  which 
joins  the  branch  point  I  to  the  boundary.  The  w-image  of  the  flow  plane  is  then 
a  Riemannian  manifold  with  boundary  ASiCStA.  The  slits  IBC  in  the  upper 
and  lower  parts  of  the  to-plane  are  respectively  images  of  the  upper  and  lower 
sides  of  the  cut  IBC  in  the  z-plane,  and  points  on  corresponding  edges  of  each 


Fig.  3 


slit  at  equal  distances  from  Wb  (e.g.  P,  P'),  being  images  of  the  same  point,  are 
to  be  identified  on  the  manifold.  Considered  as  a  Riemann  surface,  the  complete 
10-image  consists  of  infinitely  many  such  congruent  sheets  joined  pairwise  at  the 
winding  points,  Wb  ,  along  BI  and  BC. 

Consider  now  the  D-image  of  the  flow  plane,  (Fig.  3).  If  the  flow  region  is  cut 
along  the  streamline  VIA,  then  Q(z)  becomes  single  valued  and  maps  R  into  a 
region  bounded  by  a  curve  ASiCStA,  the  image  of  the  free  boundary,  SiCSt , 
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being  a  segment  of  the  real  axis.  The  two  sides  of  the  cut  map  into  two  curves 
BIA,  respective  points  of  which  are  identified  if  their  values  differ  by  2*-.  (This 
is  a  consequence  of  the  logarithmic  singularity  of  0(2)  at  Zb  .)  The  12-image  is 
thus  a  Riemannian  manifold.  If  the  obstacle  iSiiliSs  is  a  straight  line  the  boundary 
curve  ASiCStA  of  the  manifold  is  an  infinite  rectangle.  (Fig.  4). 

Considered  as  a  Riemann  surface,  the  fl-image  of  the  uncut  z-plane  consists 
of  infinitely  many  congruent  sheets  joined  pairvdse  at  winding  points,  D,  of 
type  2*  Fig.  4  illustrates  the  Riemann  surface  for  a  straight  line  obstacle.  These 
points,  D,  are  not  images  of  /,  for  in  the  neighborhood  of  /, 

12(2)  =  t  log  ^  ^  -H  4  ^(-)* 

V  Uz  z'  z 

Hence  (2(2/)  is  not  a  winding  point. 


0~Ri«mann  turf 


4.  The  Free  Boundary  Problem  for  an  Inclined  Flat  Plate.  If  the  obstacle  is 
a  flat  plate,  and  SiASt  therefore  straight,  an  explicit  functional  relation  between 
Q  and  w  is  obtained  in  paraipetric  form  by  mapping  both  image  regions  on  the 
same  half  plane  or  imit  circle.  The  explicit  mappings,  involving  here  polygonal 
Riemannian  manifolds,  instead  of  the  simple  plane  polygons  of  the  classical 
theory,  are  easily  derived  from  the  following  generalization  of  the  Schwarz- 
Christoffel  formula  for  the  mapping  of  polygons. 

Mapping  theorem:  Let  u{t)  be  an  analytic  function  which  maps  the  upper 
half  2-plane  on  a  Riemannian  manifold  with  closed  polygonal  boundary.  In  the 
neighborhood  of  interior  points  2  =*  ffy,  0’  =  L  •  •  *  » Jet 

w'(2)  =  (2  -  <ry)-»  P(2  -  oi)  ,  P(0)  0, 

*The  Q-image  of  a  simple  closed  curve  in  R  which  is  arbitrarily  close  to  the 
path  ASiCBCSiA  (with  BC  exterior  to  the  curve)  is  seen  to  be  a  curve  winding  twice  about 
the  points  in  the  region  AiSi5tA'.4  (Fig.  4).  It  can  be  proved  that  this  region  therefore  con¬ 
tains  exactly  one  winding  point,  D,  which  is  two-sheeted. 
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where  aj  is  real  and  unequal  to  zero.  At  all  other  interior  points  let  u{t)  be  regular 
and  u'(t)  ^  0.  If  the  boundary  has  interior  angles  0kv,  {k  =>=  1,  ‘  >  m),  at 

vertices  corresponding  to  t  =  T*(Tt  real),  then  m(0  is  of  the  form 

(1)  u{t)  =  A  [  { n  [^  -  +  ^j)t  +  1  i*l“'  n  0  -  Tt)'**"*}  dt  +  B 

J  i  k 

where  A,  B  are  complex  constants.  If  the  manifold  is  given,  then  the  precise 
values  of  A,  B,  aj ,  n  ,  are  determined  from  the  known  positions  of  the  vertices, 
u(rt),  and  from  the  given  data  concerning  u{t)  at  <Ty .  Three  of  the  constants 
Tk  can  be  chosen  arbitrarily;  if  one  is  chosen  at  infinity  the  corresponding  factor 
will  not  appear  in  the  integrand.  Conversely,  any  function  of  the  form  (1) 
has  the  prescribed  local  behavior  and  maps  the  half  plane  on  a  polygonal  Rie> 
mannian  manifold  with  vertex  angles  Pkw. 

The  proof,  as  for  the  classical  Schwarz-Christoffel  formula  ([7]  pp.  423-426), 
follows  from  consideration  of  the  function  u'* jv! ,  which  is  defined  by  reflection 


in  the  entire  plane,  and  is  regular  except  for  simple  poles  of  strength,  ay ,  ay , 
)3*  —  1,  at  ffy ,  di ,  T*  ,  respectively,  from  which  (1)  is  obtained  readily.  We  omit 
a  fuller  discussion  here.  (For  details  see  [10]). 

It  will  be  convenient  for  formal  reasons  to  map  the  image  regions  into  the 
upper  half  unit  circle, F,  of  the  t  plane;  w(z)  can  be  obtained  through  the  resulting 
parametric  representations.  By  well-kno^vn  theorems  on  conformal  mapping, 
there  is  a  unique  analytic  function  z(j’)  which  maps  F  conformally  on  R  such 
that  z(0)  =  C,  z(— 1)  =  5i ,  2(+l)  =  Sk  ;  (Fig.  5).  The  fact  that  the  mapping 
is  conformal  gives  the  expansion  at  F/ , 

(2)  z(r)  =  r/(f  -  f/)  +  P(f  -  f/)  ,  (r  5^  0), 

while  at  all  other  points  in  F,  2'(f)  0.  The  functions  wff)  sb  w{z(^)), 

w(f)  5E  Q(z(^))  are  then  the  required  mappings  of  F  on  the  image  regions. 

An  obvious  modification  of  the  mapping  theorem  enables  us  to  find  w(j;)  and 
«(f).  Namely,  F  is  first  mapped  on  the  upper  half  plane  by  t  =  —  i(f  +  f*)  and 
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then  onto  the  polygonal  image  regions  by  means  of  the  mapping  theorem;  this 
substitution  replaces  any  linear  factor  (<  —  <o)  in  (1)  by  — 

d 

where  *  —  i(fo  +  1/fo),  and  introduces  the  factor  eft/df  —  —  —  l)/f*in 

the  integrand.  From  the  prescribed  local  behavior  of  w(z)  we  have, 

at  f.  ,  w'(f)  =  (f  -  rB)P(f  -  f*),  P(0)  0; 

,3)  + 

at  all  other  interior  points,  w(i;)  is  r^ular  and  w'G*)  ^  0. 

At  the  vertices,  A,  C,  of  the  boundary,  the  interior  angles  are  2r  and  0.  Hence, 
making  the  substitution,  t  =  —  i(f  +  Vf)»  in  (1)»  we  have, 

-  1/f.) 

df  f(r  -  r/)*(f  -  fr)*(f  -  -  1/f.)* 

where  M  is  real  since  to'(f)  is  real  on  the  real  axis.  It  is  to  be  noted  that  the 
form  of  dw/df  does  not  depend  on  the  shape  of  the  obstacle.  «>(f)  itself  is  never 
explicitly  needed. 

For  the  flat  plate  the  Q-image  is  polygonal  and  a  similar  process  gives  dw/d^. 
That  is, 

at  ri> ,  «'(f)  =  (f  -  fi))P(f  -  ffl)  ;  P(0)  0  ; 

at  r,  ,  «'(r)  *  t/(f  -  f.)  +  P(f  -  f,); 

at  all  other  interior  points,  w(f)  is  regular  and  w'(f)  0. 


At  the  vertices  <Si ,  <St ,  the  interior  angles  are  t/2,  while  at  A  the  interior  angle 
is  0.  Hence, 


^  —  K _ (f  ~  ~  fi>)(f  ~  I/fp)(f  ~  l/fp) _ 

df  (f  -  «^)(r  -  e-*-)(r  -  r.)(r  -  f-xr  -  i/fa)(f  -  i/f.)  * 


Separating  into  partial  fractions,  and  noting  that  the  residue  at  f «  is  i, 
and  therefore  is  —  t,  —  t,  +t  at  f  =  f «  ,  l/f*  ,  l/f*  ,  respectively,  while 

Rei«(e-)i  in:!?  -  V, 


we  have,  after  integrating. 


(6) 


This  formula  can  be  derived  more  simply  without  use  of  the  mapping  theorem. 
From  the  nature  of  the  singularities  of  uiX)  at  f  and  f  »  e*",  we  infer 

«(f)  -  t  log  (f  _  +  /(f)* 
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/(f)  being  regular  in  the  entire  unit  circle,  |  f  |  <  1,  in  which  w(f)  is  defined  by 
virtue  of  the  Schwarz  reflection  principle.  Since  uQ')  has  a  constant  real  part  on 
I  I  1,  we  may  reflect  out  of  the  unit  circle  to  obtain  in  the  entire  plane 
in  the  form, 

(f  -  0(f  -  f»)(f  -  Vf.)  . 

"(f>  (j.  _  e-i-Xf  -  f,)({  -  1/f.)  + 

where  ffd")  is  r^ular  in  the  entire  plane  and  therefore  a  constant,  from  which 
(5)  follows.  This  method  could  also  be  used  to  obtain  (4). 


••Sian* 

B 

1  A 

S. 

Sx 

Fio,  6 

The  constants  L,  Af ,  ,  fa  ,  a,  are  subject  to  the  conditions, 

1.  «(f)  real  for  f  real,  so  -that  \  L\  —  1 ; 

2.  «(r/)  -  %  log  C//7; 

3.  z«,  —  where  I  is  the  length  of  the  plate,  and  5  its  inclination; 

4.  Af  is  real; 


This  states  that  the  residue  of  dz/di  at  is  0,  which  follows  from  (2). 

If,  furthermore,  the  circulation  is  prescribed,  say  equal  to  H,  then  by  (3), 

fe  |[<f  -  |]}  = 

There  are  now  nine  real  conditions  to  determine  the  nine  real  constants  contained 
in  L,  Af ,  f/ ,  ia ,  a.  Conditions  1.-3.  and  the  mapping  formulas  insure  that 
wiS)  and  aii)  define  a  function  w{z)  which  satisfies  the  requirements  of  Sec.  3. 
The  free  boimdaries  are  determined  as  the  image  of  the  real  f  axis.  Further 
details  concerning  the  flow  will  be  deduced  later. 

Similar  arguments  apply  to  the  flow  problem  for  a  wedge  obstacle,  provided 
the  stagnation  point  A  occurs  at  the  vertex.  If  the  wedge  angle  is  cr,  it  is  easy 
to  see  that  the  function  w(f)  is  of  the  form 

l/W 


«(f) 


(6) 


10 


DAVID  OILBARG  AND  JAMES  SERRIN 


Since  this  formula  requires  that  the  stagnation  point  be  at  the  vertex,  the  circu¬ 
lation  can  no  longer  be  fixed  beforehand.  The  methods  used  in  this  section  are  in 
principle  applicable  also  to  arbitrary  polygonal  obstacles,  where,  in  general,  a 
free  streamline  separates  from  each  vertex  in  contact  with  the  flow. 

As  an  application  of  the  above,  consider  the  symmetric  flow  past  a  vertical 
flat  plate.  The  change  of  variables  «  =  Jt(f  —  f~*)  effects  a  simplification  in  (4) 
and  (5)  leading  to  the  formulas 

dw  _  dwdi  _  «(«*  —  6*) 

di  ~  '^Ts~  *(«*  -  h'Y 


<!)(«)  =  i  log  L 


Hi 


8  —  b 

riTb’ 


where  6  =  «b  ,  fi  =  «/ ,  aie  negative  real  numbers;  (Fig.  6).  Since  lim  &»(«)  =  —  x 

we  have  Li  =  —  1.  From  conditions  2  and  5  of  the  present  section  we  obtain  after 
a  brief  calculation  the  equations 

6  =  -2A*  -  h  +  2, 


_  r/i  -H  iT 
V  U  -  ij 


b  -  h 


b  +  h' 

which  determine  b  and  h  as  functions  of  the  cavitation  number  N,  where 

F*  -4^*  +  +  ^h-  2 

^  U'  (/i*  -h  A  -  1)* 

An  estimate  of  the  drag  may  be  made  using  the  formula 

.  +  I/S 

(p  -  Pc)  dy, 


Drag  = 


plV^ 

2 


1  - 


f 

'1  +  «■ 

1/2 

8  —  b 

2 

sds 

_1  —  8_ 

_«*  — 

r 

1—8 

172 

s  -|-  6 

2 

8d8 

h 

Li  +  «j 

L«*  - 

For  0  <  N  <  I  the  quantities  (s  —  6)/(s*  —  A*)  and  (s  -1-  6)/(s*  —  A*)  are 
essentially  constant  (^‘b/h*)  over  the  interval  of  integration.  Hence  in  this 
physically  important  range  of  N  values  the  drag  is  easily  approximated  (within 
an  accuracy  of  2  per  cent)  by 

2 


(7) 


2x 


4  +  X 


(1  +  AT). 


This  formula  was  first  stated  by  Zoller  [8]  on  the  basis  of  a  different  model  of 
the  cavity,  and  is  in  agreement  with  experiments.  When  N  =  0,  which  is  the 
classical  case,  the  above  expression  is  exact  and  we  derive  the  classical  formula 
for  the  drag,  [x/(4  -)-  x)]pfC7*. 


6.  Free  boundary  problem  for  curved  obstacles.  Direct  conformal  mapping 
procedures,  as  in  the  preceding  section,  are  no  longer  adequate  to  handle  the 
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problem  of  curved  obstacles,  since  for  these  the  Q-plane  is  not  explicitly  known. 
However,  in  analogy  with  Levi-Civita  [4,  5],  the  flow  problem  can  be  formulated 
as  a  non-linear  boundary  value  problem  for  the  unknown  fimction,  We  see 
that  w(f)  =  IT,  (t  =  log  q/V)j  must  satisfy  the  following  conditions  in  the 
semi  circle,  F. 

1.  T  =  0  for  f  real; 

2.  T  <  0  for  I  f  I  =  1 ;  (see  footnote  4) ; 

3.  in  the  interior  of  F,  w(f)  has  a  singularity  at  f*  ,  where 

«(r)  =  i  log  (f  -  Tb)  +  /’(f  -  Fb), 
and  is  regular  elsewhere; 

where  dw/d^  is  given  by  (4), 

5.  «(f,)  =  i  log  U/V 

6.  1  ^  .if,  (0  <  .  <  t), 

is  to  be  a  parametric  representation  for  (a  portion  of)  the  fixed  boundary,  (the 
origin  thereby  being  fixed  at  the  stagnation  point). 

It  is  clear,  conversely,  that  any  function  «(f)  satisfying  conditions  1-5  defines 
a  flow  with  free  boundaries.  In  addition,  6  insures  that  the  obstacle  is  a  streamline 
of  the  flow,  <i»(f )  therefore  solving  the  flow'  problem  for  the  given  fixed  boundary. 
The  proof  of  existence  or  uniqueness  of  «(F)  for  a  flow  against  a  given  obstacle 
with  prescribed  (7,  T  is  as  yet  an  open  problem. 

As  in  the  Levi-Civita  theory,  the  various  flow  quantities  of  interest  are  ex¬ 
pressible  in  simple  form  in  terms  of  a)(f).  Thus, 

""  V  /.I ^  1  ^  ^  ^ 

defines  the  free  streamlines  in  parametric  form,  {  —  =bl  defining  the  separation 
poinst.  Si ,  St .  The  jet  width,  J,  and  limiting  direction,  y,  are  given  by 

(9)  J  =  -2t  Re  (k)/V  y  =  «(0). 

J  is  determined  also  through  the  relation 

(10)  -2i/e‘’'  =  i^e‘-»’^df, 

where  the  circuit  is  about  the  origin.  The  integral  is  easily  evaluated  by  residues 
from  (4)  and  (9),  yielding 

.  J  =  -tMIV. 

If  X  is  the  drag  of  the  obstacle,  Y  the  lift,  then  the  force,  (assuming  the  un¬ 
wetted  portion  of  the  obstacle  is  subject  to  the  cavity  pressure,  p,),  is  given  by 
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the  integral  being  taken  around  |  |  »  1.  The  standard  derivation  of  this  formula 

[5]  applies  here  without  essential  modification.  The  residues  of  the  integrand  for 

I  f  I  <  1  are  non-zero  only  at  f  =  0  and  f  •=  f / ,  as  one  ascertains  from  (4) 
and  (8).  At  the  origin  and  f/  the  residues  are,  respectively,  \ipVMe*^  and 
(JJ/V)\N  +  where 

Since  *  —iitUf,  we  obtain  after  simplifying, 

F  -  -p(V*Je^  -H  , 

so  that 

(11)  X  -  pVJiU  -  V  COB  y)  ,  r  -  -piU'J  sin  7  +  UH). 

These  formulas  can  also  be  obtained  from  momentum  considerations  (see  BirkhoiT 

[9]  where  the  derivation  is  given  for  sjrmmetric  flows). 

An  approximate  value  of  the  jet  width  for  the  symmetric  flow  past  a  vertical 
flat  plate  is  obtained  by  comparing  (11)  for  y  =«  — t  and  (7);  thus 

j.  (  V  \ 

REFERENCES 

(1]  D.  Gilbabg  and  R.  Anderson,  “Influence  of  Atmospheric  Pressure  on  the  Phenomena 

Accompanying  the  Entry  of  Spheres  into  Water,”  J.  Appl.  Phys.,  19  (1948), 
pp.  127-139. 

(2]  G.  Kreisel,  “Cavitation  with  Finite  Cavitation  Numbers,”  .\dmiralty  Research 

Laboratory  Report  No.  Rl/H/36,  Jan.  1946. 

[3]  M.  Shiffman,  “On  Free  Boundaries  of  An  Ideal  Fluid,  II,”  Communications  on  Pure 

and  Applied  Mathematics,  8,  No.  1,  (1949),  pp.  1-11. 

[4]  T.  Levi-Civita,  “Scie  e  leggi  di  resistenza,”  Rendiconti  del  Circolo  Matematico  di 

Palermo,  18  (1907). 

[61  L.  Milne-Thomson,  “Theodstical  Hydrodynamics,”  Macmillan,  1938,  Chap.  12. 

[6]  D.  Efros,  “Hydrodynamical  Theory  of  Two-Dimensional  Flow  with  Cavitation,” 

C.  R.  (Doklady)  Ac.  Sci.  URSS,  vol.  LI,  No.  4,  (1946),  pp.  267-270. 

[7]  A.  Hdrwitz-R.  Coorant,  “Funktionentheorie,”  3rd  edition.  Interscience,  pp.  404-405. 
|8]  K.  ZoLLER,  “Widerstand  einer  ebenen  Platte  mit  Totwassergebiet,”  Deutsche  Luft- 

fahrtforschung,  UM  4518,  Aug.  1943. 

|9]  G.  Birkuoff,  “Remarks  on  Streamlines  of  Discontinuity,”  Revista  de  Ciencias,  Lima, 
(1948),  pp.  105-116. 

[10]  D.  Gilbaro,  "A  Generalization  of  the  Schwarz-Christoffel  Transformation,”  Proc. 

Nat.  Ac.  Sci.,  36  (1949),  pp.  609-612. 

Ill]  H.  Reicharot,  "The  Laws  of  Cavitation  Bubbles  at  Axially  Symmetric  Bodies  in 
a  Flow,”  Rep.  and  Trans.  No.  766,  Brit.  Min.  Air.  Prod.,  Aug.  1946. 

Indiana  University. 

(Received  June  17,  1949) 


SYNTHESIS  OF  A  FINITE  2n-TERMINAL  NETWORK  BY  A  GROUP 
OF  NETWORKS  EACH  OF  WHICH  CONTAINS  ONLY  ONE 
OHMIC  RESISTANCE 

Bt  Yosno  OoNO 

1.  Introduction.  With  the  progress  of  electrical  communication  engineering, 
the  theory  of  electric  network  synthesis  has  made  a  great  advancement.  But 
its  fundamental  problem,  namely  the  problem  of  2n-terminal  network  synthesis 
from  prescribed  characteristic  functions  has  remained  unsolved,  since  C.  M. 
Gewertz  solved  the  case  of  four-terminal  networks.* 

This  paper  solves  this  problem  and  presents  a  general  method  of  sjrnthesizing 
a  finite  passive  2n-tenninal  network  from  its  prescribed  impedance  matrix.*  In 
the  theory  of  electric  wave  filters,  it  is  the  well-known  fact  that  every  impedance 
function  is  given  by  the  driving-point  impedance  of  a  reactive  four-terminal 
network  terminated  in  a  resistance  at  its  one  end.*  In  this  paper,  we  have  a 
general  conclusion  that  every  2n-terminal  network  can  be  represented  by  a  re¬ 
active  4n-terminal  network  terminated  in  n  resistances  at  its  n  pairs  of  terminals. 
Also  a  basic  property  of  reactive  networks  is  made  clear  by  extending  the  fact 
that  a  reactive  four-terminal  network  is  characterized  by  two  functions.* 
Thus,  although  the  present  theory  involves  Gewertz’s  theory  as  a  very  par¬ 
ticular  case,  it  may  rather  be  regarded  as  the  extension  of  the  theory  of  electric 
wave  filters. 

2.  Notations  and  definitions* 

X  the  complex  variable. 

j  V^. 

Cl)  the  angular  frequency. 

Re  /(X)  the  real  part  of  /(X). 

RefiiiX)  •••  Refin{\) 

ReF(x)-iiRe/..(x)ii  =  ] ! 

RefniM  •••  RefnnM 

called  the  real  part  matrix  of  a  matrix  F(X)  =  ||  /.i(X)  ||. 

1C.I  («,  (  =  1,  2,  •  •  •  ,  n) 

open-circuit  driving-point  (s  =  t)  or  transfer  (s  ^  t)  impedances 
of  a  2n-terminal  network.  (By  the  term  “network”  we  mean 
the  finite  passive  network  with  lumped  linear  elements.)  The 

*  C.  M.  Gewerts,  Network  Synthesis  (Baltimore,  1988). 

*  As  to  the  definitions  see  paragraph  2. 

*  8.  Darlington,  J.  of  Math.  A  Phys.  18,  267  (1989).  W.  Cauer,  T.  F.  T.  89.  186  (1940). 

*  Reference  8. 

*  W.  Cauer,  Theorie  der  linearen  Wechselstromschaltungen  Bd.  1  (Berlin,  1941).  This 
book  gives  a  complete  preliminary  introduction  to  the  subject  of  this  paper. 
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t0<i : «  are  defined  by  the  relations  between  voltages  and  currents 
at  n  pairs  of  terminals  (Fig.  1),  i.e.  by  a  matrix  equation 

Vi  U>n  tTij  •  •  •  Win  h 

V2  W21  «>sj  •  •  •  VHn  It 


||F«||  WnnII  ||/n|| 

W  »  II  II  the  impedance  matrix. 

Z  =  II  2*1  II  used  in  place  of  W,  when  the  network  is  purely  reactive. 
Network  representation 

If  a  matrix  is  the  impedance  matrix  of  a  physically  realizable 
network,  it  is  said  to  have  a  network  representation.* 


Fig.  1 


Positive  real  function 

a  function /(X)  which  satisfies  the  following  conditions: 

(1)  /(X)  is  real  for  X  real. 

(2)  /(X)  is  analytic  for  ReX  >  0. 

(3)  Re  fix)  ^  0  for  Re  X>  0. 

A  function  which  satisfies  (1)  is  called  a  real  function. 
Positive  definite  matrix 

the  matrix  of  a  positive  definite  quadratic  form.^ 
Positive  real  matrix* 

a  matrix  F(X)  =  ||/.«(X)  ||  whose  quadratic  form 

1-1  «-i 


•  O.  Brane,  J.  of  Math.  &  Phys.  10, 191  (1931). 
^  Including  the  so-called  semi-definite  form. 

*  Reference  1,  p.  84.  Reference  5,  p.  127. 
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is  a  positive  real  function  for  all  real  values  of  the  z:s.  It  is  the 
established  fact  that  the  impedance  matrix  must  be  a  positive 
real  matrix.*  (Elements  of  the  positive  real  matrix  are  assumed 
to  be  rational  fimctions  throughout  this  paper,  since  networks 
imder  consideration  are  the  finite  ones.) 

Hurwits  pol3momial 

a  pol3rnomial  with  real  coefficients  having  no  zeros  in  the  right- 
half  plane  and  on  the  boundary. 

3.  Method  of  synthesis.  In  the  following  we  shall  concern  ourselves  with 
impedance  matrices,  since  similar  statements  hold  for  admittance  matrices. 


Suppose  we  have  a  reactive  2(n-|-l)-terminal  network  shown  in  Fig.  2.  Then 
we  have  a  matrix  equation 


or 


V  ~  ZI  (1) 

where 

Z-IU.il,  ''-ilV.II,  ./=||/.l|  (2) 

(«,  (  -  1,  2,  •  ■  •  ,  n  +  1). 

*  Reference  1,  p.  53.  Reference  5,  p.  136.  E.  A.  Guillemin,  Conununication  Networks 
Vol.  2  (New  York,  1936),  p.  217. 
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Now  if  we  terminate  this  network  in  a  resistance  (being  assumed  to  be  unity 
without  any  loss  of  generality)  at  end  (n  +  1)  (Fig.  2)  and  eliminate  Vn+i  and 
^n+l  from  (1)  noting  that 

y*+i  ”  —  i‘f^ii+1 1 


we  shall  readily  get 


where 


V  -  WI, 


(3) 


W  =  II  w..  II, 


(4) 


to„  -  (s,(  -  l,2,-..,n)  (5) 

i  “T  Z*+l.«+l 

and  V  and  I,  though  their  notations  are  the  same  as  in  (1),  do  not  contain 
F,+i  and  /,+i  respectively,  i.e. 

F  =  II  7.  II,  /  =  II  II  (s  -  1,  2,  .  •  •  ,  n). 

Since  every  z,t  is  an  odd  function  of  X,  from  (5)  we  have 

Be  «.„(»  -  (8) 

1  -  2;+i.»+iC7«») 

By  using  this  we  find  that 

Re  w„iju)Re  Wuiju)  —  \Re  tr.djw)}*  ^  0  (7) 


i.e.  all  2-rowed  principal  minors  of  ReWiju)  are  identically  zero.  Furthermore, 
by  easy  calculation  we  know  that  all  3-rowed  principal  minors  of  ReW{ju))  are 
also  identically  zero.  (This  can  be  known  without  calculation  as  the  natural 
result  of  (7),  because  ReW(j(a)  is  a  positive  definite  matrix  for  any  value  of  «.) 
Therefore  the  rank  “  of  ReW(ju)  must  be  1  or  0.“  If  we  exclude  the  case  of  rank 
0,  which  means  that  Rew,tiju)  =  0  (s,f  =  1,  2, . . . ,  n),  i.e.  the  end  (n  +  1)  is 
independent  of  others,  we  may  have: 

Theorem  1.  If  a  2n-terminal  network  is  made  by  terminating  a  reactive 
2(n  +  l)-terminal  network  in  a  resistance  at  one  pair  of  terminals,  the  real 
part  matrix  of  its  impedance  matrix  is  of  rank  1  along  the  whole  axis  of  im- 
aginaries. 

Next  we  shall  prove  the  converse  theorem  stated  as  follows. 

Theorem.  2.  A  positive  real  matrix  of  order  n,  whose  real  part  matrix  is 
of  rank  1  on  the  imaginary  axis,  is  capable  of  representation  by  a  reactive 
2(n  +  1) -terminal  network  terminated  in  a  resistance  at  its  one  pair  of  ter¬ 
minals. 


**  We  Bay  ReW{ju)  to  be  of  rank  r  when  not  all  its  minor  determinants  of  order  r  identi¬ 
cally  vanish,  while  all  of  order  r  -1-  1  do  so. 

“  If  all  the  (r  -|-  l)-rowed  principal  minors  of  the  symmetrical  matrix  A  are  zero,  and 
also  all  the  (r  -1-  2)-rowed  principal  minors,  then  the  rank  of  A  is  r  or  less. 
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Let 


W  =•  \\  w„  II  («,  <  =  1,  2,  •  •  •  ,  n) 

be  the  given  matrix.  If  w,t  has  poles  on  the  imaginary  axis,  whose  principal  parts 
are  summed  up  in  u>,( ,  we  may  separate 

w'  =  \\w:,\\ 

from  W.  W'  is  a  positive  real  matrix^  which  can  be  realized  into  a  reactive 
2n-terminal  network  by  the  method  due  to  W.  Cauer.“  If  we  write 

W  =  W'  +  W",  (8) 

W"  =  II  w,\  II  is  also  a  positive  real  matrix  whose  real  part  matrix  is  of  rank  1  on 
the  imaginary  axis  and  w,t  has  no  poles  there.  Let  us  study  the  problem  whether 
there  exists  a  reactive  2(n+l)-terminal  network  whose  imp>edance  matrix 
Z  =  II  II  (s,  t  =  1,  2,  •  •  •  ,  n  +  1)  satisfies  the  similar  relations  to  (5) 


I  -r  z«+x.i 


First,  in  order  that  the  driving-point  impedance  at  end  s  (for  example)  may  give 
w't, ,  the  relation 


w„  =  z. 


Z$,n+1 

1  +  2»+l.»+l 


(10) 


must  hold.  According  to  the  theory  of  electric  wave  filters  such  a  set  of  z«« , 
z».n+i ,  Zn+i.K+i  always  exists'*,  since  w',', ,  being  a  diagonal  element  of  the  positive 
real  matrix,  is  a  positive  real  function.  However,  if  to,',  is  a  constant,  we  must  also 
consider  an  ideal  transformer.  Let  us  specially  denote  Zn+i,»+i  determined  so  as 
to  satisfy  (10)  by  2«+i,«+i .  Then  the  question  will  be  raised  whether  we  can  make 
2«+i,»+i  and  zi+i.m+i  (s  9^  t)  equal. 

Now  method  of  determining  ,  2,,n+i ,  is  as  follows.'*  Let 

w!,  =  -  v./u. ,  (11) 


where  u,  and  v,  are  the  polynomials  in  X  having  no  common  factors;  u,  is  a 
Hurwitz  polynomial  (its  highest  coefficient  being  taken  as  1),  since  has  no 
poles  on  the  imaginary  axis.  Next  find  such  a  Hurwitz  polynomial  tp,  (with  highest 
coefficient  1)  of  the  lowest  degree  as  makes  /,  an  even  or  odd  function,  f,  being 
given  by 

/.(M/.(-X)  =  hlu.{X)v.{-X)  +  (12) 


**  See,  for  example,  reference  1,  p.  88. 

>'  Reference  1,  p.  131.  Reference  5,  p.  221.  £.  A.  Guillemin,  reference  9,  p.  216. 

W.  Cauer,  reference  3.  Reference  5,  p.  389  and  p.  437. 

••  Reference  14. 
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'(Existence  and  uniqueness  of  such  are  established.)  Then  putting 
m,  =  ,  n,  «  , 


(13) 


where  is  an  arbitrary  Hurwitz  polynomial  with  highest  coefficient  1,  we  have 

n.(X)  ±  n,(-X) 


z.,  =  - 


Zi,n+\  — 


Z«+l,i»+l 


m,(X)  T  m,(-X)’ 

m,(\)  =F  fn,(-X)  ’ 

m,(X)  ±  m,(— X) 
m,(X)  =F  m,(-)X’ 


(14) 


which  satisfy  (10).  Here  and  in  the  following,  the  upper  sign  holds  for  /.(X) 
even  and  the  lower  for/,(X)  odd.  (The  case  when  m,  =  1,  i.e.  u,^,  =  1  and  *  1, 
will  be  touched  upon  afterwards.)  We  shall  prove  that  we  can  make  2l+i.,+i 
equal  to  z»+i,»+i  which  is  independent  of  «  by  the  aid  of  proper  •  From  (11), 
referring  to  (12),  we  easily  get 


Re  WttM 


w»(X)m»(  —  X)^«(X)^((  “X) 


(15) 


on  the  imaginary  axis.  And  the  condition  of  the  rank,  i.e. 

Re  u/,\ij<a)Re  whiju)  =*  [Re  (s  t)  (16j 

shows  that  its  left-hand  side  must  be  the  square  of  an  even  rational  function, 
since  Rew',t(j<a)  on  the  right-hand  side  is  the  even  rational  function  of  X  =  ju. 
Then,  on  putting  (15)  into  the  1.  h.  s.  of  (16),  we  know  that  /.  and  ft  are  simul¬ 
taneously  even  or  odd.  For,  if  only  one  of  /« and  ft  is  odd,  the  1.  h.  s.  of  (16)  can 
not  be  the  square  of  an  even  function,  because  an  odd  polynomial  has  a  zero  of 
odd  multiplicity  at  X  =*  0.  Therefore  /i ,  /i ,  ’  •  •  ,  /»  must  simultaneously  be 
even  or  odd.  Further  by  the  same  reason  we  know  that  when  all  square  factors 
are  removed  from  u,  ip,  and  U(  ipi ,  the  remaining  factors  in  them  must  be  common. 
Consequently,  letting  m  be  the  least  common  multiple  of  Ui  ^  ,  *  *  •  ,  u,  , 
we  may  write  < 

m^u,ip,iffl,  (17) 


where  is  a  Hurwitz  pol3momial  with  highest  coefficient  1.  Returning  to  (13) 
we  know  that  (17)  gives  m,  m  which  is  independent  of  e.  Accordingly  from  (14) 
we  can  determine  Zn+\,n+i  =  2»+i,»+i  which  is  independent  of  «,  unless  m  —  1. 
In  the  case  when  m  =  1,  since  every  w,\  must  be  a  constant,  W"  =  ||  w,i  ||  is 
capable  of  representation  by  a  network  made  of  one  ohmic  resistance  and  ideal 
transformers  by  using  the  well-known  method.’*  Now  from  (14)  we  have  found 
z„  ,  z,.n+i ,  ZfH-i.n+i  satisfying  (10)  for  «  =  1,  2,  •  •  •  ,  n,  i.e.  the  elements  of  the 
diagonal  and  the  (n  +  l)th  throw  of  Z  to  be  obtained.  But  obviously  —z,.n+i 
also  satisfies  (10),  therefore  the  sign  of  z,,n+i  remains  for  determination.  (Note 


See  for  example,  reference  5,  p.  190. 
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that  the  sign  of  /« is  indeterminate  in  (12).)  We  must  also  note  that  we  can  use 
m'  =  in  place  of  m,  where  ^  is  an  arbitrary  Hurwitz  polynomial  with  high¬ 
est  coefficient  1  and  corresponds  to  an  all-pass  network. 

Though  the  sign  of  z,,n+i  has  not  yet  been  determined,  assuming  it  determined 
for  the  present,  let  us  simply  write  it  as  z,,%+i .  Now  we  shall  seek  z,t  (s  ^  i)  for 
s,  t  ^  n  (The  sign  of  z,,n+i  being  assumed  to  have  been  determined.)  Let 
be  the  residue  of  z,t  at  its  pole  X  =  y«,(say).  ikl*t  naay  of  course  be  zero 
for  some  values  of  s,  t  and  i.)  Since  has  no  poles  on  the  imaginary  axis  and 
z„ ,  z,,n+i ,  2n+i,ii+i  given  by  (14)  satisfy  (10),  it  follows  from  (10)  that 


- 

nfgg 


(i)* 


=  0 


(O 


kl 


(«• 


(18) 


for  A:n+i.„+i  9^  0  and 


ki*,^  and  ki*n+i  =  0 


for  kn+i,n+i  =  0.  Similarly,  since  w'u  (s  ^  t)  has  no  poles  on  the  imaginary 
axis,  (9)  requires  that  if  kn+i.n+i  7^  0, 


1.(0 


I-'* 


l^t,n+l  Kt,n+l 
<C«+l,n+l 


or 


and  if  A:i+i,,+i  =  0 


Kgt 


(O 


ki! 


(O  1.(0 


A: 


«) 

ii*f  1*11+1 


(19) 


it<‘>  =  0. 

The  r.  h.  s.  of  (19)  is  known,  therefore  kl*t  (a  ^  t,  s,  t  ^  n  1)  must  be  deter¬ 
mined  by  (19)  if  A:»+i,,+i  ^  0.  And,  since  kn+i,H+i  =  0  means  that  every 
ku  is  zero,  we  may  assume  knli,n+i  ^  0.  Determine  eveiy  kl*t  in  this  way. 
Then,  if  we  write 


^(O 


kl?  11 


(8,1  =  1,  2,  •  •  •  ,  n  -H  1) 


and  obtain  relative  to  every  pole  of  2n+i,»+i ,  the  K^*^:8  completely  define 


1U..11 


(s,  1  =  1,  2,  •  •  •  ,  n). 


Of  course  we  are  still  assuming  that  the  sign  of  z.,n+i  has  been  determined. 

Next  we  shall  prove  that  Z  is  a  positive  real  matrix.  For  this  purpose  let  us 
discuss  the  properties  of  Comparing  (18)  with  (19),  we  know  that  (19) 
holds  irrespective  of  a  and  t,  i.e. 

1.(0  1.(0 

ki?  =  *  («,  <  =  1,  2,  • . . ,  n  -f  1),  (19a) 

kn+l.n+l 

which  implies  (18)  for  s  =  ^.  By  squaring  both  sides  of  (19a)  and  using  (18)  we 
have 

1.(0*  1.(0* 

1.(0*  _  _  i.(0i.(0 

—  — Tiiji -  ~  **•  ’ 

'  Kn+l.M-l 


20 


Y08IB0  OONO 


i.e. 


i. (« 

j, ii) 

Ktt 


jl(« 


0 


--..n  +  l).  (20) 


Thus  all  2-rowed  principal  minors  of  are  sero.  Next,  using  (18)  and  (19a) 
itself,  we  rewrite  (19a)  as 


I,«)  _  »6..«+l 

*•»  ~  — r777 


i.«)  ^«) 

K«,a+1  Kt,a4.1 


i.{0 

Kn+l.a-i-1 
!.«)  ^(O 

W«.«+l  Kr,n+l 

l.(  o  p(o 


Va-t-l.iM-l 

*r,»+l 


W  r.»+l 


.«) 


(21) 


-  (O 


which  of  course  implies  (19a)  for  r  =  n  -|-  1  and  (20)  for  « 
(21)  we  easily  know  that 


(r,8,t  =  1,  2,  •  •  • ,  n  +  1) 
when  kr\^  ^  0, 
t.  From  (20)  and 


fira 

"•r* 

Ktt 

Ktt 

Ktr 

Kit 

Kft 

the  case 

when  krl^ 

=  0, 

=  0 


(r,  «,  i  =  1,  2,  •  •  • ,  n  +  1).  (22) 


.(•) 


0  follows  from 

(20).)  After  all,  from  (20)  and  (22)  we  can  conclude  that  when  the  elements,  of 
satisfy  (18)  and  are  determined  by  (19),  the  rank  of  is  1.”  Moreover, 
since  ««  («  =  1,  2,  •  •  •  ,  n  +  1)  is  a  positive  real  function,  k\*t  ^  0,  i.e.  is 

a  positive  definite  matrix  of  rank  1.  Accordingly  Z  =  ||  ||  defined  by  the  :s 

is  a  positive  real  matrix  and  can  be  represented  by  a  reactive  2(n  +  1) -terminal 
network.  The  above  discussion  also  shows  that  a  symmetrical  matrix  of  rank  1 
is  uniquely  determined  by  the  elements  of  the  diagonal  and  those  of  any  one  row, 
namely  only  their  signs.  This  fact  will  be  used  afterwards. 

Now  suppose  a  reactive  9(n  -j-  1) -terminal  network  whose  impedance  matrix 
is  Z.  Then  terminate  it  in  a  unit  resistance  at  end  (n  -|-  1)  and  find  the  imptedance 
matrix  with  respect  to  end  1,2,  •  •  •  ,  n  as  in  (5).  Let  this  matrix  be 


=  Hu,';;  11 


(«,  f  -  1,  2,  •  •  •  ,  »). 


Then  by  Theorem  1,  W"  is,  like  W",  a  positive  real  matrix  whose  real  part 
matrix  is  of  rank  1  on  the  imaginary  axis,  and  the  diagonal  elements  of  W'"  are 
equal  to  those  of  W"  by  (10).  Here  we  shall  define  the  sign  of  z,.n+i  reserved  for 
determination.  Since  w'Ji  =  v/,,  («  =  1,  2,  •  •  •  ,  n),  we  have  for  example 


{Re  w": 


Re  Wt,  Re  Wn 


{Re  win 


(23) 


Reference  11. 
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on  the  imaginary  axis.  (Hereafter  we  shall  frequently  omit  the  term  *‘on  the 
imaginary  axis”.)  And  since  w"n  is  given  by 


we  have 


/// 


Zn, 114.1 

1  +  Za4i.«4i 


Re  W,n  =  — 


Z«,ii41  Zit,ii4i 
1  ~ 


is  =  1,  2,  •  •  • ,  n). 


From  (23)  and  the  above  we  know  that  when  we  choose  the  sign  of  z,,«4i  («  »  1, 
2i  •  •  •  ,  n)  properly,  we  may  make  Rewin  equal  to  RewU  ,  i.e.  we  may  have  the 
relations 


Re  tr';.  »  _  («  «  1,  2,  •  •  • ,  n).  (23a) 

1  —  Z,4i,»fi 

For  this  purpose,  it  is  sufficient  that  we  first  designate  the  sign  of  Zn.n+t  at  will 
and  thereafter  determine  the  sign  of  z«,.4i  (s  »  1, 2,  •  *  •  ,  n  —  1)  so  as  to  satisfy 
(23a).  Thus  we  can  determine  Z  completely.  In  this  case,  to  the  opposite  sign  of 
Zn.n+i  would  correspond  the  opposite  sign  of  z,.n4i  («  =  1,  2,  •  •  •  ,  n  —  1).  That 
is,  the  elements  of  the  (n  -f*  l)th  row  except  z.4i.n4i  can  only  simultaneously 
change  their  signs,  the  sign  of  z«4i,«4i  of  course  being  fixed.  Therefore  ki*t  (s  ^  t, 
8,  f  jKi  n  +  1)  is  independent  of  the  sign  of  z,.«4i  as  (19)  clearly  shows.  Hence 
indeterminateness  is  only  the  polarity  of  end  (n  +  1). 

Now  that  we  have  determined  Z,  all  that  remains  is  to  prove  W'”  =  W". 
As  above  mentioned,  both'iZeTF"'  and  ReW"  are  of  rank  1  and,  moreover, 
their  elements  of  the  diagonal  and  the  nth  row  have  been  made  equal  mutually. 
Accordingly  we  must  have 

Re  ir'”0«)  s  Re  Wiju). 

Furthermore  both  W"  and  W"  are  the  positive  real  matrices  whose  elements 
have  no  poles  on  the  imaginary  axis,  hence  we  have'* 

W"'  *  W". 


In  other  words,  we  know  that  W"  has  a  network  representation.  Now  connect 
the  reactive  2n-terminal  network  corresponding  to  W  and  the  reactive  2(n  +  1)- 
terminal  network  corresponding  to  W  in  series**  so  as  to  make  one  reactive 
2(n  +  l)-terminal  network.  Then  this  network  is  the  one  stated  in  the  theorem. 
Replacing  n  4-  1  by  n  in  the  theorem,  we  may  easily  presume: 

Theorem  3.  .\  reactive  2n-tenninal  network  is  characterized  by  in(n  —  1) 
functions  w,tis,  <=1,2,  —  1)  and  an  arbitrary  HurAvitz  polynomial  ^ 

**  A  real  function  which  is  analytic  in  the  right-half  plane,  including  the  boundary,  is 
completely  specified  there  by  its  real  part  on  the  boundary.  See  for  example,  reference  1, 
p.  146  and  W.  Cauer,  E.  N.  T.  17,  17  (1940). 

"  In  the  network  interconnection,  use  of  ideal  transformers  is  usually  necessary. 
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excepting  the  polarity  of  end  n,  w,t  being  the  element  of  a  positive  real  matrix 
whose  real  part  matrix  is  of  rank  1  on  the  imaginary  axis. 

The  result  is  not  necessarily  self-evident,  but,  since  it  has  no  direct  relation  to 
the  subject  of  this  paper,  the  proof  is  here  omitted.  This  theorem  shows  a  basic 
property  of  reactive  networks.  That  is,  a  reactive  2n-terminal  network  is  deter¬ 
mined  by  in(n  —  1)  -|-  1  =  f  (put)  or  by  n  —  1  less  functions  than  the  ordi¬ 
nary  networks.  As  n  =  1  gives  i  =  1,  the  above  expression  applies  to  the  two- 
terminal  networks.  As  to  the  four-terminal  networks,  putting  n  =  2,  we  of 
course  have  1  =  2,  which  is  the  well-known  result.*® 

We  interpose  here  a  lemma  concerning  the  decomposition  of  the  matrix. 

Lemma.  A  positive  definite  matrix  of  rank  r  is  expressed  as  the  sum  of  r 
positive  definite  matrices  of  rank  1. 

For  future  reference  we  shall  consider  the  lemma  in  some  detail,  though  its 
proof  is  not  difficult.  The  decomposition  is  not  unique,  but  we  have  merely  to 
find  one  method  of  decomposition.  Write  the  given  matrix  as 

^  =  II  II  («,  <  =  1,  2,  •  •  •  ,  n) 

and  consider  the  transformation  of  A  into  a  diagonal  matrix.  As  A  is  of  rank 
r,  at  least  one  r-rowed  principal  minor  is  not  zero.  We  may  assume  that  this 
non-vanishing  minor  stands  in  the  upper  left-hand  comer  of  A.  By  multiplying 
the  first  row  and  column  by  proper  constants  and  then  symmetrically  adding 
them  to  the  other  rows  and  columns,  we  may  have 

=  IlCll 

where 

=  0  (f  1)  and  6}r  =  Uu  . 

Further,  transform  with  respect  to  its  second  row  and  column  as  before. 
Then  we  may  have 

B‘*'  =  ii6irii 

where 

biV  =  0  (i  3^  1),  bu  —  0  (t  2), 
biV  ='b\\^  =  an,  = 

Thus  after  the  rth  transformation  we  may  have  a  diagonal  matrix 

fi'”  =  iicii 

where 

biV  =  0(8^  t),  bi:^  >  0  ^  r),  -  0  («  >  r), 

for  must  also  be  a  positive  definite  matrix  of  rank  r.  (Though  the  nth  trans¬ 
formation  is  not  necessary  for  r  =  n,  we  write  the  final  matrix  as  for  con¬ 
venience.)  Then  decomposing  we  write 

=  IkJr  II, 


*  Reference  3  and  14. 
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where  elements  of  are  all  sero  except  c^/p  =  being  clearly  a  positive 

definite  matrix  of  rank  1.  The  inverse  of  the  transformation  from  A  into  5*'’ 
will  transform  into  (put).  Then  we  have 

A  =  (24) 

where  A^*^  is  a  positive  definite  matrix  of  rank  1.  Hence  the  lemma  is  established. 
Note  that  the  elements  of  A*'*  are  zero  except  those  of  the  p-rowed  principal 
minor  standing  in  the  lower  right-hand  comer.  Now  let  us  apply  the  lemma  to  the 
positive  real  matrix. 

Theorem  4.  A  positive  real  matrix  is  expressed  as  the  sum  of  positive  real 
matrices  whose  real  part  matrices  are  of  rank  1  or  0  on  the  imaginary  axis. 

As  to  the  positive  real  matrix  of  order  2,  the  corresponding  resu  II  was  found  by 
C.  M.  Gewertz.**  Let 

W  ^  l|tr..||  (s,t=  1.2,  ...,n) 
be  the  given  positive  real  matrix.  Then  as  in  (8)  we  may  write 

W  W'  +  1^ 

where  W  corresponds  to  the  principal  parts  of  the  poles  of  w,i  on  the  imaginary 
axis  and  both  W'  and  W"  are  the  positive  real  matrices.  Since  ReW  is  clearly 
of  rank  0,  we  have  only  to  study  the  decomposion  of  W".  We  can  apply  the 
proof  of  the  lemma  to  this  case  with  some  modification.  Consider,  for  example, 
the  transformation  of  ReW"  corresponding  to  that  of  A  into  in  the  lemma. 
In  this  case,  the  multiplication  factors  in  the  transformation  will  be 

—Re  Wti(j<a)/Re  Wniju)  («  =  2,  3,  •  •  •  ,  n) 

and  the  («,  0*element  after  the  transformation  will  be  written  as 

_  It  RewtiRewn.  .  n  "\ 

u,t  —  Re  w,i - —  (excepting  uu  =  Re  wu) 

Re  wn 

which  is  clearly  zero  for  «  =  1  or  f  *  1.  Here  we  note  that  U  =  \\  u,t  ||  can  be 
the  real  part  matrix  of  a  positive  real  matrix,  which  is  shown  as  follows.  In  the 
first  place,  u,i  can  be  the  real  part  of  a  real  function  which  is  analytic  in  the 
right-half  plane,  including  the  boundary,  because  it  satisfies  the  following  two 
conditions.  First,  u«(  is  a  function  of  u,  since  Rew^t  is  so.  Second,  u,t  has  no  poles 
for  (I)  real.  To  prove  this,  we  have  only  to  examine  the  zeros  of  Rewn  ,  because 
Rewtt  1,  2,  • '  •  ,  n)  has  no  poles  for  u  real.  Let  0,t  be  the  multiplicity  of 

a  zero  of  Rew,t.  Then  from 

Re  WnRe  w'i,  —  {/?c  ^  0, 

Re  WnRe  wh  —  \Re  tcw)*  ^  0, 

we  have 

Oil  -j-  0,,  —  2  0,1  ^  0, 

On  Ott  —  2  Oil  ^  0, 

*'  Reference  1,  p.  166. 
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whence 

0,1  -|-  Oil  —  Ou  ^  +  Oil)  ^  0. 

Therefore  Rew"i  Rewu/Rewn  and  accordingly  u,i  has  no  poles  at  zeros  of  Rewh  . 
Thus  u,t  can  be  the  real  part  of  a  real  function  which  is  analytic  in  the  right-half 
plane,  including  the  boimdary,  and  is  determined  uniquely  and  algebraically 
from  Moreover,  since  positive  definiteness  is  kept  when  we  transform  A  into 
U  determines  a  positive  real  matrix  whose  elements  have  no  poles  on  the 
imaginary  axis.  After  all,  corresponding  to  (24)  ReW"  may  be  written  as 

ReW"  ^  E'-i  Re  (25) 

where  r  is  the  rank  of  ReW"\  is  of  rank  1  and  can  be  regarded  as  the 

real  part  matrix  of  a  positive  real  matrix  to  be  determined  by 
On*obtaining  from  from  (25)  we  must  have 

since  elements  of  W"  and  kave  no  poles  on  the  imaginary  axis.**  Con¬ 

sequently  we  have 

W  (26) 

which  proves  the  theorem. 

In  the  foregoing  we  have  made  complete  preparations  for  2n-terminal  net¬ 
work  synthesis.  That  is,  from  Theorem  2  and  Theorem  4  we  can  easily  deduce 
the  following  theorem; 

Theorem  5.  A  positive  real  matrix  of  order  n  is  represented  by  a  27»-terminal 
network  made  of  at  most  n  networks,  i.e.  the  4-,  6-,  •  •  •  ,  2(n  l)-ter- 
minal  reactive  network  in  series,  each  of  which  is  terminated  in  a  resistance  at 
one  end. 

Write  the  given  noatrix  as 

w  ^  w  + 

the  rank  of  ReW  being  assumed  to  be  n;  If '  corresponds  to  a  reactive  2n-terminal 
network  and  can  be  represented  by  using  a  reactive  2(p  -H  l)-terminal 

network,  since  If"*'’  is  essentially  a  positive  real  matrix  of  order  p.  Therefore, 
if  we  involve  the  reactive  *2n-terminal  network  corresponding  to  If'  in  the  re¬ 
active  2(n  -1-  l)-terminal  network  corresponding  to  we  shall  at  once  have 

the  whole  network  representation  made  of  n  networks  in  series.  When  the  rank 
of  ReW  is  <  n,  n  networks  are  of  course  not  necessary. 

Now  let  us  study  the  relation  between  Theorem  5  and  Gewertz’s  theory  of 
four-terminal  network  synthesis.  The  essential  part  of  the  latter  may  be  said 
to  consist  in  finding  the  network  representation  of  such  a  positive  real  matrix 
of  order  2  as  has  the  property  that  the  determinant  of  the  real  parts  of  its  ele¬ 
ments  is  equal  to  zero,  i.e.  the  real  part  matrix  is  of  rank  1,  along  the  whole  axis 

•*  Reference  18. 

•*  Reference  18. 
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of  imagmaries.*^  That  is,  Gewertz  reduced  such  a  matrix  to  a  positive  real  func¬ 
tion  (including  a  constant)  by  the  continued-fraction  typ>e  development  cor¬ 
responding  to  a  reactive  6-terminal  network.  Then  realizing  the  above  positive 
real  function  into  a  two-terminal  network  by  Brune’s  method,*  he  completed 
the  whole  four-terminal  network.  But  at  present  we  know  that  a  positive  real 
function  can  be  realized  by  using  only  one  resistance.  Therefore  Gewertz’s 
method  may  be  said  to  show  that  the  positive  real  matrix  of  the  above  kind  can 
be  realized  into  a  network  containing  only  one  resistance.  Thus  his  network  may 
be  regarded  as  a  particular  case  of  the  four-terminal  networks  given  by  Theorem 
2.  Moreover  independently  of  his  theory  we  can  derive  his  network  from  the 
impedance  matrix  of  a  reactive  6-terminal  network  determined  by  Theorem  2; 
the  actual  procedure,  however,  is  here  omitted. 

As  we  know  that  the  impedance  matrix  must  be  a  positive  real  matrix.  Theorem 
5  may  also  be  stated  as: 

Theorem  5,  Corollary.  Every  2n-tenninal  network  is  represented  by  a 
network  containing  only  reactive  elements  except  n  resistances. 

This  is  an  extension  of  the  well-known  fact  about  two-terminal  networks. 
We  have  found  that  every  positive  real  matrix  has  a  network  representation, 
which  leads  to  the  general  conclusion: 

Theorem  6.  The  necessary  and  sufficient  condition  to  be  satisfied  by  the 
impedance  matrix  W(X)  of  a  finite  passive  2n-terminal  network  with  lumped 
linear  elements  is:  fr(X)  is  a  positive  real  matrix  of  order  n  whose  elements 
are  the  rational  functions  of  X. 

3.  Other  problems.  So  far  we  have  concerned  ourselves  with  networks  having 
impedance  matrices.  But  clearly  there  exist  networks  which  can  not  be  defined 
by  the  impedance  matrices  as  we  know  in  the  case  of  four-terminal  networks. 
Such  networks,  however,  are  the  combinations  of  ideal  transformers  and  net¬ 
works  having  the  impedance  matrices.  Therefore  we  need  no  special  discussions 
on  this  point. 

Next  let  us  consider  the  equivalent  networks  resulting  directly  from  our  theory. 
The  transformation  in  Theorem  4,  generally  speaking,  corresponds  to  the  trans¬ 
formation  of  the  quadratic  form  into  the  normal  form,  therefore  many  kinds  of 
equivalent  networks  may  occur.  As  mentioned  in  Theorem  2,  we  can  adopt 
in  place  of  m,  which  again  gives  equivalent  networks.  Furthermore  even  when 
Z  has  been  determined,  methods  of  s3rnthesis  of  reactive  networks  are  various. 
This  also  gives  rise  to  equivalent  networks.  Changing  the  point  of  view,  we  can 
construct  the  network  from  the  admittance  matrix  to  be  obtained  by  inverting 
the  impedance  matrix  at  various  stages  of  s}mthesis. 

Now  we  shall  consider  the  minimum  number  of  resistances  necessary  for 
2n-terminal  network  sjmthesis.  In  the  case  of  the  four-terminal  network,  two 
resistances  are  generally  needed  as  shown  by  Theorem  1  and  clearly  sufficient 
by  Theorem  5.  In  the  case  of  the  2n-terminal  network,  Theorem  4  shows  that 

**  Reference  21. 

**  Reference  6. 
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r  resistances  are  sufficient.  Conversely  we  can  also  prove  that  r  resistances  are 
necessary. 

Finally,  networks  obtained  by  Theorem  5  as  well  as  Gewerts’s  four-terminal 
network  generally  contains  superfluous  elements;  four-  or  more-terminal  net¬ 
works  which  contain  no  superfluous  elements  as  Brune’s  two-terminal  networic 
are  to  be  given  by  another  paper**  of  the  author. 
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SOME  NOTES  ON  INTEGRALS  INVOLVING  BESSEL  FUNCTIONS 
Bt  Yudell  L.  Luke 


In  a  number  of  applied  problems,  the  results  depend  on  integrals  involving 
Bessel  fimctions.  It  is  the  purpose  of  this  note  to  develop  some  recursion  formulae 
and  power  series  expressions  which  can  be  used  to  compute  the  integrals.  Finally 
the  analysis  is  applied  to  some  questions  which  appear  to  have  been  overlooked 
in  the  literature. 

In  the  field  of  aerodynamics,  Possio‘  [1]  has  shown  that  c‘“Zo(Xm)  du  plays 

a  fundamental  role  in  the  calculation  of  flutter  coefficients  in  subsonic  flow‘. 
In  this  problem  Zo{x)  represents  a  Bessel  function  of  the  first  or  second  kind. 
Schwarz  [2]  made  a  thorough  study  of  the  above  integral  from  the  viewpoint  of 
analysis  and  prepared  an  extensive  table  of  these  fimctions.  v.  Borbely  [3] 
extended  the  theory  of  Possio  [4]  concerning  supersonic  flow  and  showed  that 


r 


e*“u'Jo(XM)  du,  v  =  0,  1,  2,  3,  enter  into  formulae  describing  the  airforces 

acting  on  a  harmonically  oscillating  wing.  In  this  paper,  v.  Borbely  tabulates 
values  of  these  integrals.  Bennet  [5]  and  Rice  [6]  have  stated  some  results  in 

electric  circuit  theory  which  depend  on  /  g~“/o(X«)  du  and  this  integral  has 

Jo 

been  tabulated  by  the  latter  author.  Pidduck  [7]  has  studied  the  expression 

c‘*mVo(Xu)  du  which  arises  in  the  theory  of  currents  in  an  aerial  parallel 

to  the  earth.  When  i*  =  1,  Brown  [8]  and  Bordoni  [9]  have  applied  the  integral 

to  a  problem  in  accoustics.  Finally,  King  [10]  employs  e‘Ko(,u)  du  in  a  heat 

problem.  The  references  given  are  by  no  means  exhaustive,  but  serve  to  empha¬ 
size  the  importance  of  the  integrals  to  be  discussed  here.  For  other  types  of 
integrals,  the  reader  is  referred  to  the  Index  of  Mathematical  Tables  [11]  and 
the  Guide  to  Tables  of  Bessel  Functions  [12]. 

In  this  note,  we  consider  the  expression 


0{v,  n,  05,  X)  =  e*“  m'  Z.fXu)  du 


(1) 


where  Z«(z)  represents  any  of  the  Bessel  functions  of  the  first  three  kinds  or  the 
modified  Bessel  functions.  In  the  analysis,  the  well  known  formulae 

xZn(x)  -  nZ,(x)  -  axZn+i{x)  (2) 

xZn(x)  *  hxZn-i{x)  —  nZn{x)  (3) 

are  needed  where  the  values  of  a  and  h  are  ±1.  Thus  if  Z»(x)  =»  K«(x),  then 
0—1  and  6  —  —1. 

‘  Numbers  in  brackets  refer  to  bibliography  at  end  of  paper. 

*  Notation  employed  is  not  necessarily  that  of  the  authors  quoted. 
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Integrating  (1)  by  parts  and  employing  (2),  one  obtains 

•  (4) 

—  (i*  +  n)Q{p  —  1,  n,z,X)  +  a\0(y,n  +  l,x,X) 

Replacing  n  by  n  +  1  in  (1),  integrating  by  parts  and  emplo)ring  (3),  there 
results 

1 

Ijr 

fcG(y,  n  -j-  1,  X,  X)  =  e**u'Z„+i(\u)  | 

—  (y  —  n  —  l)G(y  —  1,  n  +  1,  X,  X)  —  b\0(y,  n,  x,  X)  (6) 

If  v  is  replaced  by  i'  —  1  in  (4)  and  these  two  equations  are  combined  with  (5), 
then 

(k*  -t-abX*)G(y,n,  x,  X)  =  (oXe*’‘u'’Z,+i(Xu) 

-  1  -  n)e*“u'~‘Z»(XtO  +  fce‘“u'Z.(XM)i;  (6) 

-  k{2p  -  \)G{v  -  1,  n,  X,  X)  +  [n*  -  (v  -  1)‘)G(..  -  2,  n,  x,  X) 

If,  in  (5),  n  —  1  is  substituted  for  n  and  this  equation  is  combined  with  (4),  then 
aX(n  —  v)G{v,  n  -}-  1,  x,  X)  =  —  2n[e*“u'’Z,(Xu)JJ 

(7) 

+2nW?(»',  n,  X,  X)  +  6X(n  +  v)G{v,  n  —  1,  x,  X) 

Utilising  (4)-(7),  it  can  be  seen  that  if  G(0,  0,  x,  X)  is  known,  then  G(y,  n,  x,  X)  is 
also  known  and  so  these  equations  constitute  a  recursive  scheme  for  determining 
the  latter  function.  We  now  compute  G{n,  n,  x,  X)  in  a  particular  case. 

In  a  number  of  applications  k'  +  uh  vanishes  and  this  assumption  is  retained 
in  the  sequel.  It  can  be  shown  [13]  that 

z,(xu)  =  X-  E  (8) 

fft  I 

In  the  reference  cited  this  formula  is  given  for  Bessel  functions  of  the  first  three 
kinds  only  in  which  case  3  ^  0.  A  straight-forward  reduction  shows  that  (8) 
also  holds  for  the  modified  Bessel  functions,  where  for  /..(x),  j  »  1  and  for 
jC«(x),  j  0.  X  is  unrestricted  for  Bessel  Functions  of  the  first  kind  while 
I  1  —  X*  I  <  1  for  those  of  the  second  and  third  kinds. 

If  X  *  1  and  y  =  n  -f  1,  then  (6)  reduces  to 

(?(n,  n,  X,  1)  =  f^^2rh~r) 

Combining  (1)  and  (8),  it  follows  that 

Oiy,  n,  X,  X)  =  X"  E  ^ +  m,  n  -h  w,  X,  1)  (10) 

m-o  ml  IT 
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Put  i»  “  n,  then  (9)  and  (10)  yield* 

Oin,  n,x,\)  ^  ^  2-(2ni  +  i)  f"*  “  Z^+iiu) 


The  lower  limit  of  the  integral  (1)  has  purposely  been  taken  as  c  and  not  aero 
since  the  functions  F.(X)  and  Kn{X)  are  singular  at  the  origin.  Letting  c  — >  0 
causes  no  difficulty  provided  certain  restrictions  are  placed  on  v  and  n.  Thus  if 
k  is  imaginary,  the  real  part  of  the  int^ral  converges  if  v  >  n  and  the  imaginary 
part  of  the  integral  converges  if  y  >  n  —  1. 

For  an  application  of  the  analysis  presented,  consider  (9).  Let  k  =  i  ^  \/— 1, 
Z,(x)  “  Whence  a  =  6  »  1.  Let «  — ►  0.  Then 


jJ’  du  = 


(2n  +  1) 


lYnix)  -  tT,+,(x)l  - 


i  2’*^*n! 

T  (2n  +  1) 


(12) 


Similarly, 

r*  -*_»+i  Q"«i 

e'uTKM  du  -  lii:,(i)  +  K„,(i)|  -  (»3) 

and  if  n  «  0, 

e*Koiu)  du  =  xe’lKtix)  +  /i:,(x)]  -  1  (14) 


which  is  the  int^ral  due  to  King  [10].  He  constructed  a  table  of  this  integral 
using  Euler’s  formula  and  power  series  expansions  since  the  value  of  the  integral 
as  given  above  was  imknown .  King  wrote  the  asymptotic  expansion  of  the  integral 
except  for  a  constant  and  concluded  from  some  numerical  computations  that  the 
constant  is  —1.  In  this  r^ard,  Bateman  and  Archibald  [12]  have  theoretically 
confirmed  the  value  of  this  constant,  but  they  too  seem  to  have  overlooked  the 
fact  that  the  intergral  is  expressible  in  terms  of  tabulated  functions. 

For  another  application,  we  consider  a  result  of  Bateman  and  Archibald  [12] 

that  the  constant  term  in  the  asymptotic  expansion  of  e~“/«  (u)du  is  —  n  w'hen 

n  >  —1.  Using  the  preceding  analysis,  we  can  obtain  an  alternative  proof  of 
this  for  n  an  integer  by  expressing  the  above  integral  in  terms  of  well  known 
functions.  Let  Z«(x)  *  /«(x),  whence  o  *«  —  1  and  5  =»  1.  Also  e  =  0  and  fc  =  —  1. 
If  n  —  0  in  (9),  then 

e~*  /o(«)  du  =  xe"*[/o(x)  +  /i(x)]  (15) 


Employing  the  divergent  series  for  /o(x)  and  Ji(x)  it  is  seen  that  the  integral  on 
the  left  has  no  term  independent  of  x  in  its  asymptotic  expansion.  If  n  f  «  0 
and  X  B  1  in  (4),  then 


r 


e^Iiiu)du 


du  +  e~“h{x)  —  1 


(16) 


Formulae  (6)  and  (11)  are  generalisations  of  expressions  due  to  v.  Borbely  [3]. 
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and  80  forn  =  1,  the  theorem  is  true*.  Put  =  0  and  X  =  1  in  (7).  Then 

e-*/,+i(u)  du  =  2e-*Ux)  +  2  Uu)  du  -  ^  e^In-i{u)  du  (17) 

and  the  result  follows  by  induction.  A  more  explicit  formula  which  can  be 
derived  from  (17)  is 

r e~*In(u)  du  =  xe~‘[Io(x)  +  /i(x)]  +  nfe"*/e(x)  —  1]  +  2e~*  —  «)/,(x)  (18) 

r- 1 
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ON  THE  EXTENSION  OF  SOME  LOMMEL  INTEGRALS  TO  STRUVE 
FUNCTIONS  WITH  AN  APPLICATION  TO 
ACOUSTIC  RADIATION* 

Bt  C.  W.  Hobton 

1.  Introduction.  In  this  paper  several  integrals  involving  Struve  functions 

are  investigated.  In  this  connecton  the  integrals  j  z'  J^iz)  dz  and  f  /H,{z)dz 

occur  repeatedly.  For  this  reason  the  properties  of  these  functions,  tentatively 
designated  C,{z)  and  D,{z),  are  studied.  In  a  companion  paper  they  are  tabu¬ 
lated  for  V  equal  to  0(1)4  and  z  equal  to  0(0.1)10.  It  is  realized  that  the  notations 
C«(z)  and  Dn{z),  as  well  as  nearly  every  other  letter  in  the  English  alphabet,  have 
been  used  by  Watson  in  other  connections. 

2.  A  Pair  of  New  Functions.  A  pair  of  functions  Cp{z)  and  D,(,z)  are  introduced 
by  the  following  equations 


Cr(*)  »  z"  J,{z)  dz 
D,{z)  *=  z’H,iz)  dz 


fi(r)  >  -1/2  (1) 


R(r)  >  -1.  (2) 


These  functicms  can  be  defined  more  generally  by  the  pair  of  infinite  series 
mli2,  -t-  2m  -f  l)r(i.  +  m  +  1) 

^  .  X  f  _ (-)"2*^(z/2)*-^^ _  .  . 

^  (2i»  +  2m  -H  2)r(m  +  3/2)r(i-  -|-  m  -f  3/2)  ‘  ^  ' 

These  series  converge  for  all  finite  values  of  z  and  therefore  define  functions  of  z 
which  are  analytic  at  all  finite  points  except  possibly  at  the  origin  where  a  pole 
may  occur. 

When  the  arguments  of  C,  and  D,  are  pure  imaginary,  one  obtains  the  following 
formulae  for  the  modified  Bessel  and  Struve  functions. 


C.(«)  =  /Uz)  dz 

DXiz)  =  (-)""*  z^LXz)  dz 


The  function  Co(z)  has  been  tabulated  by  Lowan  and  Abramowitz'  to  lOD,  z  ~ 
0(.01)10,  while  the  function  Do(z)  has  been  tabulated  (but  unpublished)  by 

*  The  work  described  in  this  paper  was  done  at  the  Defense  Research  Laboratory  under 
the  sponsorship  of  the  Bureau  of  Ordnance,  Navy  Department,  Contract  NOrd-9195. 

*  Lowan,'  A.  N.,  and  Abramowits,  M.,  J.  Math.  Phys.,  22,  3-12,  1943. 
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Wrench*  to  SD,  z  =  0(.1)10.  The  function  —tCo(iz)  is  tabulated  by  R.  Miiller* 
to  6S,  2  ==  0(0.1)5.2(0.2)16.0.  ■ 

The  integral  for  C,(z)  is  evaluated  by  Watson*  in  terms  of  Lommel  functions. 
A  more  workable  integration  for  C,(z)  is  given  by  McLachlan  and  Meyers*. 
They  find 

c,(2)  =  2'-‘r(l/2)r(v  +  l/2)zM2)H^t(z)  -  H,(z)J^^(z)l.  (7) 


Despite  this  integral,  it  seems  desirable  to  retain  the  notation  C,(z)  in  view  of 
the  parallelism  with  D,(z)  which  cannot  be  int^ated. 

It  is  easily  shown  that  the  function  C,(z)  has  the  following  properties. 


C,+,(z)  =  (2v  +  l)C,(z)  -  z'"'V,(2) 

(8) 

Ci'iz)  =  zCLiiz)  =  2V^,(Z) 

(9) 

2  j  C,iz)zdz  =  z'C.(,z)  -  zC^+i(z)  -|-  C,+i{z) 

(10) 

j  CUz)z  dz  =  Cf+iiz) 

(11) 

j  Ci(z)2*  dz  =  zCl+i{z)  -  C^iiz) 

(12) 

j  (fl (z)z  dz  =  zC^(z)  —  C,(2) 

(13) 

Ci/,(z)  =  (2/t)*'*(1  -  cos  z). 

(14) 

Since  J,(z)  = 

z  'C’»(z),  it  is  easy  to  arrive  at  the  following  third  order  equation 

for  C,(z). 

zC;"(z)  -H  (1  -  2s)C'/(z)  -1-  zCi(z)  -  0 

(15) 

The  anal(^ous  formulae  for  D,(z)  are: 

D^i(z)  -  (2f 

+  l)D,(z)  -  zD;(z)  -I-  z*’’-"*/(i/  -1-  l)2'-"‘r(l/2)r(r  +  3/2) 

(16) 

D"iz)  -  zDLx{z)  =  z^H^xiz) 

(17) 

2  j  D,{z)zdz  -  z^  D,{z)  —  zDl+iiz)  -f-  D^iiz) 

(18) 

j  DI{z)z  dz  =  D^+i(z) 

(19) 

j  DUz)z*  dz  =  zDI+i(z)  -  D^iiz) 

(20) 

*  Wrench,  John  W.,  Jr.,  Math  Tab.  and  Aids.  Comp.,  Ill,  66, 1948. 

*  MQlIer,  R.,  Zeit.  F.  Angew.  Math.  u.  Mech.,  19,  36-64, 19^. 

*  Watson,  G.  N.,  A  Treatise  on  Bessel  Functions,  p.  350,  Macmillan  Co.,  New  York,  1945. 

*  McLachlan,  N.  W.,  and  Meyers,  A.  L.,  Phil.  Mag.  (7),  21,  437-448,  1936. 
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(21) 

(22) 


Dnt{z)  =  (2/t)‘^*(z  —  sin  z). 

The  differential  equation  satisfied  by  D,(z)  is 

zD"\z)  +  (1  -  2v)D"{z)  +  zD’,{z)  =  z*72^‘r(l/2)r(r  +  1/2).  (23) 

3.  Integrals  Involving  One  Function.  By  following  a  procedure  used  by 
Watson*,  it  is  possible  to  arrive  at  the  relationship 


f  [{B(z)  +  (2.  +  \)B'{z)/z  +  B"{z)\HXz) 


(24) 


+  B'(z)(z/2)7r(l/2)r(.  +  3/2)]z"^‘  dz 

=  z*^\B\z)H,{z)  +  B(z)H,+x(z)}. 

As  a  special  case,  let  B{z)  =  z'*”'.  Then  one  arrives  at  the  useful  reduction  formula 

f  zT^^HXz)  dz=  -in*  -  y*)  f  z^-*H,(z)  dz 

-in  -  v)ar-^V2'(M  +  v  +  l)r(l/2)r(v  +  3/2) 

+  zTiin  -  y)H,iz)  +  zH,+xiz)}. 

If  n  =  V,  this  reduces  to  the  well  known  result  f  Z^'H.iz)  dz  =  z*^*H,+iiz). 
If  M  —  >'  =  2p,  an  even  integer,  successive  applications  of  the  formula  yield 
j  z*^*H,iz)  dz  which  can  be  integrated.  On  the  other  hand,  if  /x  —  «'  =  2p  +  1, 

successive  applications  of  the  formula  yield  j  z’H,iz)  dz  =  D,iz). 


4.  Integrals  Involving  a  Struve  and  a  Bessel  Ftmction.  Suppose  that  one  con¬ 
siders  the  two  expressions^  d\z^H^iz)J,iz)  \ /dz  and  d(z*/f„+i(z)J,+i(z)}/<iz.  Upon 
performing  the  differentiating  and  then  adding,  one  finds 

dlz'H.izWz)  +  z'^,+i(z)J,+,(z)}/dz 

z"-"V,(z)/2^r(l/2)r(M  +  3/2)  +ip  +  n  +  y)z^*H^iz)J,iz)  (26) 
+  ip  —  n  —  y  —  2)zr*H,+iiz)J,^iiz). 

This  may  be  integrated  to  give 

z^H,iz)Mz)  +  trH,^,iz)J,^,iz)  =  {2-7r(l/2)r(M  4-  3/2)}  f  zr*^J,iz)  dz 

+  ip  +  +  y)  f  z^'H,iz)J.iz)  dz  (27) 

+  ip  —  n  —  y  —  2)  j  z^^  H^^iiz)J^iiz)  dz. 

*  Watson,  G.  N.,  op.  cit.,  p.  132. 

’  The  analysis  of  this  section  and  of  the  following  one  is  based  upon  the  method  used  by 
G.  N.  Watson,  op.  cit.,  p.  136. 
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If  p  +  M  +  I'  “  0,  eq.  (27)  reduces  to 
2(jt  +  i»  +  1)  J  «  ^  H^i(z)J,^i(z)  dz 

=  {2-"/r(l/2)r(M  +  3/2)}  fz^J,{t)dz 


(28) 


-  z-^\H,{t)Uz)  +  H,^,{z)J^^{z)\. 

If  r  is  an  integer  n,  it  is  easily  seen  that  ^  z~*J^{z)  dz  =  (— )"C_«(*). 
Alternately  one  may  setp  —  p— r  —  2  —  0.  This  gives 

2(m  +  V  +  1)  f  ^^H,(z)J, it)  dz 
=  zr^^{H,iz)Mz)  +  H,^^{z)J,+^iz)]  (29) 

-  {2-7r(l/2)r(M  +  3/2)1  f  z'^^^'‘J,(z)  dz. 


The  last  int^ral  in  eq.  (29)  may  be  evaluated  formally  in  terms  of  Bessel  and 
Lommel  functions'.  McLachlan  and  Meyers*  point  out  that  this  approach  is 
not  very  practical,  since  Lommel  functions  are  not  tabulated.  They  remark 
that  if  2p  +  2  is  “an  odd  positive  integer  or  an  even  positive  integer,  the  int^ral 

can  be  reduced  to  the  forms  j  z'‘^‘J,(z)  dz  or  j  z^J^iz)  dz  by  the  ordinary 

reduction  formulae.”  If  p  is  an  integer,  the  latter  case  applies  and  one  arrives 
at  Cr(z). 

One  may  set  p  0  and  p  »  r  in  eq.  (27)  to  give 

p  j  /f,.(z)y„(z)z"‘  dz  —  (fi  +  1)  J  /f„+i(z)J„+i(z)z“‘  dz 

~  m/TMJM  +  H.«WA«WI 

-c,(»)/2'^'r(i)r0.  +  |). 

When  p  is  increased  by  one  and  the  equations  added  for  n  —  1  times,  one  has, 
when  p  *  0, 


r  H,(zMz)z-^  dz  -  (1/n)  t,  c^i(z)/rr(i)r(p  +  h) 

J  p-i 

-  {l/2n){H,iz)Mz)  +  ^.(z)y«(z))  -  (1/n)  L  H,{z)J,{z). 


(31) 


6.  Integrals  Involving  Two  Struve  Functions.  Methods  identical  in  form  to 
those  of  the  last  sectimi  yield  the  following  formulae  for  integrals  involving  the 
product  of  two  Struve  functions. 

*  Watson,  Q.  N.,  op.  eit.,  eq.  (3),  p.  8fi0. 

*  McLaehlan,  N.  W.,  and  Meyers,  A.  L.,  op.  eit.,  p.  443. 
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2(m  +  ^  +  1)  f  dz 

=  +{2-7r(i)r(M  +  t)}  f  z-^H,{z)dz 

(32) 

+  {2-7m)r(v  +  I)}  fz-^H.iz)  dz 
-  z-''-^{H,iz)H,{z)  +  H^^iz)H^xiz)l 
2(m  4-  V  +  1)  dz  =  zr^^^'\H,{z)HAz)  +  ^,+i(z)H,+i(*)} 

-  {2-7r(i)r(M  +  I)}  fz^^H,{z)dz  (33) 

-  {2-7r(i)r(v  +  D)  f  zr^^-H,{z)  dz. 

These  formulae  reduce  the  integral  of  the  product  of  two  Struve  functions  to 
the  intends  of  the  separate  functions.  In  the  case  that  n  and  v  are  integers, 
the  two  integrals  on  the  right  of  eq.  (33)  can  be  reduced  to  D,{z)  and  D^{z)  by 
repeated  application  of  the  reduction  formula  of  eq.  (25). 

One  also  obtains 

H\(,z)z-^dz  =  (1/n)  L  D,(2)/2'’r(i)r(p  -{-  f) 

(34) 

-  il/2n){H\{z)  +  ^*.(2))  -  (1/n)  L  H\{.z). 


6.  Further  Integrals  Involving  Struve  and  Bessel  Functions.  By  means  of 
the  common  method  of  obtaining  Lommel  integrals*"  one  can  obtain  the  follow¬ 
ing  relationships: 


(ik*  -f)\‘  J,{kz)H,(lz)zdz  =  z{U,(.kz)H^iilz)  -  kJ^i{kz)H,iU)\ 

-  A{l/2k)'^^CM/T{\)T{v  +  I) 

(Jb*  -f)f  H,ikz)H,{lz)zdz  =  z\lHXkz)H^m  -  kH^i{.kz)HXlz)\ 

+  |4/r(i)r(.  +  \)\{{kmr^D.{iz)  -  ii/2ky^^D,{kz)\. 


(36) 


(36) 


A  different,  but  equivalent,  form  of  eq.  (35)  has  been  given  by  McLachlan 
and  Meyers". 


**  For  example,  see  p.  94  of  N.  W.  MoLachlao,  Bessel  Functions  for  Engineers,  Oxford 
University  Press,  1946. 

“  McLachlan,  N.  W.,  and  Meyers,  A.  L.,  op.  eit.,  sq.  (37),  p.  443. 
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Similarly,  one  can  obtain 

(m*  -  V*)  f  dz  ^  z\H,{z)H^x{.z)  -  H,{z)H^y{.z)] 

-  {2‘-7r(j)r(M  +  i)}  f  tTHXz)  dz  (37> 

-}-  {2*-7r(i)r(.  +  §)}  f  /H,{z)  dz. 

The  corresponding  integral  j  H^{z)Jf{z)z~^  dz  has  been  evaluated  by  McLachlan 
and  Meyers'*. 

Equation  (37)  is  similar  to  eqs.  (32)  and  (33)  in  that  an  integral  involving 
the  product  of  two  Struve  fimctions  is  reduced  to  the  integrals  of  the  separate 
functions.  These  in  turn  may  be  treated  with  the  reduction  formula  of  eq.  (25). 

7.  Integrals  Involving  Lommel  Functions.  Equation  (3)  on  p.  350  of  Watson’s 
book  reads 

j  z”  JXz)  dz  =  CXz)  =  (2>'  -  \)zJ,{,z)S^i,^i{z)  —  zJ^i{z)S,,,{z).  (38) 

By  using  the  recurrence  formulae  eq.  (7),  p.  348  and  eq.  (3),  p.  45,  one  may  re¬ 
duce  this  to 

C,{z)  =  z{JAz)S',Az)  -  J'Az)S,M\  (39> 

from  whence  one  finds 

S.,,(z)  =  J.{z)  f  lC,(z)/zJl(z)\  dz.  (40> 

By  expanding  the  function 

lz^-'H^i(z)  .  /5,.,(z)}  -  (m  -  1)  ^  {/H,(z)  •  z^-^S^i,^x(z)] 
and  integrating,  one  arrive  at  the  relationship 
f  z^SUz)  dz  =  2^‘r(|)r(v  -f-  i){zH^iiz)SUz) 

-  (m  +  r  -  l)zHm^i.^iiz)  +  f  iTHXz)  dz\.  (41) 

8.  Ct{z)  and  2)i(a)  expressed  as  definite  integrals.  By  using  Sonine’s  first 
finite  int^;ral  and  a  variation  of  it  given  by  Watson'*  one  can  deduce 

CM  »  (2/t)V'^  /  8in  «)  dB  (42) 

**  McLachlan,  N.  W.,  and  Meyers,  A.  L.,  op.  eit.,  eq.  (38),  p.  443. 

**  op.  eit.,  pp.  373  and  374,  eqs.  (1)  and  (?). 
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Rnd 

»*/i 

DJjt)  =  (2/t)*  jf  Ch-i(2  sin  tf)  d®.  (43) 

In  eq.  (42)  if*  >  —  ^  while  in  eq.  (43)  m  is  unrestricted. 

Meijer'*  has  shown  that  Sonine’s  first  finite  int^ral  is  satisfied  when  the  Bessel 
function  is  replaced  by  a  Struve  function.  This  result  may  be  used  to  obtain 

-r/l 

Dj,z)  =  (2/t)*z^'^  /  H,^{z  sin  e)  sin**"*®  dB  (44) 

provided  n  >  —1. 

9.  Application  to  a  Problem  in  Acoustic  Radiation.  The  functions  C,(s)  and 
D,{z)  occur  naturally  in  the  following  problem  of  acoustic  radiation.  Consider 
a  semicircular  disk  of  radius  a  that  is  mounted  in  an  infinite  stiff  baffle.  Suppose 
that  each  part  of  the  plate  vibrates  sinusoidally  with  an  amplitude  distribution 
given  by 

/(r.  f)  =  8in*'r  (46) 

where  (r,  f*)  is  a  polar  coordinate  system  on  the  disk.  The  radii  f  ztr/2  form 
the  bounding  diameter. 

Consider  the  plane  that  passes  through  the  center  of  the  semi-circular  disk 
and  which  is  perpendicular  to  the  bounding  diameter.  The  pressure  distribution, 
p(0),  at  points  in  this  plane  w'hich  are  far  from  the  disk  may  be  foimd  from” 

p(fl)a  ^  fir,  f)  exp  {ikr  cos  f  sin  ®  —  iut)  rdr  df.  (46) 

The  constant  of  proportionality  is  chosen  so  that  p(0)  =  1.  In  this  equation  6  is 
the  angle  between  the  normal  to  the  disk  and  the  direction  to  the  point  of  obser¬ 
vation.  The  symbol  k  denotes  2t/X. 

When  the  constant  of  proportionality  is  taken  as  4 r(r  -|-  l)/r(i)r(i'  —  i)a*''''‘, 
one  may  int^rate  eq.  (43)  to  give 

Pie) 

-  [2^(2^  +  l)r(»  -h  1) {C,(lba sin  «)  +  iD^ikasin  d)}/(fcasin  e)*''"V‘“‘.  (47) 

The  acoustic  pattern  for  the  full  circular  disk  may  be  obtained  from  eq.  (47) 
by  adding  to  itself  the  same  expression  with  a  minus  sign  attached  to  the 
D,ika  sin  B). 

Thi  Univkbsitt  or  Texas. 

(Received  July  1,  1949) 
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YIELD  CONDITIONS  IN  PLANE  PLASTIC  STRESS* 

Bt  P.  O.  Hodox,  Jr.** 

1.  Introduction.  In  the  study  of  perfect  plasticity,  problems  in  plane  strain 
have  received  considerable  attention.  The  subject  of  plane  stress,  however,  is 
intrinsically  more  difficult.  In  plane  strain,  the  two  generally  accepted  yield 
conditions  coincide,  while  in  plane  stress  they  do  not,  thus  leading  to  more 
duplication  of  effort.  In  plane  strain,  the  characteristics  of  the  stress  equations 
exist  at  each  point;  they  form  an  orthogonal  net  and  are  identical  with  the 
lines  of  maximum  shearing  stress  and  maximum  shear  strain.  In  the  case  of 
plane  stress,  few  of  these  simplihcations  subsist. 

In  the  present  paper  an  attempt  will  be  made  to  clarify  these  problems.  The 
next  two  sections  are  primarily  a  review  of  the  work  done  by  Sokolovsky  [1, 2, 3]‘ 
and  V.  Mises  [4].  In  addition,  a  family  of  new  yield  conditions  is  proposed  to 
facilitate  the  comparison  of  various  3deld  conditions.  In  Sec.  4,  the  problem 
of  a  flat  plate  with  a  circular  hole,  subject  to  internal  pressure  on  the  hole  and 
hydrostatic  tension  at  infinity,  is  solved  according  to  these  conditions.  A  slight 
change  in  yield  condition  is  seen  to  produce  only  a  slight  change  in  the  stress 
distribution.  In  Sec.  5,  the  solution  for  a  notched  bar  in  tension  is  obtained. 
Here  it  is  found  that  the  precise  form  of  the  yield  condition  has  a  profound 
effect  on  the  solution.  A  tentative  explanation  of  this  difference  in  behavior  is 
advanced.  Finally,  in  Sec.  6,  the  same  problem  is  solved  according  to  the  Mises 
yield  condition. 

2.  Stress  equations.  For  a  material  in  a  state  of  plane  stress,  referred  to  the 
X*,  y  plane,  the  only  non-vanishing  stress  components  are  o’.  ,  (r„  ,  and  Txy .  For 
a  perfectly  plastic  material,  these  must  satisfy  two  equilibrium  equations, 

dffxidx  dTxy/dy  =  0,  dffy/dy  -1-  dT,,/dx  =  0  (2.1) 

and  a  yield  condition.  Thus,  given  suitable  boundary  conditions,  the  stress 
problem  is  statically  determinate.  The  three  stress  components  may  be  replaced 
by  three  new  variables,  defined  by 

ff,  =■  2kiu  -1-  X  sin  20),  ay  =  2k(u  —  x  sin  i 
Tty  =*  —2kx  cos  20. 

Here  k  is  the  yield  stress  in  pure  shear  and  0  is  the  angle  between  the  first  shear 
direction*  and  the  negative  y  axis.  If  ai  and  at  are  the  maximum  and  minimum 
tensile  stresses  (in  the  x,  y  plane),  then 

w  =  (<r*  +  <r,)/4fc  =  (ai  +  at)/4k,  x  =  (<^i  —  vj)/4&  ^  0. 

*  The  results  presented  in  this  paper  were  obtained  in  the  course  of  research  conducted 
at  Brown  University  under  Contract  N7onr-368  sponsored  jointly  by  the  Office  of  Naval 
Research  and  the  Bureau  of  Ships. 

**  Now  at  the  University  of  California  at  Los  Angeles. 

*  Numbers  in  brackets  refer  to  the  bibliography  at  the  end  of  the  paper. 

*  The  first  shear  direction  at  a  point  P  is  defined  as  the  direction  obtained  by  a  45*  coun¬ 
ter-clockwise  rotation  of  the  line  element  in  the  x,  y  plane  at  P  across  which  the  tensile 
stress  is  a  maximum. 
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(2.3) 


(2.4) 


The  most  general  isotropic  yield  condition  can  be  represented  by 

X  =  /(«). 

The  substitution  of  Eqs.  2J2  and  2.3  into  2.1  leads  to 

(1  +  /'  sin  2d)(d(i>/dx)  —  f  cos  20(do»/dy) 

+  2/lcos  2e{dd/dx)  +  sin  2fl(dd/ay)]  -  0,  | 

—  /'  cos  2fl(dw/dx)  +  (1  —  /'  sin  2B)(du)/dy) 

-|-  2/{8in  20(dd/dx)  —  cos  2d(d0/dy)]  *  O.J 

The  characteristics  of  Eqs.  2.4  may  be  defined  as  those  curves  across  which 
w  and  B  are  continuous  but  may  have  discontinuous  derivatives.  Let 

X  =  x(«),  y  =  y(«),  w  -  «(«),  B  =  Bis) 

al<mg  a  curve  F.  Then  along  F 

dadx  dudy  _  du  dB  dx  ^  dB  dy  _  du 

dxds  dy  ds  ds  ’  dxds  dy  ds  dS' 

The  derivatives  of  u  and  B  can  exhibit  a  discontinuity  across  F  only  if  the  5X4 
matrix 


M 


1  -f  /'  sin  2B 

—  f  COB  2B 

2/  COB  2B 

2f  sin  2B 

0 

-f  cos  2B 

1  —  /'  sin  2B 

2/  sin  2B 

—  2/  cos  2B 

0 

dx 

dy 

0 

0 

da 

0 

0 

dx 

dy 

dB 

1  than  4.  The  determinant  of  the  first 

four  columns 

can 

only  along  the  curves 


^  _  cos  2g  y/l  — 
dx  /'  -f  sin  2® 


(2.5) 


Here  the  upper  and  lower  signs  are  said  to  refer  to  the  first  and  second  families 
of  characteristics  respectively. 

A  pair  of  first  order  equations  is  said  to  be  hyperbolic,  parabolic,  or  elliptic 
according  to  whether  their  characteristics  are  real  and  distinct,  real  and  coin¬ 
cident,  or  imaginary,  respectively;  in  the  present  case,  according  to  whether 
i/'  I  is  less  than,  equal  to,  or  greater  than  1,  respectively.  For  elliptic  equatiims, 
little  is  to  be  gained  by  discussing  the  characteristics  further.  For  hyperbolic 
or  parabolic  equations,  it  is  necessary  to  set  the  four  other  4X4  determinants 
which  are  obtained  by  omitting  one  column  of  M,  equal  to  sero.  This  leads  to 

dtf  -  ±  duy/l  -  fV2f  (2.6) 

along  the  first  and  second  characteristics  respectively.  Let 
^(«)  =  I  8in“‘/'(")  where  — t/4  <  ^  <  t/4, 
q'(«)  =  /  iVr^f2f)  du>,  f  -  Q  +  (?, 


-  Q  -  fl. 


(2.7) 
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Then  the  £rst  and  second  characteriatica  are  given  by 

dy/dx  -  —cot  (0  +  ^),  dy/dx  *  tan  (0  —  ^),  (2.8) 

respectively,  while  Eqs.  2.6  show  that  that  q  and  (  are  constant  along  a  first 
and  second  characteristic,  respectively.  Finally,  the  equilibrium  equatimis 
become* 


cos  (0  -  ^Kd^/dx)  +  son  (0-  ^)id^/dy)  -  0, 1 
sin  +  fi{9n/dx)  -  cos  (ff  +  ^)(dn/dy)  =  O.J 


(2.9) 


These  equations  may  be  solved  numerically  by  standard  methods. 

If  the  stress  equatimis  are  parabolic,  then  the  yield  condition  must  be 


/(«)  »  c  ±  w. 


(2.10) 


where  e  is  a  constant.  The  single  family  of  characteristics  are 


dx 


—cos  20 
abl  -f  sin  29 


tan  (9  T  v/4). 


(2.11) 


where  the  sign  must  ccmform  to  the  one  used  in  Eq.  2.10.  In  view  of  Eq.  2.6, 
9  is  constant  along  each  characteristic,  so  that  Eq.  2.11  can  be  integrated: 


y  “  X  tan  (9  T  t/4)  +  Hi{0). 


(2.12) 


The  substitution  of  Eq.  2.12  into  either  of  Eqs.  2.4  leads  finally  to  an  expression 
for  u: 

<*>  =*  i  ^  (2.13) 

X  sec  (9=F  ir/4)  +  ^i(9) 

Thus  the  solution  of  a  boundary  value  problem  is  reduced  to  the  determination 
of  Hi  and  Ht . 


3.  Yield  conditions.  The  most  generally  used  yield  conditions  are  due  to 
Tresca  [5]  and  Mises  [6].  In  terms  of  the  present  variables,  Tresca’s  condition  is 

X  “  i  for  1 «  f  <  J,  X  “  1  -  1 «  I  for  I  «  1  >  I,  (3.1) 

and  Mises’  is 

X  =  V(r-“io*)73.  (3.2) 

If  Z'  is  computed  for  either  of  these  conditions,  it  is  seen  that  the  stress  equations 
are  hyperbolic  for  certain  combinations  of  stresses,  and  are  otherwise  parabolic 
or  elliptic.  Since  it  is  generally  simpler  to  apply  numerical  methods  to  hyperbolic 
equations,  Mises  [4]  recently  proposed  a  “parabolic”  yield  condition  (so  named 
from  its  shape  in  a  ,  <ri  plane.  Fig.  1)  of  the  form 

X  =  (1  +  V^)/4  -  {V2  -  1)«*.  (3.3) 


*  Equations  were  first  obtained  by  Sokolovsky  for  a  particular  yield  condition  [1]. 
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For  this  law  the  stress  equations  are  always  hyperbolic.  To  investigate  the 
effect  on  the  solution  of  changing  the  type  of  yield  conditiiRi,  the  family  of 
“generalised  Tresca”  yield  conditions  is  convenient: 

X“ifor|wl<i,  X  *  (1  +  X)/2  -  X  1«  |for  1«  I  >i,  (3.4) 

where  X  is  a  positive  constant.  The  type  of  the  stress  equations  now  depends 
upon  whether  X  is  greater  or  less  than  one.  Equations  3.4  reduce  to  the  Tresca 
condition  for  X  =  1,  and  to  the  yield  condition  in  plane  strain  for  X  »  0. 

The  various  yield  conditions  are  indicated  graphically  in  Fig.  1.  It  is  seen 
that  they  all  agree  rather  closely  with  each  other.  In  Table  1,  a  summary  of  their 
salient  properties  is  presented. 


- TIreKa  - Mises 

- GaaUvsca  (a>i)  Arabolic 

- GefiTrwca  CA<  i) 


Fto.  1.  Yield  conditions 

4.  Circular  hole  under  internal  pressure.  Consider  a  circular  hole  of  unit 
radius  in  an  infinite  plate.  A  uniform  pressure  2pk  is  applied  to  the  contour  of 
the  hole,  and  the  plate  is  subjected  to  a  hydrostatic  tension,  sufficient  to  cause 
plasticity  throughout,  at  infinity.  The  problem  is  conveniently  expressed  in 
terms  of  polar  coordinates  r  and  ip,  the  stress  components  being  o-ri  v,  >  and  Tr^  . 
Due  to  symmetry,  t,,  =  0  and  0  =  tp  —  ir/4.  The  normal  stresses  are  fimctions 
of  r  only,  and  are  given  by 

(Tr  =  2k[(a  —  /(w)],  (T^  *=  2k[<i)  +  /(&>)].  (4.1) 

They  must  satisfy  the  equilibrium  equation 

idcr/dr)  +  (<r,  -  O/r  =  [d(«  -  f)/dr\  -  2//r  =  0.  (4.2) 

The  inverse  solution  of  this  equation  may  be  expressed  as 

log  r  =  fid-  /'(«)]/2/(«)}  do,,  (4.3) 
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where  «•  is  determined  from  the  boundary  cmidition 

a,(l)  -  2Jbl«o  -  /(«•)]  -  -2pk. 

Since  and  are  of  opposite  signs  on  the  hole,  the  generalised  Treeca  yidd 
condition  in  some  neighborhood  of  the  hole  is  /  »  §.  Hence 

«  *  i  “  P  +  log  r. 


Fig.  2.  Radial  atresaes  in  a  plate  with  a  circular  hole,  p  «  1/2. 


This  solution  is  valid  for  r  <  e”,  at  which  point  «  *  For  r  >  the  yield 
condition  is  /  —  (1  +  X)/2  —  X«,  hence 

»  -  (1/2X)[1  +  X  - 

The  stress  components  are  then  found  from  Eqs.  (4.1): 

Or  =  2k{—p  +  log  r),  <r,  *  2A:(1  —  p  +  1(«  r)  for  r  <  e' 

t  (1  _ 

-  t,  i-P  [l  +  (e’/r)"««>]  for  r  >  ^ . 
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This  solution,  considered  as  a  function  of  X  is  regular  in  the  neighborhood  of 
X  »  1.  Therefore,  in  this  example,  a  small  change  in  the  yield  condition  causes 
only  a  small  change  in  the  stress  solution.  In  Fig.  2,  the  values  of  (r,  are  plotted 
as  a  fimcticHi  of  r  for  X  «  0.8, 1.0,  and  1.2.  Also  shown  is  the  solution  according 
to  the  Mises  criterion  [1]. 

6.  Notched  strip  in  tension.  The  solutions  to  many  of  the  problems  in  plane 
strain  which  have  been  obtained  to  date  are  based  upon  the  solution  for  a  blunt 
wedge  subject  to  imiform  pressure  along  one  face*.  Since  plane  strain  may  be 
considered  as  the  special  case  of  plane  stress  corresponding  to  the  yield  condi¬ 
tion  /(u)  =  it  is  reasonable  to  expect  that  this  same  basic  problem  will  be 
of  considerable  importance  in  other  plane  stress  problems.  In  the  present  section, 
the  solution  of  the  problem  of  a  notched  bar  in  tension*  will  be  obtained  for 
the  generalized  Tresca  yield  condition,  and  in  Sec.  6  the  same  problem  will  be 
solved  for  the  Mises  condition. 


Fio.  3.  Notched  strip  in  tension  ‘ 

Let  the  bar  shown  in  Fig.  3  be  pulled  with  a  uniform  tension  so  that  a,  »  0. 
Due  to  symmetry,  only  one  quarter  of  the  bar  need  be  considered  (Fig.  4). 
It  may  be  verihed  a  posteriore  that  the  correct  form  of  the  generalized  Tresca 
yield  condition  is  , 

/(«)  =  M8in2i^-f(l  —  sin  2^)/2,  (5.1) 

where  sin  2^  =  —X  is  a  constant.  Since  there  are  no  tractions  alcmg  AB,  and 
since  the  stress  distribution  must  be  symmetric  across  AO,  the  boundary  con¬ 
ditions  are 

on  AB:  ^  =  t  =r  /3;  on  AOr^i  =  ^ .  (5.2) 

4  ,  4 

*  The  solution  of  this  problem  may  be  found  in  [7].  It  is  the  basis  of  solutions  to  problems 
of  drawing  [8]  and  extrusion  [9],  in  the  indentation  of  a  plastic  mass  by  a  rigid  wedge  [10], 
[11],  and  in  tension  of  a  notched  bar  (12). 

*  It  seems  more  valuable  to  consider  a  tensile  problem,  since  under  compression  a  sys¬ 
tem  may  buckle  rather  than  flow  plastically.  However,  the  tensile  solution  may  be  formally 
adapted  to  compression  by  obvious  modifications. 
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In  analogy  with  the  plane  strain  solution,  the  solution  is  assumed  to  consist  of 
three  regions,  as  indicated  in  Fig.  4.  Introducing  polar  coordinates  r,  where 
r  is  the  distance  from  A  and  ^  is  the  angle  with  the  native  y-axis,  the  solution 
is  finally  found  in  the  form 

M  rX  cnn  oin  ni,  I 


(i  sin  2^1  •  [- 1  +  sin  2^  + 

(i  sin  2^1.[-H-  sin  2^  + 

I,  -  3t/4,  di  »  t/2  +  +  ^» 

»/4  -  <f>u  •  P  -  (»/4  +  ^), 
sin  2\1']*[— 1  +  sin  2^^-  +  (1  +  sin  2^)e**'^ 


Fio.  4.  Details  of  notehed  strip  in  tension 


Fie.  6.  Parabolio  characteristics  for  notched  bar  in  tension 


Here  ^  and  ipu  are  the  rays  separating  the  regions,  and  p  gives  the  tensi<m 
necessary  to  obtain  plastic  flow. 

Tresca’s  yield  condition  is  obtained  by  setting^  »  —  r/4  in  Eq.  5.1.  However, 
the  stress  distribution  obtained  setting  ^  »  —  v/4  in  Eqs.  5.3  does  not  satisfy 
the  equilibrium  equations,  and  hence  can  not  be  the  solution.  In  fact,  it  will  now 
be  shovm  that  according  to  Tresca,  a  continuous  solution  does  not  evm  exist. 

The  boundary  condition  v.  »  r  0  along  AB,  determines  a  field  of  constant 
stress  bounded  by  the  characteristic  AC,  perpendicular  to  AB  (Fig.  5).  Thus 
in  region  OAC,  the  boundary  conditions 

9{x,  0)  -  3t/4,  6(x,  —X  tan  /3)  -  t/4  +  0,  <a{x,  —x  tan  /5)  —  i 

must  be  satisfied.  The  first  two  boundary  conditions  can  be  satisfied  mily  if 
ffi(9)  »  0  in  Eq.  2.12,  hence  Eq.  2.13  becomes 

ca  -  (l/x)Hs(e)  coe*  ($  +  r/4)  +  1. 

For  no  value  of  fft  can  tiie  third  boundary  c(»diti(m  be  satisfied. 
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As  yet  it  has  not  been  possible  to  obtain  the  solution  for  the  eUiptic  case 
(X  >  1).  Neither  has  it  been  possible  to  prove  whether  or  not  such  a  solution 
can  exist,  althoiigh  it  can  be  shown  that  there  cannot  be  a  solution  independent 
of  r.  However,  even  if  the  elliptic  solution  could  be  found,  it  could  by  no  means 
be  considered  as  an  approximation  to  the  h3rperbolic  solution  (or  vice  versa), 
since,  as  X  — » 1  from  the  left,  the  latter  solution  does  not  approach  a  finite  limit. 
Therefore,  in  the  present  example,  it  would  not  be  permissible  to  approximate 
one  type  of  yield  ccmdition  by  another.  Lacking  further  examples,  it  seems 
reasonable  to  conclude  that  the  good  agreement  in  the  radially  S3rmmetric  case 
is  fortuitous.  Possibly  it  is  due  to  the  fact  that  one  integration  (rr^  0)  can 
be  performed  independently  of  the  yield  condition,  thus  reducing  the  problem 
to  a  single  first  order  equation. 


6.  Notched  bar  in  tension  according  to  Mises  criterion.  The  negative  result 
of  the  preceding  section  may  seem  discouraging  from  the  viewpoint  of  obtaining 
solutions  to  problems  in  plane  stress.  However,  it  will  now  be  shown  that  for 
the  basic  solution  considered  in  Sec.  5,  the  Mises  yield  condition  is  hyperbolic, 
so  that  the  solution  according  to  this  criterion  is  easily  found. 

If  it  is  assumed  that  the  solution  will  show 

«*•<  f  (6-1) 


throughout  the  plastic  domain,  then  the  characteristics  defined  by  Eqs.  2.8 
will  be  real  and  distinct.  The  function  Q,  defined  in  Eq.  2.7,  may  be  expressed 
parametrically  by 


12 


—  i  tan  * 


162* 

1  4-  9f*  -  9<<  -  <*  ’ 


_  V3  1  -f* 

2  1  +  ‘ 


(6.2) 


All  first  characteristics  which  intersect  AO  also  intersect  AB  (Fig.  4).  Since 
If  —  Q  —  9  is  constant  along  a  first  characteristic, 

Qi  =  -H  Qi  -  cv  1.2318  -  /3  (6.3) 

along  AO,  and  hence  in  region  1.  Further,  it  follows  from  the  geometry  of  Fig.  4, 
that  in  region  2  i 


=  t/2  =  +  —  (6.4) 

where  ^  is  the  polar  angle  from  the  negative  y  axis.  The  last  Eq.  6.4  may  be 
solved  numerically  for  ut  to  complete  the  solution  of  the  problem. 

In  view  of  the  boundary  conditions  (5.2),  the  inequality  6.1  is  satisfied  in 
r^on  3.  Further,  it  will  be  satisfied  in  region  1  (and  hence  throughout  the 
plastic  domain)  unless  Qi  =  0.  Thus,  for  the  particular  case 

/3  1.2318  radians  70.6°,  (6.5) 

the  solution  will  be  parabolic  in  region  1.  Therefore,  it  is  only  necessary  to 
verify  that  a  hyperbolic  solution  exists  for  values  of  0  slightly  smaller  and 
slightly  larger  th^  70.6°. 
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Since  for  P  satisfying  6.5,  »  0,  this  is  conveniently  done  by  setting  c 

(where  e  may  be  either  positive  or  negative)  and  expressing  the  solution  as  a 
power  series  in  «.  To  within  fourth  order  terms,  it  is  found  that 

Oi  =  2.36,  e,  =  2.02  +  8e*, 

<-i  -  iV3(l  -  2**  +  «,  =  0.50, 

n,  -  -8e*,  n»  »  -0.34, 

h  =  (ir/4)  +  2  1  *  1  -  32  I  «*  1/3,  h  -  -0.17, 

Xj  =  3(i  +  €*  —  I**),  XI  =  0.50, 

/3  -  1.23  +  8€*, 

-  (ir/2)  -  2  1  «  I  +  32  1  «*  1/3, 

-  0.62  +  8€*,  p  -  1.15(1  -  €*), 

where  the  decimal  numbers  represent  approximate  values  of  fractimial  and 
irrational  terms  appearing  in  the  calculations. 

Equations  6.6  will  represent  a  solution  to  the  problem  provided  that  the  re¬ 
gions  defined  by  ^  and  ^  actually  lie  within  the  bar  (Fig.  4).  This  will  be  true 
provided  the  inequalities 

~P  <  <Pu  <  <  v/2 

are  valid.  For  all  <  different  from  zero  these  inequalities  do,  in  fact,  hold.  For 
c  0,  r/2,  so  that  in  this  case  region  1  disappears.  However,  since  this 

occurs  only  for  one  particular  value  of  /9,  the  solution  represented  by  regimis 
2  and  3  will  satisfy  the  boundary  conditions  and  will  be  hyperbolic  throughout. 
Since  Eq.  6.5  represents  the  only  critical  value  of  P  it  may  be  concluded  that  the 
hyperbolic  solution  is  valid  for  notches  of  any  angle. 

Also  of  interest  in  Eqs.  6.6  is  the  fact  that  p  is  a  relative  maTiTnntn  for  c  «  0. 
Thus  the  force  required  to  cause  flow  in  a  notched  bar  is  greater  for  a  notch 
semi-angle  of  about  70.6**  than  for  neighboring  notch  angles.  This  prediction 
could  presumably  be  tested  by  experiment. 

The  value  of  the  pressure  may  be  compared  with  that  predicted  by  the  gen¬ 
eralized  Tresca  yield  condition.  If 

X  =  —sin  2^  =  0.578, 

the  values  of  V'  iu  r^ons  1  and  3  will  be  the  same  as  for  the  Mises  yield  condi¬ 
tion.  The  substitution  of  this  value  of  together  with  P  ^  1.23  into  the  last 
Eq.  5.3  leads  to 

p  =  1.14, 

in  close  agreement  with  the  last  Eq.  6.4. 

7.  Conclusions.  The  stress  equations  for  a  perfectly  plastic  materi^,  loaded 
so  as  to  be  in  a  state  of  plane  stress,  have  been  obtained  for  an  arbitrary  yield 
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condition.  For  reasonable  yield  conditions  it  is  found  that  these  equations  are 
hyperbolic  in  part  of  the  range  of  admissible  stresses,  and  may  be  hyperbolic, 
parabolic,  or  elliptic  in  the  remainder,  according  to  the  derivative  of  the  yidd 
condition.  Since  a  slight  change  in  the  yield  condition  may  change  the  type  of 
the  equations,  the  question  arises  as  to  whether  this  slight  change  will  produce 
only  slight  changes  in  the  stress  distributicm.  In  a  radially  symmetric  problem, 
this  is  found  to  be  the  case,  but  for  a  notched  bar  it  does  not  appear  to  be. 
Therefore,  in  general  it  would  seem  that  any  such  approximation  must  be  justi- 
6ed  by  special  considerations  before  it  is  advanced  as  a  soluticm. 

Further,  it  is  found  that  for  the  important  case  of  the  notched  bar  in  tension, 
the  solution  according  to  the  Mises  criterion  is  hyperbolic,  so  that,  in  this  case 
at  least,  there  is  no  necessity  for  introducing  other  yield  conditions. 

The  conclusions  reached  here  are  also  of  interest  in  the  axially  symmetric 
stress  problem.  Ever  since  Hencky’s  paper  in  1923  [13],  attempts  have  been 
made  to  approximate  the  yield  cmidition  by  a  simple  expression  which  would 
allow  problems  to  be  solved  by  the  method  of  characteristics.  In  a  recent  paper 
(14),  Symonds  has  shown  that  the  axially  83rmmetric  stress  equations  are,  in 
fact,  elliptic  throughout  the  plastic  domain.  Therefore,  in  consideration  of  the 
8ec(md  example  of  this  paper,  it  appears  unlikely  that  a  good  approximation 
could  be  obtained  by  hyperbolic  equations. 
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TABLES  OF  INTEGRAIB  OF  STRUVE  FUNCTIONS 
Bt  Muton  Abbamowitx 

Struve’s  functions  H,{x)  are  of  importance  in  the  theory  of  diffraction  and 
have  been  tabulated  extensively  for  r  »  0, 1  [1].  The  int^rals  of  these  functions 
arose  in  a  paper  by  Levine  and  Schwinger  [2]  in  the  process  of  evaluating  certain 
definite  integrals. 

The  series  expansion  of  these  functions  is  [3] 

HM  =  T  i-inx/2)^^ 

^  ^  r(m  +  3/2)r(m  +  v  +  3/2)  * 

The  modified  Struve  fimction,  L,(x),  which  has  the  same  relation  to  H,{x)  as 
I,{x)  has  to  J,ix),  is  defined  by  a  series  similar  to  the  one  given  above  except 
that  all  the  terms  are  positive.  The  present  article  contains  the  integrals  of  the 
functions  H,(x)  and  L,(x)  for  v  =  0, 1  in  the  region  x  =>  0  to  z  =  10  at  intervals 

of  .1.  If  we  use  the  notation  y  ^  yit)dt  we  get 

_ 2(-l)’"(x/2)-^ _ 

m-o  (y  +  2wi  +  2)r(fn  -f*  3/2)r(m  +  v  +  3/2) 

This  expression  was  used  to  spot  check  the  int^rated  values  at  several  points 
in  the  range  x  »  0  to  x  =  10.  The  calculations  were  performed  by  numerical 
integration  of  the  functions  ff,(x)  using  the  values  in  Watson  at  intervals  of  .1. 
The  functions  L,(x)  were  obtained  by  numerical  integration,  using  the  results 
(to  eight  or  more  significant  figures)  previously  obtained  by  the  Computaticm 
Laboratory. 

The  corresponding  spot  checks  were  made  for  these  entries  using  the  series 
expansion  for  the  integral  of  the  modified  functions.  In  general,  interpolatimi 
with  five-point  Lagrangian  interpolation  coefficients  will  yield  the  full  accuracy 
of  the  tables. 
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ON  THE  EXPLICIT  NUMERICAL  SOLUTION  OF  LINEAR  HOMOGE¬ 
NEOUS  DIFFERENTIAL  EQUATIONS  WITH  CONSTANT 
COEFFICIENTS 

Bt  G.  E.  Hudson 

Introduction.  In  standard  texts  on  ordinary  differential  equations  it  is  shown 
how  to  obtain  the  general  solution  y  of  the  n*'‘  order  linear  homogeneous  differen¬ 
tial  equation  with  constant  coefficients*, 

(1)  +  —  +  bn-iy'  -|-  bny  =  0, 

in  which  y  is  to  be  chosen  to  satisfy  the  initial  conditions 

(2)  »(0)-»., 

It  is  shown  that  the  general  solution  is  of  the  form 

(3)  y(x)  =  exp  (a.*) 

with  nti  =  n  where  a,-  is  a  root  of  multiplicity  m,-  of  the  secular  equation 

(4)  X"  -f  ihX"'*  +  •  •  •  +  bn-xX  +  6»  =  0, 
and  I  is  the  number  of  different  roots. 

The  n  arbitrary  constants  are  to  be  determined  by  substituting  (3)  into  , 
the  initial  conditions  (2),  and  by  solving  the  resulting  simultaneous  linear 
algebraic  equations. 

Numerical  methods  for  obtaining  the  roots  of  (4)  are  of  course  well  known; 
explicit  anal3rtical  formulas  for  the  in  terms  of  the  b’s  and  the  initial  values 
are  rarely  seen,  whereas  a  really  practical  numerical  procedure  for  calculating 
the  A’s  other  than  for  special  cases,  as  far  as  the  writer  is  aware,  has  not  been 
published.  Indeed,  one  assumes  in  the  general  case  that,  after  finding  the  roots 
of  the  secular  equation,  one  must  then  proceed,  after  differentiating  (3)  suc¬ 
cessively  and  substituting  in  the  initial  values,  to  solve  n  simultaneous  linear 
algebraic  equations  for  the  A’s  by  usual  matrix  or  determinantal  methods,  or 
their  equivalent'.  It  is  the  purpose  of  this  paper  to  present  the  development  of  a 
numerical  procedure  which  avoids  such  tedious  methods  of  obtaining  the  A’s. 

Formal  Development  of  the  Method.  For  convenience,  and  because  the  initial 
conditions  are  introduced  naturally  thereby,  the  differential  equation  (1)  is 

*  In  tbia  paper,  the  notation  y'  or  means  that  y  is  differentiated  once  or  i  times,  re¬ 
spectively,  with  respect  to  the  independent  variable  x. 

‘  J.  S.  Frame,  “On  the  Explicit  Solution  of  Simultaneous  Linear  Differential  Equations 
with  Constant  Coefficients’’,  Amer.  Math.  Mo.  Vol.  XLVII  N.  1.  (Jan.,  1940). 
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first  transfonned  into  an  integral  equation  by  int^rating  it  successively  n  times 
between  the  limits  0  and  x.  There  results 


(6) 


y  +  hi 


r 


y  dx  +  hi  rr  y  dx"  dx'  +  •  •  • 

+  h,  •  •  •  (n)  •  •  •  y  dx”  •  •  •  (n)  •  •  •  dx' 


*  Co  +  C|X  +  •  •  •  +  c,i_i  x'*”V(^  ~  1)5 


where  the  c's  are  constants  of  int^p^tion.  It  is  easily  verifiable  that  these  con¬ 
stants  are  related  to  the  initial  values  by  the  equations 

Co  “  yo ,  Cl  “  yo  4*  hiyo ,  c*  “  yo  +  hiyo  +  hiyo  i  *  •  • » 

Cii_i  “  yo"~**  +  biyo"”*  +  •  •  •  4"  hm-iyo » 

so  that,  given  the  initial  values,  the  c’s  can  be  calculated  and  vice  versa.  For 
some  problems,  the  c’s  may  be  given  whereas  for  some  other  problems  the  initial 
values  may  be  given. 

Upon  taking  the  Laplace  transform  of  equation  (5),  and  of  the  expression 
(3),  and  combining  them,  there  results 

7)  /(X)  Ei'-i  -  y(X) 

where  X  is  a  parameter  introduced  by  the  transformation,  and  where  /(X)  and 
y(X)  are  defined  by 

(8)  /(X)  -  X"  4-  hi  X-‘  4-  •  •  •  4-  h_i  -  (X  -  «i)-  (X  -  «,)"*  •  •  •  (X  - 

(9)  y(X)  a*  coX"~*  4-  CiX"~*  +  •  •  •  4"  c»_i 

(Equation  (7)  forms  the  basis  for  the  numerical  calculation  oi  the  coefficients 

Aij. 

Now  define  the  auxiliary  polynomials 

(10)  MX)  » i-0,  t-1, --..f 

which  therefore  have  the  properties  that 

(11')  /if  (a<)  -  0  fc  -  0, 1,  •••  ,m< -j  -  2,  /  -  0, 1,  •  •  •  ,m<  -  2 

and 

(11")  /?/(«<)  -  0, »  ^  p.  A;  -  0, 1,  •  •  •  ,  —  1 ,  /  -  0, 1,  •  •  •  ,  m,  —  1 

Let  us  concentrate  on  finding  the  set  of  coefficients  ,  A,!  ,  •  •  *  ,  for 

a  fixed  value  of  t.  If  we  differentiate  equation  (7)  k  times,  where  0  <  k  <  nu  —  1, 
put  X  a< ,  and  divide  by  k!,  then,  in  view  of  equations  (11)  we  find 

(12)  f\)\ai)/kl  -  g^\ad/kU  (A;  -  0, 1.  •  •  •  ,  -  1) 
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and  there  is  one  such  set  of  equati(His  in  “canonical”  form  for  each  value  of  » 
from  1  to  1.  From  (9)  and  (6),  it  is  clear  that 

—  [(d* /dX*)  {yo(X"~*  +  +  •  •  •  + 

+  yoW*~*  +  6iX"^  +  *  *  •  +  6<»-i)  +  •  •  *  +  yo*~*^(X  +  bi)  -f-  yo"”^}lx-«< 

where  A:  =  0,  •  •  •  —  1.  Hence  the  coefficients  of  the  initial  values  in  g^\ai)/kl 

appear  as  the  coefficients  of  /aCX),  in  the  (k  +  l)st  quotient  row  in  the  schema 
for  the  division  of  /(X)  by  (X  —  ai)  m,-  times,  using  Newton's  method  of  synthetic 
division. 

If,  now,  the  division  by  X  —  at  is  continued  another  m,-  times  using  Newton's 
method,  the  remainder  terms  in  the  resulting  quotient  rows  are  related  to  the 
coefficients  /  if  (a<)/A;t  in  (12),  which  are  being  sought.  Indeed  the  remainder  term 
in  the  (m^  +  l)st  quotient  row  is 

/<(ai<-i)(a,)  * /<(«4-i)(«<)  ■«  •••  *= /io*  ‘’(a<)/(m,  —  1)! 

that  in  the  (m^  +  2)nd  quotient  row  is 

^  ft  (»<_j)(a<)/2!  *  •••  ^  fu'  “(a<)/(m<  —  1)1 
and  so  forth,  up  to  the  remainder  term  in  the  (2mi)th  quotient  row,  which  is 


Thus  it  appears  that  Newton’s  method  of  division  is  peculiarly  suited  for 
calciilating  the  various  coefficients  and  numbers  needed  in  Equation  (12),  from 
which  in  tvun  the  values  of  the  Atj  can  be  easily  obtained. 


-  Summary  of  the  Numerical  Procedure.  Given  the  differential  equation  (1) 
to  be  solved  subject  to  the  initial  conditions  (2),  first  calculate  the  roots  at  of 
the  secular  equation  (4).  Then,  take  any  root,  say  at ,  of  multiplicity  ,  and 
divide  the  polynomial  /(X),  defined  in  (8),  by  the  factor  X  —  a<  in  succession 
,  times  by  Newton’s  method  of  synthetic  division.  Using  the  numbers  appear¬ 
ing  in  this  schema,  write  down  the  equations  (12)  for  the  constants  An  appearing 
in  the  general  solution  (3).  To  do  this,  we  note  that  (a)  the  coeffici^it  o(  An 
in  (12),  namely. 


appears  as  the  remainder  term  in  the  0  +  ^  quotient  row  in  the  schema, 

and  (b)  the  coefficient  of  in  the  non-homogeneous  term  y^*’(a«)/k!  in 

(12)  appears  as  the  rth  number,  counting  from  right  to  left  (not  counting  the 
Kro  remainder  term),  in  the  (A;  +  l)st  quotient  row.  Finally,  we  solve  the 
equations  (12)  for  the  Atfa,  b^inning  with  the  one  involving  only  Aumi-u  , 
proceeding  to  the  next  involving  ddly  .and  Attmi^u  ,  and  so  forth. 
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A  SHORT  TABLE  OF  STRUVE  FUNCTIONS  AND  OF  SOME 
INTEGRALS  INVOLVING  BESSEL  AND  STRWE  FUNCTIONS* 

Bt  C.  W.  Horton 

The  Struve  function  H«(z)  defined  by  Watson^  is  tabulated  in  Table  I  for 
n  =  2(1)4,  z  =  0(0.1)10.0  to  4D.  The  values  have  been  calculated  to  ID  by 
two  different  processes.  The  final  values  have  been  rounded  off  to  4D  because 
of  the  coarseness  of  the  interval.  The  values  are  calculated  by  means  of  the 
infinite  series  for  H,(z)  and  by  means  of  the  well  kno^Mi  recurrence  formula 

H.+,(z)  =  (2n/z)H,(z)  -  +  (z/2)7V^r(n  +  |). 

The  values  of  //o(2)  and  Hi{z)  calculated  by  Watson*  were  used  as  a  starting 
point. 

The  integral  Cn{z)  =  z'Jniz)  dz  is  tabulated  in  Table  I  for  n  =  1(1)4, 

z  =  0(0.1)10.0  to  AD.  The  values  have  been  calculated  by  numerical  integration 
and  by  means  of  the  recurrence  formula 

C»+,(z)  =  (2n  +  l)C,(z)  -  z"-"‘y,(z). 

Values  of  Co(z)  were  obtained  from  a  table  by  Lowan  and  Abramowitz*.  For 
n  >  3  and  4  and  z  between  G.O  and  10.0  the  differences  in  Cn{z)  become  so  large 
that  the  values  are  tabulated  to  3D  only. 

The  integral  D«(z)  =  j*  z*Hn{z)  dz  is  tabulated  in  Table  I  for  n  =  0(1)4, 

z  =  0(0.1)10.0  to  AD.  The  values  of  Do(z)  were  obtained  from  a  manuscript 
table  0(0.1)10.0  to  8D  which  was  generously  given  to  the  writer  by  Dr.  J.  W. 
Wrench,  Jr.*  The  remaining  values  would  probably  not  have  been  calculated, 
if  this  table  had  not  been  available.  The  values  of  D.(z),  n  ^  0,  were  calculated 
by  means  of  the  recurrence  formula 

D.+,(z)  =  (2n  4-  l)D,(z)  -  2"-"‘H»(z)  +  2*"'"V(n  +  l)2"-^‘r(i)r(n  +  1). 

These  calculations  were  checked  by  numerical  integration.  For  n  «  3  and  4 
and  z  between  6.0  and  10.0  the  differences  in  D«(z)  become  so  large  that  the 
values  are  tabulated  to  3D  only. 

Since  every  tabulated  value  has  been  calculated  by  two  independent  methods, 
it  is  believed  that  the  maximum  error  in  any  value  is  0.6  of  the  last  decimal. 

Th*  Universitt  or  Texas. 

(Received  July  1,  1949} 

*  The  work  described  in  this  paper  was  done  at  the  Defense  Research  Laboratory  under 
the  sponsorship  of  the  Bureau  of  Ordnance,  Navy  Department,  Contract  NOrd-9195. 

*  Watson,  G.  N.,  Bessel  Functions  p.  328,  eq.  (1),  The  Macmillan  Co.,  New  York,  1945. 

*  Ibid.,  pp.  666-685. 

*  Lowan,  A.  N.,  and  Abramowitz,  M.,  J.  Math.  Phys.,  22,  3-12,  1943. 

*  Wrench,  John  W.,  Jr.,  Math.  Tab.  and  Aids  Comp.  Ill,  66, 1948. 
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ON  SOME  GENERAL  INTEGRATION  METHODS  EMPLOYED  IN 
CONNECTION  WITH  LINEAR  DIFFERENTIAL  EQUATIONS 

Bt  Gaktano  Fichera.* 

In  a  recent  paper  *  J.  B.  Diaz  and  H.  J.  Greenberg  have  studied  the  first  bi- 
harmonic  boundary  value  problem.  This  paper  prompted  the  following  exposition 
of  some  general  analytical  methods  for  the  solution  of  physical  problems,  that 
have  been  developed  by  M.  Picone  and  his  co-workers. 

I  shall  consider  the  application  of  these  methods  to  the  particular  case  of  the 
biharmonic  problem. 

Let  A  be  a  domain  with  boundary  C  in  the  xy  plane,  and  w{x,  y)  a  solution  of 
the  following  biharmonic  boundary  value  problem 

AAu>  ^  p  in  A, 

^  ^  w  =  f,  dw/dn  ^  g  on  C, 

where  n  is  the  outer  normal  to  C,  p(x,  p)  is  a  given  function  of  x  and  y  in  the 
domain  R,  f{8)  and  gis)  are  given  functions  of  the  variable  s  along  the  arc  C. 

In  N  &  procedure  is  outlined  for  obtaining  from  convenient  complete  sets  of 
fiinctions  a  sequence  i&A(x,  y)]  satisfying  at  the  point  (xb ,  yo)  the  condition 

lim  6*(aki ,  yo)  =  u>(avi ,  Po). 

*-»• 


To  this  end  the  authors  employ  two  sets  of  functions  {u,}  and  {v,}  having  the 
following  properties 


Ui  =  dui/dn  *  0  on  C, 


r  -  u 

/  AUi  Auj  dx  dy 
Jm  i  =  1 

f  (  “  0 

j  Avi  Avj  dx  dy  j  ^ 


AAVi  =  0  in  R 
if  t  ^  j. 
if  i  =  j; 
if  i  9^  j, 
if  »=i. 


Moreover  the  following  conditions  must  be  satisfied  by  and  {v,}:  if  u 
is  such  that  u  du/dn  »  0  on  C  and  (Au)*  is  integrable  in  R,  then 

Au  •  Au,  dx  dy|  —  j  (Au)*  dx  dy; 

if  v  is  such  that  AAv  »  0  in  i2,  then 

Av  '  Avidx  dy 


t{l 


}’  -  /. 


dx  dy. 


>  This  paper  has  been  prepared  at  the  National  Institute  for  the  Applications  of  the 
Calculus,  Rome,  Italy. 

*  “Upper  and  lower  bounds  of  the  first  biharmonic  boundary  value  problem,”  J.  Math, 
and  Phys.,  27  (1948)  pp.  193-217.  This  paper  shall  be  referred  to  as  N. 
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In  addition,  the  authors  consider  four  functions  u,  v,  H,  v  defined  in  R  and 
satisfying  the  following  conditions: 

.  du  dw  ^ 

“  =  Tn-Si-O 


AAv  =  AAto 


-r*  log  r, 


da 

dn 


in  R, 

d  2 1 


on  C, 


AAv  ac  0 


in  R 


where  r  is  the  distance  of  an  arbitrary  point  P  *  (x,  y)  from  a  fixed  point  Po  = 
(*0 ,  yo). 

The  sequences  {6*(P)}  can  be  simply  obtained  by  the  following  procedure, 
founded  on  the  above  mentioned  methods.  We  will  assume  that  the  same  hy¬ 
potheses  hold,  as  in  AT,  w  and  R  being  regular  in  order  to  make  the  application  of 
Green’s  identity  possible. 

The  function  tv  can  be  expressed  as  the  sum 


w  “  to#  +  tCi 


where 


tPo  =  tr,  dwo/dn  =  dw/dn  on  C,  AAiPo  =  0  in  P, 

Wi  —  dwi/dn  =  0  on  C,  AAtri  =  AAtc  in  R. 

By  Green’s  identity  one  gets 

+  ^  f  Atoo  log  r  dx  dy  4-  f  Atci  log  r  dx  dy. 
Zt  Jr  Zt  Jr 

In  order  to  obtain  w  it  will  then  suffice  to  know  the  Fourier  coefficients  c. 
of  Awo  with  respect  to  the  S}rstem  {Av^}  and  the  corresponding  coefficients  yt  of 
Atci  with  respect  to  {AUi}».  The  6*  are  then  given  by 

4-  —  21  c,-  /  Avi  log  r  dx  dy  4“  tt  ^  T’*'  /  ^  ^ 

Zx  t«i  Jr  Zx  t«i  Jr 

Applying  Green’s  lemma  the  coefficients  c,  and  7<  are  expressed  as  follows 

Ci  —  j  AwoAvi  dx  dy  =  J  ^Ai>,  —  Wo 

y%  =  L  Awi  AUi  dx  dy  J  u,-  AAwi  dx  dy, 
where  the  right  hand  members  are  known  from  (3). 
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The  above  b*(Po)  converges  uniformly  to  wiPo)  throughout  R  +  C,  since; 

[2r{wiPo)  —  6a(Po))]*  <  (c?  +  7*)  f  (log  r)*  dx  dy. 

A+l  Jk 

The  same  is  true  for  the  first  derivatives  of  6*(Po),  the  convergence  to  the 
corresponding  first  derivatives  of  t/>(Po)  being  however  limited  to  any  closed  set 
interior  to  R. 

The  last  procedure,  which  does  not  employ  the  functions  u,  v,  u,  v,  can  be  con¬ 
sidered  as  a  special  case  of  a  more  general  integration  method  for  linear  dif¬ 
ferential  equations  derived  by  M.  Picone*  from  Green’s  identity  and  which 
has  been  used  for  some  time  in  the  Italian  Institute  for  the  Applications  of  the 
Calculus.  This  method,  that  we  outline  below  in  connection  with  the  bi-harmonic 
problem,  is  easily  adapted  to  numerical  computations,  and  has  received  a  com¬ 
plete  theoretical  justification.*  It  should  be  observed  here  that  nothing  is  said 
in  iV  about  the  existence  of  the  complete  sets  of  functions  employed. 

Problems  of  the  above  kind,  related  to  the  existence  of  complete  sets  of  func¬ 
tions,  have  been  recently  solved  from  the  standpoint  of  functional  to[X)logy  by 
M.  Picone’s  co- workers.* 

1.  Three  different  methods  will  now  be  outlined  for  the  solution  of  the  bi¬ 
harmonic  problem.  If  p  =  AAw  ^  0,  the  solution  of  problem  (1)  can  be  reduced 

'  See  M.  Picone:  a)  Appunli  di  Analiti  superiore,  Rondinella  (Napoli)  1940,  pp.  752-65; 
b)  Nuovi  metodi  riaolxUivi  per  i  probUmi  d'integrazione  delle  equazioni  lineari  a  derivate 
partiedi  e  nuove  applieazioni  della  traaformata  mvltipla  di  Laplace  nel  caao  delle  equazioni 
a  coefficienti  coatanti,  Atti  dell’Acc.  delle  Scienze  di  Torino,  vol.  75,  1939-40;  c)  Sulla 
tradiuione  in  equazione  inteqrale  lineare  di  prima  apecie  dei  problemi  al  contomo  concementi 
i  aiatemi  di  eqwuioni  lineari  a  derivate  parziali,  Rend.  Acc.  Naz.  Lincei,  serie  vol. 
II,  1947. 

*  See  L.  Amerio:  a)  SvlVintegrazione  delV equazione  A|U  —  \hi  —  /  in  un  dominio  di 
conneaaione  qualaiaai,  Rend.  Istituto  Lombardo  di  Scienze  e  Lettere,  vol.  78,  1944-45; 

b)  Sull’integrazione  delV equazione  Auu  —  /,  Annali  di  Matematica,  tomo  24,  serie  IV; 

c)  SulVequazione  di  propagatione  del  calore;  Rend,  di  Mat.  e  delle  sue  Applieazioni,  Roma, 
1946;  d)  Sul  ealcolo  delle  aoluzioni  dei  problemi  al  contomo  per  le  equazioni  del  aecondo  ordine 
di  tipo  ellittico,  American  Journal  of  Mathematics,  vol.  LXIX,  n.  3,  July  1947 ;  A.  Ghizzetti : 
a)  Sul  metodo  della  traaformata  parziale  di  Laplace  ad  intervallo  d’integrazione  finito,  Rend, 
di  Mat.  e  delle  sue  Applieazioni,  Roma,  1947;  b)  Applicazione  del  metodo  della  traaformata 
parziale  di  Laplace  al  problema  di  Dirichlet  per  Vequazione  Aiu  —  X*u  ^  F  in  n  variabili, 
Rend.  Seminario  Mat.  University  di  Padova,  vol.  XVII,  1948;  G.  Fichera:  a)  Sull’irUe~ 
grazione  delle  equazioni  delVelaaticitd,  Rend.  Acc.  Naz.  Lincei,  serie  VIII,  vol.  II,  Fasc.  4, 
1947;  b)  Sull’equilibrio  di  un  corpo  elaatico  iaotropo  e  omogeneo,  Rend.  Seminario  Mat. 
Univ.  Padova,  vol.  XVII,  1948. 

*  See  G.  Fichera:  a)  Teoremi  di  completezza  aulla  frontiera  di  un  dominio  per  taluni 
aiatemi  di  funzioni,  Annali  di  Mat.  pura  ed  applicata,  serie  IV,  Tomo  XXVII,  Fasc.  1-2, 
1948;  b)  Teoremi  di  completezza  conneaai  all’integrazione  dell’ equazione  A^u  ••  f,  Giomale 
di  Matematiche  di  Battaglini,  s.  IV,  v.  37,  1947;  c)  Sull’approaaimazione  delle  funzioni 
armoniche  in  tre  variabili  mediante  aucceaaioni  di  particolari  funzioni  armoniche,  Rend. 
Acc.  Lincei,  serie  VIII,  vol.  Ill,  Fasc.  5-6, 1947;  d)  Applicazione  della  teoria  del  potenziale 
di  auperficie  ed  alcuni  problemi  di  analiai  funzionede  lineare,  Giornale  di  Matematiche  di 
Battaglini,  s.  IV,  vol.  78, 1948-49. 
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to  that  of  the  following  problem 

w”  =  w  —  w'  on  C,  AAio"  =  0  in 
dw”  dw  dw'  ^ 

^  =  ST  ~  as-  “ 

where  to'  =  (1/2t)  /  AAto  log  r  dx  dy. 

jR 

We  can  therefore  assume  without  any  loss  in  generality  that  p  =  AAio  =  0. 
For  R  simply-connected*  we  let  {wt}  denote  a  set  of  homogeneous,  linearly 
independent,  bi-harmonic  polynomials  whose  linear  combinations  give  all  by¬ 
harmonic  ix)lynomials/ 

If  G{P,  Q)  denotes  Green’s  function  for  problem  (1),  the  solution  is  given  by 
the  well-known  formula 

(4)  w(P)  “  ^  |/(Q)  -  ff(Q)^0(P,Q)j  d«s 

If  we  approximate  the  vector  (/,  g)  in  the  mean  by  means  of  the  vectors  of  the 
set  (uk ,  duk/dn)  the  h’th  approximation  is  given  by 

fh  =  ^  Wk  ,  17*  d<*>*/ dn, 

k-O  t-0 

provided  the  cii*’  make  the  following  quadratic  polynomials  in  y*  a  minimum 

Jc  L  *-0  J  Jc  L  *-0  OW  J 
this  means  that  the  c**’  are  solutions  of  the  following  linear  system 

®  L  ("‘ ^  ^')  *  “  /c  (■^"* + ' 

The  following  completteness  theorem  can  then  be  proved.* 

The  sequences  fk  and  gn  converge  in  the  mean  on  C  to  f  and  g.  That  is 

lim  f  \f  —  fk?  d«  =“  lim  f  [g  —  gk?  ds  =  0 
h—o  Jc  *-»•  Jc 


and  therefore: 

*  For  the  case  of  multiconnected  R  see  G.  Ficbers,  loc.  eit.  b)  (5). 

^  A  system  of  this  kind  can  be  obtained  by  taking  for  every  integral  value  k  >  0  the 
following  polynomials 

+  »v)*i  +  *V)*.  -I-  y*){x  -1-  ly)*,  T(*»  -1-  y*)(x  -H  ty)*. 

*  See  G.  Fichera  b)  loc.  cit.  (5). 
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If  R'  is  an  arbitrary  closed  set  irUerior  to  R,  the  sequence 

k 

tVkix,  2/)  =  21  ci*’ y) 

k-l 

converges  uniformly  in  R'  to  w(x,  y)f 

From  (4)  one  gets  for  every  point  P  =  (x,  y)  in  i?' 

(w(x,  y)  -  Whix,  y)Y  <  ^  [/  -  /*]*  ds 

+  ^  f  [g-  f  [AGiP,Q)?ds 

OT  Jc  Jc 

<  ^[/^  (/-/.)■<<»+  b  -  9.1’ <;»], 

where  L(R')  is  a  number  larger  than  the  values  taken  by  the  following  functions 
of  P  in  R' 

L  L 

It  must  be  observed  that  the  Green’s  function  has  been  employed  only  in  order 
to  prove  the  convergence  of  Wkix,  y)  to  w{x,  y)  but  not  in  the  construction  of  Wk  , 
which  requires  only  the  solution  of  the  linear  system  (5). 

2.  We  will  consider  now  a  second  procedure,  whose  theoretical  proof  is  not 
founded  on  the  use  of  the  Green’s  function,  and  which  therefore,  in  addition  to 
the  approximate  solutions,  gives  also  a  proof  of  the  existence  theorem. 

Our  boundary  value  problem  will  be  formulated  in  the  following  way.  Let  u 
be  a  function  continuous  in  +  C,  together  with  its  first  partial  derivatives,  and 
such  as  to  make  (Aju)*  integrable  in  R. 

We  will  determine  a  function  w  satisfying  the  following  conditions: 

w  =  u  =  f 

dw/dn  =  dufdn  =  C  on  c,  AAip  =  0  in  ft. 

We  will  call  {^*)  the  set  of  homogeneous  harmonic  p)olynomials;“  taking 

Vk  —  ^  c**’  , 

k~0 

'  In  the  case  of  a  sequence  of  by-harmonic  functions  any  partial  derivative  of  tc*  con¬ 
verges  uniformly  in  the  interior  of  R  towards  to  the  corresponding  derivatives  of  w(x,  y). 
See  M.  Nicolesco:  Lea  fonctiona  polyharmoniquea,  Hermann,  Paris,  1936  and  M.  Picone: 
Sulla  convergema  delle  aucceaaioni  di  furuioni  iperarmoniche,  Bulletin  Math4matique  de 
la  Soci^t^  Roumaine  des  Sciences,  t.  XXXVIII,  1936. 

'•  That  is,  the  system  of  functions  “  1.  <l>tk-i(x,  y)  *  4-  ty)*,  ^i*  Tf*  +  ty)* 

where  fc  —  1 ,  2,  •  •  •  . 
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the  ct*\  are  determined  in  such  a  way  as  to  make  the  value  of  the  following  quad 
ratio  polynomial  in  7*  a  minimum 

f  [am  -  i:  7*^*7 

Jr  L  *-o  J 

that  is,  the  are  solutions  of  the  following  system 

7/  f  dT  =  f  Atu/^k  dT  (fc  =  0,  1,  •  •  •  ,  A) 

j-o  Jr  Jr 

which,  according  to  Green’s  formula,  can  also  be  written  as 


(6)  23  7>  [  ^k^'jdT  =  f  {gij/k  —  fd^k/dn)  ds 

)-o  Jr  Jc 

where  quantities  on  the  right  side  are  known. 

The  sequence  <pkix,  y)  converges  in  the  mean  in  R  and  moreover  converges 
uniformly  in  the  interior  of  /2,  by  a  well  known  property  of  harmonic  functions. 

If  we  call  its  limit  v>(x,  y),  this  function  will  be  harmonic  in  R  and  its  square 
will  therefore  be  integrable. 

The  function 

(7)  w{P)  =  ^  [/(Q)  — -  giQ)  log +  log ^ 

is  the  required  solution  of  our  problem.  It  satisfies  in  R  the  equation  A  Aw  =  0. 
If  we  call  P'  any  point  exterior  to  R  we  have 


The  above  relation  can  be  proved  as  follows. 

If  we  call  0  the  origin  of  the  coordinates  and  a*  a  set  of  proper  constants,  the 
fimction  log  PQ  admits  the  following  expansion 


00 

log  PQ  =  do  log  OP  +  23  Ot 


hiQ)4'k(P) 

OP"‘ 


which  for  a  given  P  converges  uniformly,  when  Q  varies  in  the  interior  of  the 
circle  of  center  0  and  radius  OP;  conversely  for  a  given  Q  the  expansion  converges 
uniformly  when  P  varies  in  the  interior  of  a  circle  of  center  0  and  radius  OQ. 
It  follows  that  the  function  w'(P)  on  the  right  side  of  (8)  admits  the  following 
expansion  in  the  exterior  of  any  circle,  having  center  0  and  containing  R 


+  S  [hL  {ft  -  ^  ^ 


“  The  elementary  area  dx  dy  is  denoted  by  dT. 
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Moreover  for  any  k  >  0,  we  have 

f  ifxj/kdT  =  lim  f  dT  =  lim  f  dT  =  f  {g^k  —  fd\kk/dn)  d$. 

Ju  h-»<c  Jk  a->«o  y—1  Jm  Jc 

As  all  the  coefficients  of  the  expansion  (9)  are  zero  and  ic(P')  is  anal}rtic,  it 
follows  that  (8)  is  satisfied  for  every  P'  exterior  to  R. 

The  function  w{P)  is  continuous  in  P  +  C,  under  suitable  hypotheses  on  C, 
by  the  theory  of  logarithmic  potentials.  If  we  take  M  on  C,  we  get 

Jim  wiP)  =  UiM)  +  1  £  [/(Q)  -  giQ)  log  MQ^ 

+  ^«?)  log  MQ  d^T, 

while  for  P'  —*  M  from  the  exterior  of  R  we  get 
a  =  -ifiM)  + 1  [/(Q)  -  giQ)  log  d^s 

+  ^  <p(Q)  log  MQ  d^T. 

It  follows  that 

lim  w{P)  -  /(M). 

r-*M 

It  can  be  similarly  proved  that 

lim  dw{P)/dnM  =  g{.M). 

To  this  purpose  we  must  first  extend  to  the  logarithmic  potential  of  surface 
distribution  on  R  the  theorem  on  continuity  of  the  normal  derivative  through 
C,  a  theorem,  which  is  known  only  when  ^(Q)  is  bounded  in  P  +  C.  This  exten¬ 
sion  has  been  obtained  in  a  previous  paper“  and  therefore  the  existence  theorem 
can  be  proved. 

Concerning  the  evaluation  of  w(P),  it  may  be  pointed  out  that  the  sequence 

"hic  ^  I  ^ 

converges  uniformly  in  P  to  tc(P)  and  therefore  any  one  of  its  derivatives  of 
arbitrary  order  converges  towards  the  corresponding  derivative  of  w(P)  in  any 
closed  set  interior  to  P.  The  approximate  solution  WsiP)  can  also  be  taken  as 

i  -  S'* '»«')*■ 

'*  See  G.  Fichera,  Teorema  d'esialenza  per  il  probUma  bi-iperarmonico.  Rend.  Acc.  Lincei, 
dicembre  1948.  < 
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where  no  integrals  of  the  type  /  ipn  log  rdT,  which  are  inconvenient  from  a 

Jr 

numerical  stand-point,  are  present. 

If  we  call  I'i't}  the  set  of  orthonormalised — for  instance — according  to 

Schmidt’s  procedure,  we  may  take 

k 

<fik  —  S  c*  , 

t-0 

where 

c*  “  f  (grpk  —  fd\ffk/dn)  dT. 

Jc 

In  general  the  orthonormal  system  is  not  kno^vn  and  therefore  it  is 
usually  more  convenient  to  evaluate  w  by  solving  the  system  (6),  without  any 
previous  orthonormalisation  of  { } . 

The  introduction  of  an  orthonormal  set  is  however  useful  because  it  permits 
the  determination  of  a  simple  and  straightforward  expression  for  Green’s  func¬ 
tion  for  the  given  problem,  which  is  defined — as  is  well  known — as  follows 

GiP,  Q)  =  PQ*  log  PQ  +  ro(P,  Q) 

where  B)(P,  Q)  is  the  function  satisfying  the  following  conditions  at  any  point 
P  interior  to  R. 

W{P,  Q)  =  -P^  log  ^  log  on  C, 

dtlp  UTlp 

AAW{P,  Q)  =  0  in  R. 

Then  (7)  gives 

Q)  =  ^  /  r^Mog  ^  ^  -  log  PAf  ^  log  dmT 

£»w  Jc  L  dUy  dtiii  J 

+  s  /.{'»« ™  S  [i  k  ^  ^ 

-  log  ^  d^T 

=  -P^  log  PQ  +  -  f  log  ^  log  PM  dyT 

T  Jr 

-  -  L  f  '^kiM)  log  PM  dyT  f  log  @  dyT, 

T  jfc-o  Jr  Jr 


and  therefore 
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From  the  above  considerations  the  series  on  the  right  side  converges  uni¬ 
formly  for  a  given  Q,  when  P  varies  in  R  and  the  same  holds  when  P  is  fixed 
and  Q  varies.  From  the  expression  obtained  for  G(P,  Q),  some  properties  can  be 
derived  of  Green’s  fimctions  for  a  clamped  plate  (for  instance,  the  symmetry  with 
respect  to  P  and  Q). 

3.  These  properties  are  usually  proved  under  less  general  hypotheses  for 
GiP,  Q). 

There  is  also  another  method,  by  which  the  existence  theorem  and  computa¬ 
tion  procedure  for  the  solution  can  be  obtained  at  the  same  time.  This  method 
has  this  advantage  over  the  previous  method:  the  approximating  function  is  not 
given  by  line-integrals,  but  by  polynomials.  The  following  integral  relations  are 
valid 


a 


grad  w  X  -r-  grad  w 
an 


'  —  to  ^  A 

an  / 


dr 


-/.( 


grad  w'  X  -r-  grad  to 
dn 


—  w'  —  Aw]  dr 
dn  / 

+  J  (toAAto'  —  to'AAto)  dT  =  0, 
j  l^grad  to  X  ^  grad  to'  —  to  ^  A  to' J  dr 

=  J  (WxtWx,  -H  2WxyWxy  -f  Wyy  I0y„)  dT  —  j  WAAw'dT. 


Our  boundary  value  problem  requires  the  determination  of  a  solution  of  the 
equation  AAto  =  0,  when  to  and  grad  to  are  both  given  on  C.  Assume  that  on  C, 
w  =  u,  and  grad  to  =  grad  u,  where  the  function  u  is  continuous  inR  C  to¬ 
gether  with  its  first  derivatives  and  has  second  derivatives,  whose  squares  are 
integrable.  Let  {cot}  be  a  set  of  by-harmonic  homogeneous  polynomials  of  degree 
>2  and  let  us  take  the  origin  of  coordinates  inside  R.  We  must  have 


grad  uk  X  -y  grad  to 
dn 


dT 


—  f  ( grad  u  X  y  grad  u  —  Uy  At  w*  )  dT. 
Jc  \  dn  dn  / 


According  to  the  procedure  given  by  Picone,  let  us  take  to  =  ; 

when  this  expression  is  substituted  in  the  last  one,  we  get 
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which  can  be  written  also  as 


t  a"  I  dT 

(10) 

=  f  (W»XW*X^  +  +  Uyyc4w)  • 

Jb 

The  previous  system  is  obtained,  by  making  the  following  integral  a  minimum 

/.  {[”“  “  S J + ^  “  S  ''"“”1 + “  S 


It  follows  that,  if  we  take 


0“’  =Zcl*>a,,, 


the  sequences  {Qii’ } ,  }  converge  in  the  mean,  and  therefore  converge 

uniformly  in  the  interior  of  /2.  If  we  take 

<Px,  =  lim  (fixy  =  lim  <pyy  —  lim  ^ 

h—d  h  —  dO  *-»co 

the  function  defined  by 

w{P)  =  ^  [^grad  “  X  ^  grad  (r*  log  r)  -  “  log  r)  j  dr 

1  f  r  dV  log  r  .  ,  dV  log  r  .  dV  log  rl 

is  the  solution  of  the  problem. 

This  can  be  proved  in  the  usual  way,  considering  that  for  P  exterior  to  R,  one 
has 

+  -1  /■  r,„  + 2„„  ^  ^^'1  dr, 

^  Sxk  U“  ax'  ^  dxay  ay’  i  ’ 

as  is  shown  by  (10). 

'  Since 


Wxx  =  <Pxa  I  Wxn  —  <Pxy  t  ~  'Pm  i 

it  follows  also  that  converges  towards  a  function  which  differs  from  w 

by  a  first  degree  polynomial. 

The  methods  which  have  been  illustrated  can  be  applied,  in  addition  to  the 
above  problem,  to  a  larger  class  of  boundary  value  problems  involving  linear 
partial  differential  equations. 


(Received  July  1,  1949) 


MULTIPLE  ELLIPTIC  INTEGRALS* 

Bt  E.  L.  Kaplan 

1.  Introduction.  It  is  well-known  that  elliptic  integrals  occur  in  many  physical 
problems,  and  not  infrequently  in  the  form  of  multiple  integrals.  One  of  the 
integrations  being  performed,  there  results  an  integrand  which  itself  involves 
elliptic  integrals. 

The  class  of  integrals  considered  here  is 

(1)  J  Kk^k''’  dk,  J  Ek'k’''  dk, 

where  K  and  E  are  the  complete  elliptic  integrals  of  modulus  fc.  A/*  =  1  —  fc* 
and  n,  n'  are  usually  integral.  Concerning  K  and  E  the  reader  may  consult 
Whittaker  and  Watson  [IJ  for  theory  and  Fletcher  [2]  for  references  to  tables. 
Since  k  dk  =  —k'  dk\  (1)  differs  only  in  notation  from  the  forms 

/b 

where  K'  and  E'  have  the  modulus  fc'.  It  will  be  shown  that  four  particular  in¬ 
definite  integrals  suffice  for  the  evaluation  of  all  integrals  of  these  types.  The 
corresponding  definite  integrals  are  evaluated,  and  also  ten-decimal  values  of 

f  (n  +  l)k''K  dk  for  n  =  -0.9(0.1)2.0. 

Jo 

When  n  and  n'  are  integers;  as  will  usually  be  assumed,  (1)  is  reducible  to  the 
forms 

(2)  (a)  /  ^  r  dk,  (b)  /  k”  dk,  (c)  I  ^  dk,  (d)  j  fc'"  dk. 

First  (1)  is  multiplied  by  a  power  of  k*  -f  k'*  (si)  sufficient  to  make  at  least 
one  of  n,  n'  non-negative  in  each  of  the  resulting  terms.  Supi)ose  that  n  >  0. 
If  n  is  even.  A:"  *  (1  —  k'*)*'*  may  be  expanded  in  powers  of  k/,  yielding  t)T)e  (c) 
integrals.  If  n  is  odd,  replace  k  dkhy  —k'  dk',  expand  A;"“‘  in  powers  of  k',  and 
write  k,  K',  E'  for  k',  K,  E  respectively.  If  n'  >  0  the  procedure  is  similar,  and 
integrals  of  type  (a)  or  (d)  are  obtained.  In  formula  designations  the  letters 
(a)  to  (d)  will  always  parallel  their  use  in  (2). 

The  paper  of  Spielrein  [3]  may  be  mentioned  as  an  example  of  the  occurrence 
of  these  integrals. 

2.  Reduction  Formulas.  These  were  obtained  by  eliminating  unwanted  terms 
from  among  relations  obtained  by  differentiation,  using  the  results 

dK  _  E  -  k'*K  dE  _  E  -  K 
^  ^  dk  "  ’  dAr  "  it  ' 
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(4a)  k*-\nk'*K  -  E)  ==  {n  -  1)'  J  k*-*K  dk  -  n*  J  k^K  dk. 

k-^[k'*K  +  (n  -  2)E  -  nk'E\  =  (n  -  1)*|  k'^^Edk  -  n(n  +  2)  J  FEdk. 
k^^^E  =  in +  2)  f  k^E  dk  -  f  k^K  dk. 

(4b)  +  (n  -  1)K'  -  (n  +  2)k*K']  ~  {n  -  1)'  f  dk 

-  (2n*  +  2n  +  1)  j  k'K’  dk  +  {n  +  2)*  J  k^'^'K'  dk. 
k’^^k'*[k*K'  -  (n  +  1)E'  +  (n  +  2)k*E']  -  -(n*  -  1)  j  k'-'E' dk 

+  (2n’  +  6n  +  3)  j  kTE'dk  -  (n  +  2)in  +  4)  j  k'-^'E’  dk. 

(4c)  +  nX  -  (n  +  2)k'*K\ - n*  j  Kk'"-'  dk 

+  (2n*  +  4n  +  3)  j  Kk’"  dk  -  (n  +  2)'  f  Kk'"*'  dk. 
Jfcfc'"[ifc'*K  -  (n  +  2)k'E\  =  n(n  +  2)  J  Ek'*~^  dk 

-  (2n*  +  8n  +  7)  j  Ek'”  dJfc  +  (n  +  2)(n  +  4)  f  Ek'"^*  dk. 
(4d)  kk'^'lE'  -  (n  +  1)K'  +  (n  +  2)k''K']  ^  n’  J  KT'-'  dk 

-  (2n*  +  4n  +  3)  f  KT"  dk  +  (n  +  2)*  j  K'k'’"^*  dk. 
kk'’'[k*K'  +  (n  -  1)^'  -  (n  +  2)FA:'*1  =  -n’‘  J  ET”'*  dk 

+  (2n*  +  6n  +  5)  j  ET'  dk  -  {n  +  2)(n  +  4)  J  ET^'^Uk. 

Many  integration  formulas  are  derivable  as  special  cases  of  the  foregoing,  and 
will  therefore  not  be  repeated.  In  addition  there  are  the  following: 

^5b)  j  kK'  dk  =  -F  +  k*K',  ■  j  E'  dk/k  =  E'  -  W, 

j  K'  dk/k^  =  {E'  -  K')/k,  j E'  dk/k'  =  kK'  -  E'/k, 
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2  j  E' dk  J  K'dk  +  k{E'  -  K% 
j  k'Kdk  =  j  K  dk/k'  -  f  E  dk/k'  +  kk'K, 

3  J  k'E  dk  ^  j  K  dk/k'  +  kk'{.K  +  E), 

J  E  dk/k'*  =  kK,  2  j  E  dk/k'*  =  kE/k'*  +  f  K  dk/k'*. 
(5d)  /  k'K'  dk^  E  dk/k'  -  kk'K  i 

Jt  Ji’ 

3  f  k'E'  dk  =  3  C  E  dk/k'  -  [  k  dk/k'  -  kk'iK  +  £?)*” 

Jo  J«»  t.i 

K'  dk/k'  =  £  ^  dk/k',  E'  dk/k'  f  ]  E  dk/k', 

j  E'  dk/k'*  =  f  K'  dk/k'*  -  kK'. 

A  few  of  these  formulas  occur  in  Jahnke-Emde  [4]. 

3.  Use  of  Landen's  Transformation.  The  transformation  formula  is 

(6)  m)  =  .X  .X  (l^') . 


which  yields  at  least  six  new  integration  formulas.  There  is  a  similar  (more 
complicated)  formula  for  E,  but  it  seems  not  to  yield  anything  additional. 
If  X  “  2  V*/ (1  +  k),  the  results  are 


(7a) 

(7b) 

(7c) 

(7d) 

(8) 


Kdk  =  [r-i>  dk/k, 
[  “  [r-r]  K'  dk/k, 

K  dk/k'*  =  bc-n  K'  dk/k, 
K'  dk/k'*  =  [£-£]  K  dk/k. 


r  K  dk/Vk  ^  [  K  dk/k', 

Jo  Jo 

J^‘  y/icKdk  =  (K  -2E)  dk/k'  +  2\/~kE{\). 


(9) 
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In  (7a,  b)  one  begins  by  transforming  the  J  .  In  the  others  one  transforms  the 

left  member,  making  use  of  (7b),  (7a),  and  (4d)  in  getting  (7c),  (7d),  and  (9) 
respectively. 


4.  The  Standard  Integrals.  The  preceding  work  suffices  to  show  that  four 
particular  integrals  will  serve  for  the  evaluation  of  the  entire  class  of  integrals 
here  considered.  These  four  may  be  taken  as 

(10)  j  K  dk/k,  j  K'  dk/k,  j  K  dk/k\  J  E  dk/k'. 

If  one  does  not  wish  to  employ  Landen’s  transformation,  then  it  api>ears  neces¬ 
sary  to  add  four  more  integrals  to  the  list,  namely 

(11)  jKdk,  jK'dk,  jKdk/k'\  j  K' dk/k'\ 

^  dk  within  the 

fold. 


6.  Definite  Integrals.  All  of  the  integrals  considered  (modified  where  necessary 
to  produce  convergence)  with  the  limits  0  and  1  can  be  expressed  in  terms  of 
known  constants.  These  results,  some  of  which  are  well-known,  and  included 
only  for  completeness,  are  not  only  interesting  in  themselves  but  would  be  a 
valuable  aid  in  the  construction  of  tables  of  the  indefinite  integrals. 


(12) 

(13) 

(14) 

(15) 

(16) 


+  I'Edk.G+i, 

l‘K'dk  .  2  (l  +  i,  +  i  +  •••)  -  xV4,  I's-dk  -  xV8, 

jf'  (K  -  ix)  dk/k  -  T  log  2  -  2(?  -  .34565  49019, 

(E  -  ix)  dk/k  =  T  log  2  -  2G  -I-  1  -  §T, 

f  (K'  -  log  4/jfc)  dk/k  -  2  log*  2  -  ir*/12  -  .13843  89944, 

Jo 

I  (E'  -  1)  dk/k  =  2  log  2  -  1, 

i‘*li  rnH 

/  K  dk/k'  =  /  /  (1  -  sin*  6  sin*  ^)"‘'*  de  dip 

Jo  Jo  Jo 

-  3.43759  29090  ••  •  -  /C*  »  rVj)/16T  -  K\\/V^, 
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fl  ftH  .wii 

(17)  Jo  ^  “  j  J  ^  ^  ^ 

=  2.07768  14600  •  •  •  =  E*  =  {K*^  +  t/4:)I2K*. 

G  is  known  as  Catalan’s  constant  and  has  the  value  0.91596  55942  to  ten  deci¬ 
mals,  while  r(l/4)  =  3.62560  99082  and  t/S  =  1.23370  05501. 

(12)  and  (13)  are  obtained  by  writing  the  left  member  as  a  double  integral 
and  inverting  the  order  of  integration,  giving 

fKdk  =  =  2  =2f'(l-‘l  +  (-.:)M. 

Jo  Jo  sin  <p  Jo  t  Jo  \  o  5  ) 

['k'  dk  =  ["'  log  + 

Jo  Jo  y  1  —  sm  ^  sin  ip 


/«•/* 

(1  +  i  sin*  ^  +  J  sin*  <p  + 


•)  dtp 


T  /  ,  1  1,1  1.3  ,  \  T  .  _l  ,  T* 

=  H‘+3-2  +  5-^+-V  =  2”“  ‘“T- 

This  integral  may  also  be  written  as 


(14)  is  derived  from  (12)  by  letting  k  — ►  0  in  (7a).  (15)  is  similarly  derived  from 
(13)  and  (7b).  The  second  formula  of  each  pair  is  obtained  from  the  relations 
among  the  indefinite  integrals. 

(16)  and  (17)  are  derived  by  using  (8)  and  (9)  and  other  indefinite  int^ral 
formulas.  Thus  we  have 


X*  =  f  K  dk/Vk  =  f  f  dk  dx/y/k  y/T^^  y/l  -  k’^j? 

Jo  Jo  Jo 

~  lo  lo  dx/ Vxy  y/l  —  x*  y/l  —  j/  “  ^  Vx(l  —  x*)  j 

=  dt/ y/T^^  =  /iC*(l/'\/2)  by  putting  x  =  1  -  f*. 


On  the  other  hand,  putting  x  =  y/u  gives  a  complete  beta  function  e.xpressible 
in  terms  of  r(i).  For  (17), 

[2£;(1/V2)  -  K{l/y/2)Y  =  [j[  y/T^  dt/ y/l  -  <*72] 

*  ^  [j[  ^ ^  Vl  —  a:* J  “  j[  j[  \/^dy  dx/y/l  —  x*\/l  —  y* 
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“  f  f  X*  y/k  dk  dx/y/ 1  —  x*  \/l  —  k*x^  ^  f  (K  —  E)  dk/k*'* 

=  2ik'E  +  E  -  I*"  -  f  Vk{5E  -  K)  dk  by  (4a) 

Ijk-O  Jo 

=  4  -  2ifc*'*£;  -  /  VX/C  dJk  =  2E*  -  K*  by  (9). 

0  Jo 

Legendre’s  relation  EK'  +  E'K  —  KK'  =  t/2  gives 

K{\/V2)[2E{\/y/2)  -  K{\/V2)]  =  t/2. 

since  primed  and  unprimed  quantities  are  here  the  same.  Hence  K*(2E*  —  K*)  = 
(t/2)*,  and  (17)  follows. 

Various  integrals  of  the  form 

(18)  /(a,  6;  c)  =  f  f  (1  -  x*)‘'*(l  -  j/*)‘'‘(l  -  x*j/*)"*  dx  dy 

Jo  Jo 

are  expressible  in  terms  of  K*  and  E*,  thus: 

/(-1,-1;-1)  =  X*,  K*-  E\  /(1,1;-1)  =  2K*-3£:*, 

/(-I,  -1;  1)  -  /(-I,  1;  1)  =  /i:V3,  /(1, 1;  1)  =  7XV9  - 

An  integral  related  to  the  first  of  these,  t(^ether  with  two  other  more  compli¬ 
cated  integrals,  has  been  evaluated  by  G.  N.  Watson  [5]. 

Before  it  was  found  how  to  express  K*  and  E*  in  terms  of  known  constants, 
they  were  evaluated  by  what  may  be  called  asymptotic  interpolation.  The 
fimction 

(19)  M(n)  =  (n  -1-  1)  f*  k’' K  dk  (for  n  >  -1) 

Jo 

has  the  recurrence  formula 

i 

(20)  r^M{n)  —  (n*  —  l)ilf(n  —  2)  -1-  n  -H  1 

and  the  particular  values  3/(— 3)  =  ±*,  A/(— 2)  =  1,  3f(— 1)  =  t/2, 
3/(0)  =  2G,  3/(1)  *  2.  It  was  calculated  as  far  as  n  =  31,  which  permitted 
interpolation  for  3/(23^)  and  3/(24^)  to  about  12  decimals.  Reverse  applica¬ 
tions  of  (20)  gave  3/(±l/2),  and  finally 

(21)  K*  =  23/(-l/2),  E*  -  3/(-l/2)  -  3/(l/2)/3  +  1. 

Much  of  the  necessary  work  having  already  been  done,  additional  values  of 
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M(n)  (see  (19))  were  interpolated  as  follows: 


J#(«) 

n 

!  M(f,) 

1 

-0.9 

1.60420  29030 

0.6 

1.93969  61613 

-0.8 

1.63547  89031 

0.7 

1.95550  39672 

-0.7 

1.66487  03305 

0.8 

1.97060  32532 

-0.6 

1.69258  42642  j 

0.9 

i  1.96562  56612 

-0.5 

1.71879  64545 

1.0 

2.00000  00000 

-0.4 

1.74365  71874 

1.1 

2.01395  25699 

-0.3 

1.76729  58642 

1.2 

i  2.02750  74426 

-0.2 

1.78982  46138 

1.3 

1  2.04068  67030 

-0.1 

1.81134  11706  1 

1.4 

1  2.05351  06600 

0 

1.83193  11884  j 

1 

1.5 

2.06599  80303 

0.1 

1.85167  01114 

1.6 

2.07816  60986 

0.2 

1.87062  47073  j 

1.7 

2.09003  06593 

0.3 

1.88885  43234 

1.8 

2.10160  71401 

0.4 

1.90641  19292 

1.9 

2.11290  87135 

0.5 

1.92334  49834 

2.0 

2.12394  83913 
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PLANE  ROTATIONAL  PRANDTL-MEYER  FLOWS* 

Bt  M.  H.  Mabtin 

Introduction.  We  consider  the  steady,  plane  flow  of  a  gas  subjected  to  no 
external  forces  under  the  assumption  that  any  effects  due  to  heat  conduction 
radiation,  or  frictional  forces  may  be  neglected. 

Among  the  irrotational  flows  of  a  polytropic  gas  the  Prandtl-Meyer  flows* 
hold  a  position  of  great  importance  in  Gas  Dynamics.  It  seems  worth  while, 
therefore,  to  inquire  whether  this  type  of  flow  permits  a  generalization  to  rota¬ 
tional  flows.  The  classic  Prandtl-Meyer  flows  are  characterized  by  a  constant 
velocity  vector  along  each  line  of  a  one  parameter  family  of  straight  lines  in 
the  physical  plane.  Thus,  if  u,  v  denote  the  components  of  the  velocity  vector 
and  T  is  the  parameter  in  the  family  of  lines,  we  may  write 

h:  u  =  m(t),  V  =  t;(T). 

Turning  to  the  hodograph  plane,  the  hodograph  of  the  flow  in  the  physical 
plane  appears  as  a  single  curve  h  in  the  hodograph  plane,  and  we  are  led  to 
define  a  Prandtl-Meyer  flow  to  be  a  flow  in  the  physical  plane  whose  hodograph 
degenerates  into  a  single  curve  h  in  the  hodograph  plane.  We  obtain  in  this  way 
a  direct  generalization  of  classical  Prandtl-Meyer  flows,  in  which  the  flow  is 
irrotational,  to  rotational  flows. 

The  following  Prandtl-Meyer  flows  will  be  excluded  as  trivial: 

HODOGRAPH  PLANE  STREAMLINES  IN  PHTSICAL  PLANE 

h  a  segment  of  a  radial  line  0  =  const.,  parallel  straight  lines, 

h  an  arc  of  a  circle  q  —  const.,  concentric  circles.* 

The  case  in  which  h  is  a  point  and  the  flow  in  the  physical  plane  proceeds 
with  constant  speed  along  parallel  lines  is  included  above.  We  accordingly 
confine  our  attention  to  Prandtl-Meyer  flows  for  which  the  equation  of  the 
hodograph  curve  h  can  be  written 

h:  0  =  0(g)  9^  const.,  q  9^  const., 

I 

where  q,  0  denote  polar  coordinates  in  the  hodograph  plane. 

*  Presented  at  the  meeting  of  the  Fluid  Dynamics  Division  of  the  American  Physical 
Society  held  in  June  1949  at  the  Naval  Ordnance  Laboratory,  White  Oak,  Maryland.  This 
investigation  was  carried  out  under  project  NOL  139  sponsored  by  the  Office  of  Naval 
Research  at  the  Naval  Ordnance  Laboratory,  White  Oak,  Maryland. 

*  Meyer,  T.,  Vber  zweidimenaionale  Bewegungavorg&nge  in  einem  Gat,  daa  mil  Vber- 
tchallgeachxoindigkeit  atrOmt,  Dissertation,  Gdttingen  (1908)  or  Forschungsheft  62  des 
Vereins  Deutscher  Ingenieure,  Berlin  (1908)  pp.  31-67. 

Courant,  R.,  Friedrichs,  K.  O.,  Superaonic  Flow  and  Shock  Wavea,  New  York  (1948) 
pp.  262-293. 

*  For  a  perfect  gas  this  follows  from  a  theorem  due  to  Nemenyi  and  Prim.  See  Some 
Propertiea  of  Rotational  Flow  of  a  perfect  Goa,  by  these  authors  in  the  Proceedings  of  the 
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Instead  of  restricting  ourselves  exclusively  to  polytropic  gases  we  consider  a 
class  of  fluids  termed  'physical  gases,  defined  in  §3,  which  includes  the  p>oly- 
tropic  gases,  reserving  a  detailed  study  of  rotational  Prandtl-Meyer  flows  of 
a  polytropic  gas  for  a  later  paper. 

1.  Confluent  flows.  Before  taking  up  the  study  of  Prandtl-Meyer  flows,  we 
shall  make  a  few  remarks  which  serve  to  orient  these  flows  among  the  totality 
of  possible  flows. 

Consider  the  following  five  families  of  curves  in  the  physical  plane: 


1.  paths  of  fluid  particles  =  stream  lines 

2.  curves  of  constant  pressure  =  isobars 

3.  curves  of  constant  speed  =  isovels 

4.  curves  of  constant  direction  =  isoclines 

5.  curves  of  constant  density  =  isopycnics 


=  const.), 
(p  =  const.), 
(q  —  const.), 
{d  =  const.), 
(p  =  const.). 


Flows  for  which  any  two  of  these  five  families  coincide  are  termed  confluent, 
otherwise  fluent.  Prandtl-Meyer  flows,  or  briefly  PM -flaws  are  confluent  flows, 
since  the  isoclines  and  isovels  coincide  in  view  of  0  =  dig).  In  addition,  we  can, 
a  priori,  distinguish  nine  more  types  of  confluent  flows  as  listed  in  the  table 
below. 


Confluent  Flows 


tntXAM  LINXS 

1 

ISOBAtS 

2 

180VXLS 

3 

ISOCUNXS 

4 

isopYoncs 

5 

1 

Stream  Lines 

«  «  • 

p  -  pW 
■concentric 
circles  or 
straight 
lines* 

q  -  qW 
concentric 
circles  or 
parallel 
straight 
lines’ 

e  -  ew 

Rectilinear* 

p  -  pi'i') 
Incompres¬ 
sible 

2 

Isobars 

p  -  p(^) 

concentric 
circles  or 
parallel 
straight 
lines’ 

*  *  « 

q  -  «(p) 

Irrotational 

e  -  e(p) 

Isoclinic* 

P  ”  p(p) 
Isentropic 

3 

Isovels 

4 

1 

q  - 

concentric 
circles  or 
parallel 
straight 
lines’ 

q  -  q(p) 
Irrotational 

•  B  • 

$  -  e{q) 

PM-flows 

p  ■■  p{q) 

National  Academy  of  Sciences,  vol.  34.  (1948)  pp.  119-124,  in  particular  Theorem  1.  For  a 
general  fluid,  in  which  it  is  assumed  that  the  density  is  a  function  of  the  pressure  along 
each  stream  line,  see  a  paper.  A  new  Approach  to  Problems  in  two-dimensional  Oas  Flow 
by  the  author,  to  appear  in  the  Quarterly  of  Applied  Mathematics. 

*  See  §3  of  the  paper  by  the  author  cited  in  2. 

*  For  a  perfect  gas  see  Nemenyi,  P.,  Prim,  R.  C.  loc  cit.* 
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Confluent  Flows  (Cent.) 


1  tTBXAM  UNBf 

1 

iSOBASf 

1  * 

1  IfOVCLS 

* 

1  isocums 

nopYOfics 

5 

4 

Isoclines 

i  e  -  ew 
Rectilinear* 

e  -  e{p) 
Isoclinic* 

a  -  $(q) 
PM-flows 

1  4 

*  «  « 

a  -  •(p) 

5  ! 

Isopycnics 

p  “  p(^) 
Incompres¬ 
sible 

P  “  p(p) 
Isentropic 

p  “  piq)  i 

a  -  a(p) 

! 

*  *  * 

A  numerical  notation  for  confluent  flows  suggests  itself.  Thus  we  can  designate 
a  PM -flow  by  [34]  or  [43].  The  ten  types  of  confluent  flows  are  not  necessarily 
mutually  exclusive.  Indeed,  if  we  assume  pq  0,  it  follows  from 

+  q^)  =  -(p.u  -I-  p^/v), 

that  [12]  and  [13]  imply  each  other.  If  [12]  is  excluded,  irrotational  flows  are 
characterised^  by  q  =  q{p),  i.e.,  by  the  coincidence  of  the  isobars  and  isovels, 
and  these  flows  may  be  designated  by  [23].  Again  excluding  [12],  it  can  be  shown 
that  in  general  [23]  implies  [25],  but  conversel}',  [25]  alone  does  not  imply  [23]. 
Various  subclasses  and  simple  relations  are  possible,  since  more  than  two  families 
can  coincide,  e.g.,  [25]  [34]  represents  isentropic,  PM-flows  and  [23]  [34]  irrota¬ 
tional,  PM-flowa.  In  general,  any  two  of  [23],  [24],  [34]  imply  the  third. 

We  shall,  however,  not  pursue  the  classification  and  study  of  the  relations 
between  confluent  flows  and  their  subclasses  any  further,  since  it  is  the  purpose 
of  this  paper  to  study  a  single  t3rpe  of  confluent  flow,  namely  PM-flows. 

2.  General  flows.  If,  (a)  the  isobars  and  stream  lines  do  not  coincide,  i.e., 
[12]  is  excluded;  (b)  the  isobars  and  isoclines  do  not  coincide,  i.e.,  [24]  is  ex¬ 
cluded*;  and  (c)  the  speed  q,  the  density  p,  the  pressure  gradient  dp/ da  along 
a  stream  line  remain  finite  without  vanishing,  the  flow  is  said  to  be  general. 
The  distinction  between  general  and  fluent  flows  should  be  emphasized.  In  a 
fluent  flow  all  ten  types  of  confluent  flows  are  excluded;  in  a  general  flow  we 
require  that  p,  q,  dp/da  reihain  finite  but  never  vanish,  and  the  confluent  flows 
[12],  [24]  only  are  excluded.  In  particular  [34]  is  not  excluded  and  general  flows 
of  type  [34],  are  termed  general  PM-flowa  or  GPM-flowa. 

The  problem  of  determining  the  general  flow  of  a  fluid  can  be  reduced’  to 

*  Martin,  M.  H.  Steady,  rotational,  plane  flow  of  a  yaa,  Naval  Ordnance  Laboratory  Memo¬ 
randum  10274,  in  particular  {6. 

*  Loc.  cit.  6,  in  particular  {5.  * 

^  Loc.  oit.,  5,  in  particular  Theorem  2. 

'  When  this  procedure  is  compared  with  the  hodograph  method  widely  used  in  the  study 
of  irrotational  flows,  which  amounts  to  assuming  that  the  isovels  and  isoclines  do  not  coin¬ 
cide  so  that  they  may  be  used  as  curvilinear  coordinate  lines,  it  raises  the  possibility  that 
the  use  of  other  pairs  from  the  five  families  in  $1  as  curvilinear  coordinates  may  prove  of 
value  in  the  study  of  confluent  and  fluent  flows. 

*  Loc.  cit.  5,  in  particular  (2  and  (4- 


PLANE  ROTATIONAL  PRANDTL-MBYER  FLOWS 


79 


finding  two  functions 

9(P.  4')  =  the  Bernoulli  function;  0(p,  =  the  direction  function 

which  satisfy  the  equation 

0)  + W.  =  0. 

This  equation  plays  a  double  role  in  the  theory,  offering  a  direct,  or  an  inverse 
approach,  to  the  problem  of  determining  general  flows  according  as,  the  Bernoulli 
function  q,  or  the  direction  function  6,  is  taken  to  be  a  preassigned  function 
of  p,  4>. 

In  the  direct  approach,  (1)  becomes  a  quasi-linear  partial  differential  equation 
for  the  determination  of  the  unknown  direction  function  (?(p,  V')*  Thus  if  the 
equation  of  state  p  =  /(p,  S)  for  the  gas  and  the  entropy  distribution  function 
S  =  S{4>)  are  given,  p  =  p(p,  4d  is  a  known  function  termed  the  density  function. 
According  to  Bernoulli’s  theorem,  i.e., 

(2)  =  C  -  r  p-‘  dp,  px  =  pi(^),  C  =  C{4d, 

^Pl 

the  function  q  =  g(p,  may  be  specified  by  fixing  the  arbitrary  functions 
Pi(^)>  Whenever  the  equation  of  state  permits  it,  we  may  let  pi  — »  0 
in  (2)  and  determine  the  distribution  of  energy  from  stream  line  to  stream  line 
by  the  choice  of  the  arbitrary  function  C(^),  which,  for  this  reason,  is  termed  the 
energy  distribution  function^^.- 

Alternatively,  if  q{p,  4d  is  prescribed,  the  density  function  is 

(3)  P  =  —  (9gp)”‘  “  p(p,  ^)i 

from  which  an  equation  of  state  is  obtained  by  wtting  4>  =  4^{S),  an  arbitrary 
function  of  S.  The  entropy  distribution  function  S{f)  is  defined  implicitly  by 
this  equation,  and  the  energy  distribution  function  by 

C(^)  =  lim  hq\ 

P—0 

provided,  of  course,  this  limit  exists. 

Under  the  inverse  approach,  (1)  becomes  a  linear  partial  differential  equation 
of  the  third  order  for  the  unknown  Bernoulli  function  q(p,  4')-  Given  a  solution 
q(p,  f)  of  this  partial  differential  equation,  the  density  function,  equation  of 
state,  the  entropy  and  energy  distribution  functions  are  determined  as  above. 

With  either  approach,  once  we  are  in  possession  of  a  pair  of  functions  q(p,  4'), 
ff(p,  4')  satisfying  (1),  a  general  flow  is  presented”  in  the  physical  plane  by 

C  is,  of  course,  Bernoulli’s  constant  and  is  frequently  termed  the  “stagnation  en¬ 
thalpy.”  We  adopt  the  above  terminology  to  emphasize  the  change  of  C  from  one  stream 
line  to  another  in  the  “weak  form”  of  Bernoulli’s  Theorem. 

"  See  5-1.  loc-  cit.  5. 
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X  =  f  <  —  COS  0  dp  +  (q  sin  0),  d^\ , 

(4)  . 

»  “  y  I  —  9  <*P  —  («  cos  »),  #  I , 

and  in  the  hodograph  plane  by 

(5)  u  =  g  cos  0,  V  =*  g  sin  9. 

Depending  on  whether  we  keep  rp  fixed  and  let  p  vary,  or  keep  p  fixed  and  let 
^  vary,  these  equations  present  the  stream  lines,  or  isobars,  parametrically  in 
the  two  planes.  To  obtain  the  isovels,  isoclines,  and  isopycnics  in  the  two  planes, 
one  assigns  constant  values  to  q,  d,  qq^  respectively  in  (4),  (5). 

3.  The  Bernoulli  function.  From  the  mathematical  standpoint  we  may  take 
the  function  /  in  the  equation  of  state  p  =  /(p,  jS)  to  be  an  arbitrary  function  of 
its  arguments,  subject,  of  course,  to  any  assumptions  of  continuity  that  may  be 
necessary  to  the  mathematical  treatment“.  Further  restrictions  on  /  are,  how¬ 
ever,  dictated  by  physical  considerations.  In  addition  to  taking  /  to  be  continu¬ 
ous  we  impose  the  following  conditions  upon  it: 

(i)  /(O,  5)  =  0;  0  <  /(p,  5)  <  +00,  for  p  >  0, 

(6)  (ii)  faip,  S)  <  0,  /p(p,  S)  >  0,  for  p  >  0, 

(iii)  *  ”  J  /"'(Pi'S)  dp  <  +00,  for  p  >  0. 

(i)  implies  a  finite,  positive  density  which  vanishes  only  if  p  —  0,  and  if 
p  s=  0,  is  excluded,  (ii)  implies  that,  for  fixed  pressure,  the  density  decreases  with 
increasing  entropy  and  increases,  for  constant  entropy,  as  the  pressure  increases. 
This  implies  that  the  pressure  increases  with  the  density  when  the  entropy  is 
constant  and  also  increases  with  the  entropy  when  the  density  is  held  constant**, 
(iii)  implies  a  finite  enthalpy  i,  or  heat  content  per  unit  mass  under  adiabatic 
processes,  and  permits  one  to  let  pi  — »  0  in  (2.) 

If  the  function  /  in  the^  equation  of  state  meets  the  conditions  (6),  we  shall 
call  the  gas  a  physical  gas.  If  these  assumptions  are  not  made  on  /  and  q  is  taken 
to  be  any  arbitrarily  prescribed  function  of  p,  we  shall  speak  of  an  abstract 
fluid.  Since  physical  gases  form  a  subclass  of  abstract  fluids,  any  result  obtained 
for  the  flow  of  an  abstract  fluid  automatically  applies  to  the  flow  of  a  physical 
gas.  The  development  of  a  theory  for  abstract  fluid  flows**  is  of  more  than 
academic  interest,  since  it  would  signalize  universal  properties  of  fluid  flows 
not  dependent  on  the  specializing  assumptions  (6). 

This  paper  will  be  restricted,  however,  to  the  study  of  physical  gases  and  in 
this  section  we  shall  investigate  the  influence  of  assumptions  (6)  on  the  Bernoulli 
function  q. 

This  is  the  viewpoint  adopted  in  the  paper  cited  under  5. 

*•  Cf.  Courant,  R.,  Friedrichs,  K.  O.  op.  cit.,  p.  5. 

**  For  a  beginning  in  this  direction  see  5. 
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We  begin  by  deriving  necessary  conditions  on  q  implied  by  (6).  In  view  of 
(6  iii)  we  can  let  pi  — ♦  0  in  (2),  and  if  we  assign  the  entropy  and  energy  distribu¬ 
tion  functions  the  Bernoulli  function  q  is  defined  by 

hq'  “  w  -  rr\p,smdp. 

Jo 

If  C(^)  =  const.,  the  flow  is  isoenergetic,  otherwise  non-isoenergetic.  If  (S(^)  = 
const.,  the  flow  is  iserUropic^^;  if  S'(^)  9^  0,  the  flow  is  anisentropic. 

Taking  partial  derivatives,  we  find 

99p  =  -r\  (9?p)p  =  r*/p ,  (99p)*  =  rfsS\ 

where  here,  and  throughout  the  paper,  the  derivative  of  a  function  of  a  single 
variable  is  indicated  by  affixing  a  prime.  In  view  of  (6)  we  see  that  for  a  general 
flow  p  is  restricted  to  the  range  0  <  p  <  po  where  po  =  po(^)  is  the  stagnation 
pressure  defined  by 

Jf  PO 

I  rHp,  sm  dp  =  c(^), 

0 

and  that  9^0  must  meet  the  following  conditions: 

(i)  Lim  99p  =  —  « ;  —  <  99p  <  0,  for  0  < 

p-*0 

(7)  (ii)  (99p)*  ^  0;  •  (99p)p  >  0,  for  0  < 

(iii)  Lim  ig*  =  C(^)  ig*  <  C(^),  for  0  < 

p-^ 

provided  the  flow  is  anisentropic.  For  isentropic  flows  the  first  condition  in  (ii) 
is  replaced  by  (qq,)^  s  0. 

These  conditions  are  also  sufficient,  for  if  g  satisfies  the  conditions  (7),  we 
use  (7i)  and  (3)  to  define  the  density  function 

p(0,  ^)  a  0,  pip,  4/)  =  -  (ggp)"‘,  for  p  >  0. 

To  obtain  an  equation  of  state,  we  set  ^  =  ^(<S).  Clearly  (7i)  implies  (6i)  and 
(7ii)  implies  (6ii),  provided  we  insist  that  ^'(S)  and  (ggp)^  have  opposite  signs 
for  anisentropic  flows.  If  (ggp)*  =  0,  one  has  p  =  p(p),  and  the  flow  is  isentropic. 
Finally  (6iii)  follows  from  (7iii)  if  we  let  pi  — »  0  in 

f  qqp  dp  =  §g*(p,  -  i9*(pi> 

•'PI 

The  following  theorem  has  been  proved. 

Theorem  1.  The  necessary  and  sufficient  condition  for  g(p,  4^)  to  be  the  Bernoulli 
function  for  anisentropic  flow  of  a  physical  gas  with  a  prescribed  energy  distribution 
function  0(4^),  is  that  g(p,  ^)  satisfy  the  conditions  (7).  For  isentropic  flows  the 
condition  (ggp)*  s  0  replaces  the  condition  (ggp)*  5^  0  in  (7ii). 

>*  That  is,  of  the  confluent  type  designated  by  [25]  in  $1. 


P  <  Po, 

P  <  Po, 
p  <  Po. 
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The  general  flows  of  a  physical  gas  can  be  classified  into  four  broad  categories: 

I.  Isoenergetic,  isentropic  .  (Irrotational), 

II.  Isoenergetic,  anisentropic  flows.  {Rotational), 

III.  Non-isoenergetic,  isentropic  flows.  (Rotational). 

IV.  Non-isoenergetic,  anisentropic  flows.  (Rotational). 

In  the  next  section  we  take  up  the  general  theory  of  GPM-flows  and  in  the 
following  sections  we  consider  GPM-flows  of  categories  II  and  III.  GPM  flows 
of  category  IV  lie  outside  the  scope  of  this  investigation. 

4.  GPM-flows.  Direct  approach.  A  GPM-flow  is  necessarily  rotational  and 
its  hodograph  curve  h  must  have  a  polar  equation  of  the  form 

h:  6  =  d(q)  ^  const.,  q  ^  const., 

proposed  in  the  introduction.  To  see  this,  we  note  that  flows  for  which  $  =  const, 
are  confluent  flow's  of  type  [24];  while  flows  for  which  q  =  const,  are  confluent 
flows  of  type  [13],  and  therefore,  as  has  been  pointed  out  in  §1,  come  under  type 
[12].  Since  confluent  flows  of  type  [12]  or  [24]  are  excluded  in  the  definition  of 
general  flows,  the  polar  equation  of  h  must  have  the  stated  form.  Finally  the 
flow  must  be  rotational,  for,  as  has  been  noted  in  §1,  an  irrotational  GPM-flow** 
is  an  isoclinic  flow,  i.e.,  [23]  and  [34]  imply  [24],  and  a  general  flow  cannot  be 
a  confluent  flow  of  type  [24]. 

The  Bernoulli  function  q(p,  ^)  is  assumed  to  be  given  subject  to  the  conditions 
q^  ^  0,  qpp  ^  0.  The  first  condition  insures  that  a  general  flow  is  rotational  and 
the  second  condition  rules  out  flows  for  which  the  Bernoulli  function  is  a  linear 
fimction  of  p,  say  q  =  Ap  B,  where  A,  B  denote  functions  of  These  flows 
hold  a  very  special  position  in  the  theory  and,  from  (3),  imply  an  equation  of 
state  of  the  form  p  =  <ri(<ri  —  p)“‘,  where  ai ,  o-j  denote  functions  of  S.  Such 
fluids  do  not  fall  under  physical  gases  because  of  (6i).  In  this  section  no  further 
assumptions,  other  than  obvious  continuity  assumptions,  will  be  made  on  q. 
Consequently  the  results,  in  addition  to  applying  to  rotational  flows  of  physical 
gases,  apply  to  rotational  flows  of  abstract  fluids. 

For  a  GPM -flow'  it  is  necessary  and  sufficient  that  (1)  permit  solutions  of  the 
form  6  =  d(q).  Replacing  6  hy.d(q)  in  (1)  and  writing  u  =  O',  the  necessary  and 
sufficient  condition  on  0(q)  is  that  the  equation 

(8)  w'  —  au  —  hoj*  =  0,  a  =  a(p,  ^),  h  =  h(p,  ^),  u  =  u(q), 
where 

(9)  ®  “  iQpp/Q’(')i'’i^/Qpp) 

b  =  [(9i>'9pp  -|-  qpq'Hi)q  Qpp  » 

holds  identically  in  p,  after  setting  q  =  q(p,  ^)  in  a  and  u'. 

Since  q  =  q(p,  ^)  and  q^,  ^  0,  we  can  eliminate  ^  from  a,  h  to  replace  (8)  by 

(10)  —  ow  —  /Sctf*  =  0,  a  =  a(p,  q),  /3  =  /3(p,  q),  u  =  «(g). 

See,  for  example,  the  works  cited  in  1, 2, 5. 
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where  a,  0  are  prescribed  functions  and  uiq)  is  to  be  determined  so  that  (10)  is 
an  identity  in  p,  q.  . 

Since  6  ^  const,,  we  exclude  u  =  0,  differentiate  (10)  partially  with  respect 
to  p,  an  infer"  that  a,  +  /Spw*  =  0.  If  /3p  =  0,  necessarily"  Op  =  0,  and  con¬ 
versely,  so  that  a,  /3  are  functions  of  q  alone,  and  (10)  may  be  regarded  as  an 
ordinary  differential  equation  of  the  Bernoulli  type,  the  solution  of  which 
constitutes  exactly  the  totality  of  function  w(g)  sought.  If  /3p  ^  0,  for  (10)  to 
be  an  identity  in  p,  q,  at  least  one  function  a)o(g)  ^  0  must  exist  such  that 
(oo  —  auo  —  /3o)o  =  0,  i.e.,  the  functions  a,  j8  cannot  be  taken  arbitrarily.  If 
u(q)  ^  0  is  a  second  such  function,  i.e.,  if  w'  —  ow  —  =  0,  we  eliminate  a 

from  the  two  equations  and  obtain 

0)0)0  ~  0)00)^  —  /3o)0)o(o)o  —  O)*)  =  0, 

from  which  /Spuuoiuo  —  o)*)  =  0  results  by  partial  differentiation  with  respect 
to  p,  to  imply  o)  =  ±o)o . 

These  results  are  summed  up  in  the  lemma. 

Lemma  1 .  The  case  o>  =  0  being  excluded,  the  necessary  and  sufficient  condition 
for  (10)  to  hold  identically  in  p,  q  is  that  one  of  the  following  alternatives  holds: 

A.  Both  functions  a,  /3  depend  only  on  q  and  u  is  any  solution  of  the  ordinary 
differential  equation  of  Bernoulli  type. 

(11)  o)'  —  at(g)o)  —  /3(g)o)*  =  0. 

B.  Both  functions  a,  /3  depend  on  p  and  a  function  wo{q)  ^  0  exists  such  that 
ui  —  a(p,  q)uo  —  /8(p,  q)uo  =  0,  in  which  case  u  =  ±o)o  . 

If  0  =  0{q)  is  a  solution  of  (1)  for  a  given  Bernoulli  function  q  =  q(p,  ^), 
q^  ^  0,  the  flow  defined  in  the  physical  plane  by  (4)  is  a  GPM-flow  for  which 
the  curve  h:d  =  0(q)  in  the  hodograph  plane  is  termed  the  hodograph  curve 
of  the  flow. 

The  following  theorem  is  a  direct  consequence  of  Lemma  1. 

I’heorem  2.  The  curve  h:d  =  d{q)  will  be  the  hodograph  curve  of  a  OPM-flow 
in  the  physical  plane  with  a  prescribed  Bernoulli  function  q{p,  4>),  q^  ^  0, 
qpp  ^  0,  if,  and  only  if,  one  of  the  following  alternatives  holds 

A.  The  functions  a,  b,  in  (9)  are  functions  of  q  alone,  e.g.,  a  =  a{q),  b  =  b{q) 
and  6{q)  is  any  solution  of  the  ordinary  differential  equation 

(12)  r  -  a(q)e'  -  b(q)e'*  =  0. 

B.  The  functions,  b  in  (9)  are  not  functions  of  q  alone  and  a  function  uoiq)  ^  0 
exists  such  that 

0)0  —  a(p,  ^)o)o  —  6(p,  i^)ojo  =  0, 

in  which  case 

(12')  d  =  do  zk  j  uo(q)  dq,  =  const. 

This  is  certainly  true  as  long  as  w  remains  finite  and  different  from  zero. 
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In  view  of  this  theorem  we  distinguish  two  classes  of  GPM-flows  of  an  ab¬ 
stract  fluid  for  a  prescribed  Bernoulli  function  q  with  ^  0,  qpp  ^  0. 

Class  A.  a,  b  in  (9)  are  functions  of  q  alone,  and  if  a  =  a(q),  b  =  b{q),  the  hodo- 
graph  curve  h  is  a  solution  of  (12). 

Class  B.  a,  b,  in  (9)  are  not  functions  of  q  alone  but  a  function  wo(g)  ^  0  exists 
such  that  Wo  —  a(p,  ^)ojo  —  b{p,  ^)wo  *  0,  and  the  hodograph  curve  h  is  given 
by  (120. 


6.  Isoenergetic,  anisentropic  GPM*flows.  We  restrict  ourselves  to  a  physical 
gas  with  a  separable  equation  of  state** 

(13)  p  =  2(S)-n(p),  p^O. 

Consequently  for  the  Bernoulli  function  q  we  find  an  equation  of  the  form 

(14)  9*  =  2C(^)  -  M^)P(p),  ’i'(^)  =  2S“‘(S(^)),  Pip)  =  n-‘  (p)  dp. 

In  line  with  (6)  we  assume  that  2,  11  are  continuous  functions  meeting  the  fol¬ 
lowing  conditions 

(i)  0  <  2  <  -l-«,  n(0)  =  0,  0  <  n  <  -H<»,  forp  >  O, 

(ii)  2'  <  0  n'  >  0,  for  p  >  0 

(Hi)  II“‘  dp  <  -f  00  for  p  >  0. 

Polytropic  gases  are  examples  of  such  gases  for  which 

(15)  p  =  •  p‘'^  C,  >  0,  7  >  1.  So  =  const. 

For  isoenergetic  flows  we  may,  by  a  suitable  choice  of  units,  insure  C(^)  =  1/2 
so  that  the  Bernoulli  function  is  given  by 

(16)  9*  =  1  -  m)Pip), 

where,  from  (7)  we  take  4^,  P  to  be  continuous  functions  meeting  the  following 


conditions: 

t 

(i) 

0  <4^  <  + 

00 ,  Lim  P'  =  -1-  00  ; 

0<P'<-l-oo  for0<p<po. 

p->0 

(17)  (ii) 

4^'  0; 

P"  <  0 

for  0  <  p  <  Po 

(iii) 

P(0)  =  0, 

0  <  P  <  4'“* 

for  0  <  p  <  Po 

in  which  the  stagnation  pressure  po  =  po(^)  is,  once  is  assigned,  determined 
from 

P(po)  =  'i'~‘(^). 

>*  The  attention  of  the  author  was  drawn  to  gases  with  a  separable  equation  of  state 
by  R.  C.  Prim. 
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As  an  illustration,  for  a  poly  tropic  gas  we  have 


P  =  JP _ 

1  -  n’ 


0  <  »  =  7"*  <  1, 


and  the  stagnation  pressure  po  is 


A  - 


From  (16)  it  is  easy  to  verify  that 

Qp  =  hig  -  9~‘)  Qpp  =  i(9  -  9”‘)  [§(1  +  ?“*)  -  (p)  ] 

(19)  Qi,  =  i(9  -  9"‘)  |-,  Qp*  =  i(9  -  9“‘)(1  + 

Qh  =  i(9  -  9"‘)  [id  +  9"')  -  j  . 
Since  our  attention  is  directed  to  GPM-flows,  we  calculate  a,  b  in  (9),  to  find 

<■  -  2(e  -  ,-■)-■  (ly  -  +  ?-*)  -  (^)] 

6  -  |k«  -  «  [(I)  +  (^)  ]}  |j(l  +  «-)  -  (p)  }  . 

For  flows  of  Class  A  equations  (20)  represents  two  simultaneous  equations 
for  (P/Py,  {gf/^Fy  so  that  we  can  write 

(p/py  =  Fiq),  (gf/gty  =  G{q). 

One  of  F,  G  must  be  constant.  Otherwise**  q  can  be  eliminated  from  these 
equations  to  obtain 

(p/py  =  Hii^f/gty) 

Since  p,  ^  are  independent  variables,  this  implies  that  both  {P/P')',  (’i'/'i^)' 
are  constant,  to  contradict  our  assumption.  Moreover,  if  either  F  or  G  is  con¬ 
stant,  the  other  is  constant  also.  Indeed,  from  the  first  equation  in  (20)  we  have 

F  =  (P/Py  =  I  =  const.,  ('*'/♦')'  =  Hq), 


or 

G  =  (qf/qfy  =  x  =  const.,  (p/p'Y  =  ^(9). 

Under  the  first  alternative  P  9^  const,  in  (16).  Since  p,  ^  are  independent  vari¬ 
ables,  q,  ^  are  also  independent  variables,  and  the  second  equation  implies 
(qf/S^y  =  const.  An  analogous  argument  disposes  of  the  second  alternative. 

We  have  seen  that  for  flows  of  Class  A 

(P/Py  =  1  =  const.;  {qf/qfy  =  X  =  const., 

**  Here,  and  in  what  follows,  tacit  use  is  made  of  the  assumption  q  ^  const,  made  in 
the  introduction. 
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necessarily.  After  integration  one  finds 

(21)  ^  ~  ~  ^  ^  (a)  ^  X  0, 

(b)  P  =  /  =  0;  03)  'I'  =  X  =  0, 

in  which  k,  po ,  k,  denote  integration  constants.  It  follows  from  (17iii)  that 
(21b)  is  impossible  and  that  po  =  0, 1  >  0,  k  >  0  in  (21a).  Now  (17ii)  implies 
that  actually  /  >  1  and  with  this  it  is  easy  to  verify  that  conditions  (17i)  on 
P  are  also  satisfied.  On  the  other  hand,  ^  can  take  either  of  the  forms  (21a), 
(21/3)  with  »c  0,  provided  ^  is  restricted,  when  necessary,  so  that  ^  >  0  in 
(21o).  This  leads  to  two  alternative  forms  for  the  Bernoulli  function 

9*  =  1  -  kMrk  -  ^o)l‘V'.  9*  =  1  -  ke^'*-*^y\  I  >  I, 

corresponding  to  which  the  two  alternative  forms  for  the  density  functions  are 

(22)  P  =  AUi^  -  ^o)r‘V'%  p  = 
where 

(23)  A  =  2l/k  >0,  y  =  l(l  -  1)“‘  >  1. 

and  ^  —  ^0  is  subject  to  the  condition  p  >  0  in  the  first  form. 

When  (22),  (23)  are  compared  with  (15)  it  appears  that  we  are  dealing  with 
flows  of  a  polytropic  gas  restricted  to  two  alternative  forms  for  the  entropy 
distribution  function,  namely, 

(24)  S(^)  =  log  I  ^  -  ^0 1  +  const.,  <S(^)  =  c(^  -  ^o)  +  const., 

A 

c  =  const.  7^0, 

and  our  results  may  be  summed  up  in  the  following  theorem. 

Theorem  3.  The  only  iso-energetic,  anisentropic  GPM-flows  of  Class  A  for  a 
physical  gas  with  a  separable  equalion  of  state  (13)  are  flows  of  polytropic  gases 
with  one  of  the  entropy  distribution  f  unctions  (24). 

The  next  theorem  completes  this  result. 

Theorem  4.  The  only  isoenergetic,  anisentropic  GMP -flows  of  a  poly  tropic 
gas  are  of  Class  A ,  and  the  hodograph  curies  h  constitute  the  solutions  of  the  second 
order  differential  equation 

0"  -  a{q)e'  -  b{q)e'^  =  0, 

with 

a  =  2X(g  -  9-*)-'  -  9'*[i(l  +  9'*)  - 

b  =  (M9  -  9'*)  -  (X  +  l)q]m  +  9‘*)  "  /]"*, 

where  I  =  y(y  —  1)“‘  and  X  is  a  real  parameter  which  serves  to  determine  the  entropy 
distribution  function  .S(^)  as  follows: 

^  log  1  ^  -  ^0 1  +  const.,  X  7^  0;  S(^)  =  c(^  —  ^o)  +  const.,  X  =*  0. 

A 
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Here  Cp  is  the  specific  heat  at  constant  pressure  and  i  c  ^  0  are  any  real  constants. 

To  prove  this  theorem  we  observe  that  for  a  polytropic  gas  {P/P'Y  = 
(1  —  n)~‘  =  I  follows  from  (18)  and  (23).  We  place  iP/P')'  -  I  in  (20)  and  sub¬ 
stitute  for  a,  b  in  (8)  from  (20).  This  yields 


2 

q[{2l  -  1)5*  -  1] 


{21  -  1)5*  +  1 
(21  -  1)5*  -  1 


qw 


I 


=  —2qw 


(21  -  1)5*  - 


We  have  already  excluded  5  3  0  and  w  3  0,  and 


u 


({21  -  1)5*  - 
V  «*(l-3*)  /  ’ 


may  also  be  excluded,  since,  as  long  as  {'if/'t'Y  is  finite,  u  cannot  satisfy  the  above 
equation.  We  may  accordingly  solve  for  {^/'t'Y  obtaining 


which,  since  5,  \l/  are  independent  variables,  implies  {'t/'t')'  =  X  =  const.  Thus 
a,  b  in  (20)  must  be  the  functions  of  5  as  stated  in  the  theorem  and  the  flow  is 
of  Class  A.  The  rest  of  the  theorem  follows  from  (24). 

It  seems  likely,  therefore,  that  isoenergetic,  anisentropic  GPM-flows,  of 
Class  A  are  of  major  interest  from  the  standpoint  of  applications,  and  we  accord¬ 
ingly  forego  consideration  of  flows  of  Class  B. 

For  non-isoenergetic,  isentropic  GPM-flows  the  following  theorem  holds.*® 
Theorem  5.  There  are  non-isoenergetic,  isentropic  GPM-fiows  of  Class  A  for  a 
physical  gas  with  a  separable  equation  of  state  (13). 


6.  Characteristics  and  hodograph  curves.  When  the  partial  differentiations 
are  carried  out  in  (1),  and  this  equation  is  regarded  as  a  quasi-linear  equation 
for  B,  with  5  preassigned,  it  becomes 

(25)  Hdpp  2KB p^  -f-  LiB^  M  =  0, 

in  which  we  have  adopted  the  notation  of  Goursat**  in  setting 

(26)  H  ^qB\,  K=  -qBpB^ ,  L  =  -(5„  -  q^p), 

^  ”  {Qpt^  Qi’^p  "b  2qpBpBY)B^  . 

For  a  general  flow  5  ^  0,  ^  0  imply  H  0  and,  from  (4),  the  relation 

{Qpp  -  qe'p)"  =  (4  +  y\)f*  =  {dp/dsyV^, 

*  For  a  proof  of  this  Theorem  see  Plane  Rotational  Prandtl- Meyer  flows.  Naval  Ordnance 
Laboratory  Memorandum  10346,  in  particular  |6. 

Goursat,  E.,  Lemons  sur  Vintlgration  des  t^^uations  aux  dirivtes  du  second  ordre.  Paris 
(1896)  vol.  1,  pp.  46-47. 


'i 


88  M.  H.  MARTIN 

implies  L  ^  Q,  According  to  Goursat**,  the  characteristic  strips  of  (25)  satisfy 

(27)  H  —  2K  dpd^  L  dp^  =  0,  H  d^  d^f  L  dri  dp  M  dp  d»f^  =  0. 

Since  the  variables  p,  u,  0  have  taken  over  the  roles  played  by  the  variables 
X,  y,  z  of  Goursat,  the  notation  differs  from  his,  the  connection  between  the  two 
notations  being  illustrated  in  the  table  below 

X,  y,  z,  p,  q, 

P,  0,  n- 

When  we  substitute  from  (26)  into  the  first  equatino  of  (27),  this  equation  re¬ 
duces  to 

(28)  {Sp  ±  V Qpp/q)  dp/d^l/  -|-  =  0. 

Let  q{p,  be  the  prescribed  Bernoulli  function  and  0{p,  i^)  be  a  solution  of 
(25).  The  region  i2o  of  the  (p,  ^)-plane  characterized  by  >  0  is  carried  by 
(4)  into  a  region  R  of  the  physical  plane  within  which  the  flow  is  supersonic”. 

If  we  substitute  d{p,  ^)  for  0  in  (28),  the  solution  curves  of  (28)  form  a  curvilinear 
network  in  ,  two  curves  of  the  network  passing  in  general  through  each  point 
of  Ra .  The  curves  in  this  network  constitute  the  characteristic  base  curved*  of 
the  solution  0  =  0{p,  rp).  These  characteristic  base  curves  are  carried  by  (5), 
i.e.  by 

ti  =  5(p,  yp)  cos  0{p,  yp),  V  -  g(p,  ^)  sin  0(j>,  ^), 

into  a  network  of  curves  in  the  hodograph  plane  which  we  term  characteristics.  • 
In  general  the  characteristics  depend  on  the  solution  0{p,  yp),  i.e.,  for  a  given 
Bernoulli  function  q{p,  yp),  the  characteristics  in  the  hodograph  plane  are  not  the 
same  for  all  flows  in  the  physical  plane,  but  vary  from  one  flow  to  another. 

Irrotational  flows  have  the  remarkable  property  that,  once  the  Bernoulli 
function  q  =  q(p)  is  assigned,  the  characteristics  in  the  hodograph  plane  are  the 
same  for  all  flows  in  the  physical  plane.  This  is  immediate  when  we  write  (28) 
in  the  form  d0  =  ±  y/qpplq  dp.  Since  q  =  q{p),  we  may  integrate  and  the  charac¬ 
teristics  are  presented  in  parametric  form  in  the  hodograph  plane  by 

(29)  q  =  q(p),  0  =  zt  J  's/qpp/qdq  +  0o. 

In  the  case  of  a  polytropic  gas  the  Bernoulli  fvmction  is,  from  (16),  (18),  given 
by 

(30)  9*  =  1  -  Ep^-^~\  7  >  1,  ^  >  0, 

the  constant  E,  determined  by  the  entropy,  serving  to  fix  the  Bernoulli  function. 

**  See  Theorem  3  in  5. 

**  Courant,  R.,  Hilbert,  D.,  Methoden  der  Mathematischen  Phyaik  II,  Berlin  (1937) 
p.  292. 
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It  turns  out  that  the  hodograph  curves  for  irrotational  PM-flows  having  the 
above  Bernoulli  function  q  =  g(p)  are  precisely"  the  characteristics  (29). 

The  situation  is  entirely  different  for  rotational  flows.  First  of  all,  as  has  been 
indicated  above,  the  characteristics  in  the  hodograph  plane  need  not  be  the  same 
for  all  flows  in  the  ph3rsical  plane  having  the  same  Bernoulli  function.  Secondly, 
instead  of  the  two  one-parameter  families  (29)  of  hodograph  curves  for  PM-flows 
with  a  given  Bernoulli  function,  it  is  possible  to  have  a  two  parameter  family. 
For  example,  in  isoenergetic,  anisentropic  GPM-flows  of  a  polytropic  gas  (30) 
may  be  replaced  by 

(31)  9*  =  1  -  fc[x(^  -  X  0,  fc  >  0, 

and  6  taken  to  be  any  solution  of  the  differential  equation  of  second  order  in 
Theorem  4.  Finally,  in  place  of  the  one-parameter  family  (30)  of  Bernoulli 
functions  for  PM-flows  of  a  given  pol)rtropic  gas  (y  fixed),  (31)  offers  a  two- 
parameter  family  of  Bernoulli  functions  for  PM-flows  of  the  same  gas. 
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ON  A  VARIATIONAL  THEOREM  IN  ELASTICITY 

Bt  Eric  Rkissnib 


1.  Introduction.  There  are  in  the  theory  of  elasticity  two  well  known  varia¬ 
tional  theorems  or  principles,  one  of  them  being  for  displacements  and  the  other 
one  being  for  stresses  [1].  The  former  is  also  called  the  principle  of  minimum 
potential  energy  while  the  latter  is  often  referred  to  as  the  principle  of  minimum 
complementary  energy.  With  reference  to  the  differential  equations  of  the  theory 
of  elasticity,  which  consist  of  equations  of  equilibrium  for  the  components  of 
stress  and  of  the  stress-displacement  relations,  a  possible  characterisation  of  the 
difference  between  the  two  variational  theorems  is  as  follows.  In  the  theorem  for 
displacements  the  stress-displacement  relations  are  taken  as  equations  of  defini¬ 
tion  for  the  components  of  stress  in  terms  of  appropriate  displacement  deriva¬ 
tives  and  the  variational  equation  is  equivalent  to  the  system  of  differential 
equations  of  equilibrium.  In  the  theorem  for  stresses  the  differential  equations 
of  equilibrium  serve  to  restrict  the  class  of  admissible  stress  variations  and  the 
variational  equation  is  equivalent  to  the  system  of  stress-displacement  relations. 

Both  variational  principles  have  been  found  valuable  for  the  purpose  of  obtain- 
ing  approximate  solutions  of  boimdary  value  problems.  When  viewed  in  the 
above  light  these  approximate  solutions  are  such  that  part  of  the  complete 
system  of  differential  equations  (either  the  stress-displacement  relations  or  the 
equations  of  equilibrium)  is  satisfied  exactly  while  the  remaining  equations  are 
satisfied  approximately  only. 

It  is  natural  to  ask  whether  it  might  not  be  possible  to  use  the  calculus  of 
variations  for  the  purpose  of  obtaining  approximate  solutions  in  such  a  manner 
that  there  is  no  preferential  treatment  for  either  one  of  the  two  kinds  of  differen¬ 
tial  equations  which  occur  in  the  theory.  In  w'hat  follows  this  question  is  answered 
in  the  affirmative.  A  variational  problem  will  be  formulated  which  has  both  the 
equation  of  equilibrium  and  the  stress-displacement  relations  as  appropriate 
Euler  equations.  ' 

It  is  also  shown  that  application  of  the  theorem  to  a  problem  which  had  pre¬ 
viously  been  treated  by  means  of  the  method  of  complementary  energy  leads 
to  the  results  obtained  by  the  complementary-energy  method  in  a  manner  which 
represents  some  simplification  over  the  earlier  derivations. 


2.  The  boundary  value  problem.  Let  a,,  r^v ,  etc.  be  components  of  stress 
in  the  usual  notation  and  let  u,  v,  w  he  components  of  displacement.  Define 
quantities  c,  ,  ,  etc.  in  the  usual  way  in  terms  of  displacements  by  =  dufdx, 

ygy  =  du/dy  -f  dv/dx,  etc. 

The  differential  equations  to  be  considered  are  the  three  equations  of  equi¬ 
librium 


d<Tx  I  drxy  I  Stxm 

lx 


etc. 


(1) 


*  The  results  presented  here  were  obtained  in  the  course  of  studies  supported  by  the 
Office  of  Naval  Research  under  Contract  N5ori-07834. 
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(where  for  simplicity’s  sake  body  forces  are  not  considered),  and  the  six  stress- 
displacement  relations 


7*1» 


dW 


etc. 


In  Eqs.  (2)  TF  is  a  given  fimction  of  the  six  arguments  9,,  tag,  etc. 
Let 

p,  *  9,  cos  (n,  x)  +  Tay  cos  (n,  y)  -f-  t„  cos  (n,  z) 


(2) 

(3) 


be  the  x-component  of  the  stresses  acting  on  an  element  of  area  with  normal 
direction  n,  with  corresponding  definitions  for  py  and  p, . 

The  system  (1)  and  (2)  is  to  be  solved  for  a  region  boimded  by  a  surface  S 
subject  to  the  following  boundary  conditions  on  S, 


Pa  =  pa  or  M 
Pa  Pa  or  t>  “  S  > 

Pa  pa  or  u?  *  ® 


(4) 


A  bar  indicates  a  given  function  and  equations  (4)  are  to  be  understood  in  the 
sense  that  on  that  part  of  S  where  p,  is  prescribed  u  is  not  prescribed  while  on 
the  remaining  part  of  the  surface  the  reverse  is  true.  CJorresponding  statements 
hold  for  the  other  two  formulas  in  (4). 


3.  The  variational  theorem.  We  introduce  a  function  F  which  is  defined  in 
terms  of  twelve  arguments  v* ,  ,•••,«*,  7*»  ,••  •  by  the  relation 

F  -  9ata  +  9afa  +  <r,«.  +  Taayaa  +  Taayaa  +  —  W  (5) 


The  variational  theorem  may  be  stated  in  the  following  form. 

Among  all  states  of  stress  and  displacement  which  satiny  the  boundary  conditions 
of  prescribed  surface  displacement  the  actually  occurring  state  of  stress  and  dis¬ 
placement  is  determined  by  the  variational  equation 

{pjU  +  pav  +  p,w)  ds|  -  0.  (6) 


The  s3rmbol  Si  in  equation  (6)  indicates  that  each  of  the  three  surface  inte¬ 
grals  is  to  be  taken  over  that  part  of  the  surface  only  where  the  appropriate 
surface  stress  is  prescribed. 

For  the  proof  of  the  theorem  it  must  be  shown  that  the  Euler  equations  of  the 
variational  problem  (6)  are  the  differential  equations  (1)  and  (2)  and  that  the 
natural  boundary  conditions  corresponding  to  (6)  are  equations  (4). 

Writing  equation  (6)  in  the  form 


-  [pxU  +  PaV  +  paw]  dS 


0  (7) 
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there  follows  first 


+ 


—  jj  \.pt^  -{■  Pyiv  dS  ™  0  (8) 

Elimination  in  (8)  of  partial  derivatives  of  displacement  variations  by  integra¬ 
tion  by  parts  leads  to  the  final  form  of  the  variational  equation, 

///r  [(i  ■  1^)  +  I  )*'«+"  • 

+  l(p»  —  \  dS  -k-  jj  (p,iM  -4-  •  •  •]  dS  “  0  (9) 


where  iSt  is  the  part  of  S  which  does  not  belong  to  Si . 

The  integrals  over  St  vanish  because  in  them  ju  =»  0,  etc.  The  vanishing  of 
the  volume  int^ral  requires  satisfaction  of  the  equilibrium  equations  (1)  and 
of  the  stress-displacement  relations  (2)  and  the  vanishing  of  the  surface  inte¬ 
grals  over  Si  requires  satisfaction  of  the  stress  boundary  conditions.  It  has 
thus  been  shown  that  the  variational  equation  (6),  imder  the  assumed  re¬ 
strictions  concerning  variations  of  boundary  displacements,  is  equivalent  to  the 
complete  system  of  the  differential  equations  (1)  and  (2)  and  of  the  boundary 
conditions  (4).  This  is  the  result  which  was  to  be  proved. 

We  may  note  the  fact  that  extensions  of  the  theorem  are  possible  to  more 
general  systems  of  boundary  conditions,  to  thermo-elastic  and  to  dynamic 
problems,  and  to  problems  of  finite  strain. 

4.  An  application  of  the  variational  theorem.  As  an  example  of  application 
consider  the  problem  of  deriving  a  system  of  two-dimensional  equations  for 
transverse  bending  of  plates.  Let  z  «  ±  be  the  equations  of  the  faces  of  the 
plate.  Assume  a  distribution  p(x,  y)  of  normal  stress  and  no  tangential  stress 
over  the  face  z  «»  and  let  the  face  z  —  —h/2  be  unloaded.  For  simplicity 
sake  assume  further  that  all  boundary  conditions  at  the  cylindrical  boundary 
/(^f  y)  *  0  of  the  plate  are  displacement  boundary  conditions. 

For  an  isotropic  plate  material  which  obe}rs  Hooke’s  Law  the  variational 
equation  (6)  reads  then  as  follows 


t 


+  <r\  —2v{a,Vy 


+  V.  +  V*  V.) 


t 
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In  order  to  obtain  a  two-dimensional  system  of  equations  the  following  ex¬ 
pressions  are  used  as  approximations  to  the  true  stresses 


4  L3  V2  3  \h/2/  J 

Equations  (11)  are  of  the  same  form  as  those  used  in  an  earlier  consideration 
of  the  same  problem  by  means  of  the  method  of  complementary  energy  [2]. 
Substitution  of  (11)  into  the  variational  equation  (10)  permits  explicit  integration 
with  respect  to  z  in  all  terms  which  are  quadratic  in  the  stresses  and  suggests 
introduction  of  the  following  weighted  displacement  averages 


2h  J-,i,  L 

The  resulting  variational  equation  is  of  the  form 


After  carrying  out  the  variations,  integrating  by  parts  and  taking  account  of  the 
fact  that  for  the  assumed  boundary  conditions  the  variations  of  the  displacement 
averages  vanish  at  the  boundary,  the  following  equation  is  obtained 
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The  contents  of  every  bracket  in  (14)  must  vanish.  The  first  three  of  the  result¬ 
ing  equations  are,  as  was  to  be  expected,  the  differential  equations  of  equilibrium 
of  plate  theory.  The  remaining  equations  are  the  appropriate  stress-displacement 
relations  of  plate  theory  when  deformation  due  to  transverse  shearing  and  nor¬ 
mal  stresses  are  taken  into  account  [2]. 

In  comparing  the  present  with  the  earlier  derivation  of  the  same  results  the 
fact  that  the  equilibrium  equations  are  now  obtained  from  the  same  variational 
equation  as  the  stress-displacement  relations  is  of  little  importance  for  the 
present  problem  since  direct  derivation  of  the  equilibrium  equations  is  simple. 
A  considerable  simplification  may,  however,  be  thought  to  be  the  fact  that  the 
present  derivation  avoids  the  use  of  the  Lagrangian  multiplier  method  which 
was  basic  in  the  earlier  work  and  which  made  necessary  special  considerations 
in  order  to  determine  the  ph}rsical  significance  of  these  multipliers. 

The  foregoing  derivation  has  in  common  with  the  derivation  by  means  of  the 
method  of  complementary  energy  the  consequence  that  approximations  are 
obtained  for  weighted  averages  of  the  displacements  rather  than  for  the  dis¬ 
placements  themselves.  In  order  to  obtain  approximations  for  the  displacements 
themselves  one  may  use  equations  (12)  and  in  them  introduce  the  approximations 

u  —  a*z,  V  «■  /3*z,  w  wt  (x,  y)  (15) 

If  this  is  done  it  is  foimd  that  a*  =  a,  /3*  /9  and  tc*  *=  Wo. 

In  contrast  to  this  it  is  found  that  if  the  problem  is  analysed  by  means  of  the 
method  of  potential  energy,  approximations  such  as  equations  (15)  may  be 
made  for  displacements  and  the  energy  method  furnishes  equations  for  weighted 
averages  of  the  stresses  [3].  In  view  of  the  fact  that  the  various  terms  in  the 
expressions  for  the  strain  energy  are  obtained  in  the  potential  energy  method 
by  differentiations  of  expressions  such  as  (15)  while  no  such  differentiations  are 
required  with  the  use  of  the  complementary  energy  method  it  is  likely  that  the 
complementary  energy  method  results  in  a  more  accurate  S3rstem  of  equations 
than  does  the  potential  energy  method. 

In  addition  to  this  a  certain  difficulty  appears  in  the  use  of  the  potential  energy 
method  for  the  problem  of  plate  bending  in  connection  with  the  approximation 
w  =  to* (x,  y).  It  is  foimd  that  in  order  to  be  able  to  use  this  approximation  the 
further  unrelated  and  formally  incompatible  assumption  must  be  made  that  in 
the  general  expression  for  the  strain  energy  the  terms  with  c,  are  first  eliminated 
by  setting  in  the  stress  strain  relations  <r,  «  0,  making  for  an  isotropic  medium 
«*  “  -1>'/(1  -  »»)](«.  +  «»). 

No  such  difficulty  occurs  in  the  application  of  the  present  variational  theorem. 
It  is  in  fact  possible  to  use  simultaneously  in  the  variational  equation  (10)  the 
approximations  (11)  for  the  stresses  and  the  approximations  (15)  for  the  dis¬ 
placements.  The  result  is  a  variational  equation  of  the  same  form  as  (14)  except 
that  in  it  a,  jS  and  too  are  replaced  by  the  corresponding  starred  quantities.  This 
apparent  greater  flexibility  of  the  variational  theorem  obtained  here  may  pos¬ 
sibly  be  found  useful  in  connection  with  still  other  problems  of  the  theory  of 
elasticity. 
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COEFFICIENTS  FOR  POLAR  COMPLEX  INTERPOLATION 
Bt  Hkrbkbt  E.  Salzbb 

In  two  previous  articles  by  the  author^’  formulas  for  Lagrangian  interpola¬ 
tion  for  complex  analytic  fimctions  tabulated  around  a  circular  arc  at  points 
differing  in  phase  by  the  constant  amount  0,  are  given  as  trigonometric  functions 
of  the  angle  d.  The  present  paper  supplements  the  preceding  ones  by  giving  the 
numerical  values  of  those  functions  of  6,  for  six  cases  quite  likely  to  arise  in 
practise,  namely  6  =  1°,  5“,  10®,  15°,  20°  and  30°.  Paper  I  gave  the  Lagrangian 
coefiScients  themselves,  up  to  the  5-point  case,  whereas  paper  II  gave  auxiliary 
coefficients  for  Lagrangian  interpolation  up  to  the  9-point  case.  Here  Part  I 
supplements  paper  I  and  Part  II  supplements  paper  II/  In  Part  I  all  coefficients 
are  given  to  eight  decimal  places.  In  Part  II  all  coefficients  are  given  to  nine 
decimal  places  of  which  the  first  eight  are  guaranteed,  while  the  last  place  is 
probably  correct,  but  not  guaranteed. 

For  the  meaning  and  use  of  these  coefficients,  the  reader  is  referred  to  those 
two  above-mentioned  papers  I  and  II.  To  avoid  any  confusion,  exactly  the  same 
notation  is  kept  for  the  numerical  coefficients,  as  appears  in  the  formulas  in 
those  earlier  articles.  The  only  trivial  change  has  been  in  Part  II,  where  for  most 
values  of  6  and  n,  instead  of  tabulating  the  quantities  A*”’  as  originally  defined, 
there  are  tabulated  multiplied  by  a  suitable  power  of  10,  while  keeping  the 
same  notation  This  does  not  affect  the  procedure  in  using  (owing 
to  the  fact  that  the  interpolation  formula  (2)  in  paper  II  is  imchanged  when 
is  replaced  by  and  it  eliminates  the  large  number  of  zeros  that 

would  have  to  be  retained  needlessly. 

Acknowledgment  is  extended  to  Mr.  Abraham  Grossman  for  his  assistance 
in  the  calculations. 
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°  “Alternative  Formulas  for  Direct  Interpolation  of  a  Complex  Function  Tabulated 
Along  Equidistant  Circular  Arcs,”  J.  Math,  and  Phys.,  Apr.  1947,  pp.  56-61. 

PART  I 

«  -  1* 

Three-Point 

Real  L-i  -  -f  .49984  770p,  -.01308  8975, 

- .  49984  770p,  -|- .  01308  897g, 

RealL,  -  -.99984  770p,  -(-.01745  2415, 

-.00015  230p,  -.01745  2415,  -|-1 

RealL,  -  -(-.50000  OOOp,  -.00436  3435, 

-(-.50000  OOOp,  -(-.00436  3435, 
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PART  I — Coniinued 


Four-Point 

Real  L-i 

-  -.16663  282pi  -{-.00436  3439« 

-.33316  410pi  -I-. 01163  43591 

-(-.49979  692pt 

-.01599  7789, 

Real  Lt 

-  -{-.50000  OOOpi  -.00436  34391 
-.50015  230pi  -.02181  5849i 

-.99984  770p, 
-1-1 

-{-.02617  9279, 

Real  Li 

-  -.50000  OOOpi  -.00436  34391 
-I-. 99984  770pi  -f  .01745  24l9i 

-(-.50015  230p, 

-.01308  8979, 

Real  Lt 

-  -(-.16663  282pi  -{-.00436  3439>  -.00010  153pt 
-.16653  129pi  -.00727  09l9i 

Five-Point 

-{-.00290  7489, 

Real  L-t 

-  -{-.04152  ISlpt  -.00363  26O94 
-.04170  560pt  -I-. 00145  8179i 

-.08291  683p, 
-{-.08310  070p, 

-{-.00871  4699, 

-.00654  0179, 

Real  L-i 

-  -.16637  903p4  -{-.01017  61894 
-{-.66668  341pt  -.01746  1269t 

•f  .16577  004p, 
-.66607  442p, 

-.02179  6359, 

■f  .02908  1449, 

Real  L* 

-  -(-.24986  673p4  -.00872  55494 
-1.25013  322pt  -{-.02182  1169t 

-(-.00057  109p, 
-.00030  461pi 

-(-.02180  9209, 

-.03490  48l9,-{-l 

Real  Li 

-  -.16668  350p4  -{-.00145  46394 
-(-.66688  667pt  -.00581  6299t 

-.16668  350p, 
-{-.66648  051p, 

-  .01309  0749, 

-(-.01745  2419, 

Real  Lt 

-  -f  .04167  407p«  -{-.00072  74294 
-.04173  117pt  -.00000  1779i 

-(-.08325  928p, 
-.08320  219p, 

-{-.00436  3219, 

-.00508  8869, 

Note:  For  Imaginary  Ly  ,  replace  pi  by 

tf  - 

and  9<  by  (-p<). 

5* 

Three -Point 

Real  L-i 

-  -{-.49619  470pt  -.06532  52791 
- .  49619  470p,  -(- .  06532  5279i 

Real  Lt 

-  -.99619  470pt  -F. 08715  5749, 

-.00380  530p,  -.08715  57491 

+1 

Real  Li 

-  -(-.50000  OOOp,  -.02183  0479, 
-(-.50000  OOOp,  -{-.02183  0479, 

Four-Point 

Real  L-I 

-  -.16581  889p,  -{-.02183  04791 
-.32910  414p,  -(-.05802  9949, 

-{-.49492  304p, 

-.07986  0419, 

Real  Lt 

-  -{-.50000  OOOp,  -.02183  0479, 
-.50380  530p,  -.10898  6219, 

-.99619  470p, 
+l 

-(-.13081  6699, 

Real  Li 

-  -.50000  OOOp,  -.02183  0479, 
-{-.99619  470p,  -(-.08715  5749, 

-{-.50380  530p, 

-.06532  5279, 
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PART  I — Contimied 
Four-Point  (eont.) 


Real  Li 

-  -(-.16581  889p. 
-.16328  525pi 

-(-.02183  0479*  -.00253  364p* 
-.03619  94791 

Five-Point 

-f  .01436  9009* 

Real  L-t 

-  -(-.03807  503p4 
-.04257  341p, 

-.01775  51094 
-I-. 00773  1939* 

-.07305  694p« 
-f  .07755  442pi 

-(-.04214  72691 
-.08212  40991 

Real  L.1 

-  -.15950  891p4 
-(-.66697  493p« 

•f  .05029  29794 
-.08825  5659* 

-(-.14443  229pi 
-.65189  831pi 

-.10655  97O91 
-(-.14452  23891 

Real  L« 

-  -(-.24667  127p4 
-1.25329  977p» 

-.04349  48094 
-(-.10964  9529* 

-(-.01423  911pi 
-.00761  060pi 

-(-.10815  6769* 
-.17431  1499i-{-1 

Real  Li 

-  -.16709  055p4 
-(-. 67216  762p, 

-(-.00729  53394 
-.02890  41491 

-.16709  055p, 
-f  .66201  356pi 

-.06554  69491 
-(-.08715  57491 

Real  L* 

-  -(-.04185  227p4 
-.04326  926pi 

-(-.00366  16094 
-.00022  1669* 

-{-.08147  610pi 
-.08005  910pi 

-f  .02180  2609, 
-.02524  25491 

«  -  10* 

Three-Point 

Real  L-i 

-  -{-.48480  775pi 
-.48480  775pi 

-.12990  3859* 
-(-.12990  38591 

Real  L* 

-  -.98480  775p* 
-.01519  225pi 

-{-.17364  8189* 
-.17364  81891 

+1 

Real  Li 

-  -f  .50000  OOOpt 
-(-.50000  OOOpi 

-.04374  43391 
-{-.04374  43391 

Four-Point 

Real  L_i 

-  -.16325  607pt 

-.31643  579pi 

-(-.04374  43391 
-{-.11517  32191 

-I-. 47969  186p« 

-.15891  75491 

Real  L* 

-  -(-.50000  OOOpi 
-.51519  225pi 

-.04374  43391 
-.21739  25191 

-.98480  775p* 
+1 

-(-.26113  6849* 

Real  Li 

-  -.50000  OOOpi' 
-(-.98480  775pi 

-.04374  4339* 
-I-.  17364  81891 

-(-.51519  225p« 

-.12990  3859* 

Real  Lt 

-  -(-.16325  607p« 
-.15317  972p, 

-(-.04374  4339* 
-.07142  88891 

-.01007  635p, 

-(-.02768  45491 

Five-Point 

Real  L^ 

-  -f  .02768  454p4 
-.04445  156pi 

-.08299  31594 
-(-.01806  9809, 

-.04391  069p* 
-(-.06067  770pi 

-(-.07560  1059* 
-.06067  77O91 

Real  L-i 

-  -.13844  908p4 

-(-.66653  956p, 

-f. 09694  30994 

-.18226  3559* 

-(-.07997  411pi 
-.60806  450pi 

-.19822  47l9» 
-(-.28354  51791 

Real  I« 


-(-.23672  132p4  -.06615  95194  -(-.05648  025pt  -(-.21078  7159* 
-1.26281  707p,  -(-.22266  8729*  -.03038  449p,  -.34729  6369i-i-l 
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PART  I — Continued 


Real  Li 

mm 

-.16837  197p4 

+  .01473  06494 

-.16837  197p» 

-.13168  05891 

+  .68868  Ollpt 

-.05669  82491 

+  .64806  382pi 

+  .17364  81891 

Real  Lt 

m 

+  .04241  518p4 

+  .00747  89494 

+.07582  830pi 

+  .04351  70991 

-.04795  104pi 

-.00177  67391 

-.07029  244pi 

-.04921  93091 

e  -  16* 

Three-Point 

Real  L.i 

- 

+  .46592  583pt 

-.19299  2809* 

-.46592  583p> 

+  .19299  28091 

Real  Lt 

-.96592  583p« 

+  .25881  90591 

-.03407  417pt 

-  .25881  90591 

+1 

R6aI  Ij\ 

+  .50000  OOOpt 

-.06582  62591 

+  .50000  OOOpi 

+  .06582  62591 

Four-Point 

Real  L.1 

- 

-.15891  862pi 

+  .06582  62591 

+.45430  376pi 

-.23636  69491 

-.29538  514pi 

+.17054  06991 

Real  Lt 

+.50000  OOOp, 

-.06582  6259* 

-.96592  583pi 

+.39047  15491 

-.53407  417p, 

-.32464  52991 

+1 

Real  Li 

-.50000  OOOpi 

-.06582  62591 

+  .53407  417pi 

-.19299  28091 

+  .96592  583pi 

+  .25881  90591 

Real  Lt 

+.15891  862pi 

+.06582  62591 

-.02245  211pi 

+.03888  81991 

-.13646  652pi 

-.10471  44491 

Five-Point 

Real  L-t 

+  .01162  207p4 

-.04337  41494 

-.00079  202pi 

+.09276  43191 

-.04490  422pi 

+  .03287  21791 

+  .03407  417pi 

-.08226  23391 

Real  L_i 

-.10471  444p4 

+.13646  65294 

-.02013  OOlpi 

-.26131  09691 

+  .66141  054pt 

-.28687  71991 

-.53656  609pt 

+  .41172  16491 

Real  Lt 

+  .22025  892p4 

-.12716  65594 

+  .12530  841pi 

+  .30252  12591 

-1.27741  896pi 

+  .34228  33891 

-.06814  835pi 

-.51763  80991+1 

Real  L\ 

-.17054  060p4 

+  .02245  21194 

-.17054  OOOpi 

-.19900  88291 

+  .71623  603p« 

-.08226  2339t 

+  .62484  445pi 

+  .25881  90591 

Real  Lt 

+  .04337  414p4 

+  .01162  20794 

+  .06615  432pi 

+  .06503  42291 

-.05532  427pt 

-.00601  60291 

-.05420  418pi 

-.07064  02791 

1 

O 

Three-Point 

Real  L-i 

- 

+  .43909  262pi 

-.25385  66591 

-.43969  262pi 

+.25385  66591 

Real  Lt 

-.93969  262pi 

+  .34202  01491 

-.06030  738pi 

-.34202  01491 

+1 
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Three-Point  (eont.) 

Real  Li 

+  .50000  OOOpt 
+.50000  OOOpi 

-.08816  3499t 
+  .06816  34991 

Four-Point 

Real  L-i 

-.15270  3Mpi 
-.28604  444pi 

+  .08816  34991 
+  .22323  77991 

+  .41874  809pi 

-.31140 

12891 

Real  L* 

- 

+  .50000  OOOpi 
-.56030  738pi 

-.06816  3499. 
-  .43018  3639. 

-.93969  262pt 
+1 

+  .51834 

71291 

Real  Li 

- 

-.50000  OOOpi 
+.93969  262pi 

-.08816  34991 
+  .34202  01491 

+  .56080  738pt 

-.25385 

66591 

Real  Lt 

- 

+.15270  364p, 
-.11334  oeopi 

+  .06816  34991 
-.13507  43091 

-.03936  285p, 

+  .04601 

O8I91 

Five-Point 

• 

Real  L.i 

-.00627  164p4 
-.04086  063pt 

-.04691  08194 
+  .05256  89591 

+  .04863  217pi 
+.00000  OOOpi 

1  + 

II 

Real  L-i 

- 

-.06030  738p4 
+  .64542  968pt 

+  .16569  31694 
-.40522  29l9t 

-.14542  968pi 
-.43969  262pi 

-.28447 
+  .52400 

55191 

52691 

Real  L* 

- 

+.19746  542p4 
-1.29526  062pt 

-.16569  31694 
+  .47143  63l9t 

+  .21840  905pi 
-.12061  476pi 

+  .37829 
-.68404 

71491 

02991+1 

Real  Li 

- 

-.17364  818p4 
+  .75490  OOOp, 

+  .03061  88694 
-.10445  54494 

-.17364  818p, 
+  .50230  627pi 

-.26818 

+.34202 

35691 

01491 

Real  Lt 

- 

+  .04476  178p4 
-.06470  863pt 

+  .01629  19594 
-.01432  69091 

+  .05203  574pi 
-.08208  889pi 

+  .08619 
-.08816 

84491 

34991 

-  30* 

Three-Point 

Real  L-I 

+  .36602  540pt 
-.36602  540pi 

-.36602  5409t 
+  .36602  54O91 

Real  Lt 

- 

-.86602  540pt 
-.13397  460pi 

'+.50000  OOO91 
-.50000  OOO91 

+1 

Real  Li 

- 

+  .50000  OOOpt 
+  .50000  OOOpi 

-.13397  46091 
+.13397  46091 

Four-Point 

Real  L-I 

-.13397  460pi 
-.18301  270pi 

+  .13397  46091 
+.31698  73O91 

+  .31698  730pi 

-.45096 

18691 

Real  Lt 

- 

+  .50000  OOOpi 
-.63397  460pi 

-.13397  46091 
-.63397  46091 

-.86602  540pi 
+1 

+  .76794 

01991 

Real  Li 

- 

-.50000  OOOpt 
+  .86602  540pi 

-.13397  4609. 
+.50000  OOO91 

+  .63397  460pt 

-.36602 

54091 
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PART  1 — Concluded 


Real  Lt 

-  +.13397  460pi 
-.04903  Sllpi 

+  .13397  46091  -.06493  649p, 
-.18301  2709, 

Five-Point 

+  .04908  8119, 

Real  L-t 

-  -.04903  811p4 
+  .00000  OOOpi 

-.02831  21694 
+  .09807  62l9t 

+  .12638  837p, 
-.07735  027p, 

+  .00758 
-.07735 

6229i 

0279, 

Real  L-i 

-  +.04903  811p4 
+  .54908  811pt 

+  .18301  27094 
-.68301  27091 

-.41506  351p, 
-.18301  270p, 

-.18301 
+  .68301 

27091 

2709. 

Real  Lo 

-  +.13397  460p4 
-1.33012  702pt 

-.23206  08194 
+  .76794  9199, 

+  .46410  162p, 
-.26794  919p, 

+  .46410 
-1.00000 

1629, 

0009,+! 

Real  Lt 

-  -.18301  270p4 

+  .86602  540pt 

+  .01903  81194 
-.13397  4609, 

-.18301  270p, 
+  .50000  OOOpi 

-.41506 
+  .50000 

3519, 

OOO9, 

Real  Lt 

-  +.04908  811p4 
-.08493  649p> 

+  .02831  21694 
-.04903  8119, 

+  .00758  e22p, 
+.02831  216pi 

+  .12638 
-.10566 

8379, 

2439. 

102 


HERBERT  E.  SALZER 


PART  II 

»  -  1“  -  5* 


Three-Point 

Three-Point 

A_i‘*) 

-.174524064 

-.001523048  i 

A_,(*) 

-.087155743 

-.003805302  i 

A«<« 

.349048129 

-f. 000000000  i 

A«<*) 

.174311485 

+  .000000000  i 

A,<*) 

-.174524061 

-f. 001523048  i 

A,<*> 

-.087155743 

+  .003805302  i 

Four-Point 

Four-Point 

A_iW 

.000000000 

-.159468968  i 

A_|W 

.000000000 

-.198487531  i 

A*w 

.006348504 

-H. 478285473  i 

A«w 

.051766326 

+  .591691817  i 

A,w> 

-.016694465 

-.478066026  i 

A,w 

-.103138680 

-.584928518  i 

A,w 

.006345961 

4-. 159250422  i 

A,w 

.051372353 

+.191724233  i 

Five-Point 

Five-Point 

A_,«») 

.033858948 

+  .001774472  i 

A_,<») 

.050675302 

+  .013578406  i 

A_,<») 

-.135549373 

-.003549485  i 

A_,<»> 

-.207067435 

-.027260945  i 

A*<‘) 

.203380649 

+  .000000000  i 

A«<») 

.312784266 

+  .000000000  i 

A,® 

-.135549373 

+  .003549485  i 

A,<»> 

-.207067435 

+  .027260945  i 

A,<»> 

.033858948 

-.001774472  i 

A,w 

.050675302 

-.013578406  i 

Six-Point 

Six-Point 

A_,(*) 

-.001290203 

+  .029550516  i 

A_,<*) 

-.004915368 

+  .022171794  i 

A_,<*> 

.001290203 

-.147842663  i 

A_,w 

.004915368 

-.112580444  i 

A«<») 

.007739255 

+  .295550237  i 

A«(*> 

.029305450 

+  .222596993  i 

A,<*) 

-.018049095 

-.295100100  i 

A,<») 

-.067513797 

-.214126406  i 

A,(*) 

.014170631 

+  .147167629  i 

A,w 

.052033388 

+  .099955208  i 

A,w 

-.003860791 

-  .029325618  i 

A,(») 

-.013825042 

-.018017145  i 

Seven-Point 

Seven-Point 

-.018698982 

-.002461768  i 

A-,<’> 

-.014168837 

-.010872131  i 

A_,m 

.112681322 

+  .009858338  i 

A_,<») 

.096041721 

+  .044784990  i 

A-,<») 

-.282434927 

-.012331375  i 

A-,(»> 

-.256925067 

-.056958916  i 

A*n) 

.376005174 

+  .000000000  i 

A«P) 

.350104367 

+  .000000000  i 

Ai^ 

-.282434927 

+  .012331375  i 

Ai<»> 

-.256925067 

+  .056958916  i 

A,«»> 

.112681322 

-.009858338  i 

A,m 

.096041721 

-.044784990  i 

A*<’) 

-.018698982 

+  .002461768  i 

A,w 

-.014168837 

+  .010872131  i 

Eight-Point 

Eight-Point 

A_«(') 

.002806397 

-.022856272  i 

A_,(*> 

.006160708 

-.008798403  i 

A_,<») 

-.011237575 

+  .160704814  i 

A_,w 

-.025325223 

+  .069580479  i 

A_,«») 

.008431178 

-.483021868  i 

A_,w 

.019164515 

-.219051406  i 

A,w 

.028093940 

+  .804505186  i 

Ao<'> 

.063315659 

+  .359080946  i 

A,w 

-.070159987 

-.801932317  i 

A,w 

-.154095218 

-.330458261  i 

A,w 

.067233891 

+'.478393994  i 

A,») 

.141341376 

+  .168444093  i 

A,'»> 

-.030738802 

-.158137429  i 

A*(') 

-.060654932 

-.042471040  i 

A4<'> 

.005570958 

+  .022343891  i 

A4<*> 

.010093114 

+  .003673593  i 

Nine-Pmnt 

Nine-Point 

A-^w 

.004272099 

+  .001065154  i 

A_4<»> 

.000856245 

+  .002352514  i 

A-^w 

-.034605569 

-.006413763  i 

A_,<') 

-.011949937 

-.015573461  i 

A_,<'> 

.122194187 

+  .015003560  i 

A_,<») 

.055479023 

+  .038846830  i 

A_,<*) 

-.245680215 

-.015026446  i 

A_,<»> 

-.128080304 

-.040383565  i 

A.‘*) 

.307638995 

+  .000000000  i 

A«f) 

.167389946 

+  .000000000  i 

A,<*) 

-.245680215 

+  .015026446  i 

A,w 

-.128080394 

+  .040383565  i 

A,<») 

.122194187 

-.015003560  i 

A,<») 

.055479023 

-.038846830  i 

A.f*) 

-.034605569 

+  .006413763  i 

A,(*> 

-.011949937 

+  .015573461  i 

A«w 

.004272099 

-.001065154  i 

A«(*> 

.000856245 

-.002352514  i 
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PART  II — Continued 

F  -  10“  fl  -  15“ 


Three-Point 

Three-Point 

-.173648178 

-.015192247  i 

A-,® 

-.258819045 

-.034074174  i 

A«“> 

.347296355 

+  .000000000  i 

Ao<*> 

.517638090 

+  .000000000  i 

Aj<*) 

-.173648178 

+  .015192247  i 

Ai») 

-.258819045 

+  .034074174  i 

Four-Point 

Four-Point 

A_iW 

.000000000 

-.156683210  i 

A-,® 

.000000000 

-.051712264  i 

A«<*) 

.080796568 

+  .458220106  i 

A«w 

.039240251 

+  .146446609  i 

A,w 

-.159138173 

-.437228536  i 

A,W) 

-.075806343 

-.131300438  i 

A,w 

.078341605 

+  .135691640  i 

A,M) 

.036566092 

+  .036566092  i 

Five-Point 

Five-Point 

A_,») 

.028202446 

+  .016282690  i 

A_,® 

.024919188 

+  .024919188  i 

A-i») 

-.123439912 

-.033075625  i 

A_,® 

-.124720132 

-.051660770  i 

A,<») 

.190474931 

+  .000000000  i 

A«® 

.199601888 

+  .000000000  i 

A,<*> 

-.123439912 

+  .033075625  i 

Ai® 

- . 124720132 

+  .051660770  i 

A,<») 

.028202446 

-.016282690  i 

A,»’ 

.024919188 

-.024919188  i 

Six-Point 

Six-Point 

A_,<*) 

-.011632757 

+  .024946528  i 

A_,® 

-.026119998 

+  .034040243  i 

A_,») 

.011632757 

-.132963023  i 

A_i® 

.026119998 

-.198401078  i 

A««> 

.068040005 

+  .253928757  i 

A«® 

.147941118 

+  .357161454  i 

A,<*) 

-.150785441 

-  .215343927  i 

A,® 

-.306701494 

-.235340333  i 

A,«> 

.109332977 

+  .076555775  i 

A,® 

.198401078 

+  .026119998  i 

A,<*) 

-.026587542 

-.007124110  i 

A,® 

-.039640703 

+  .016419717  i 

Seven -Point 

Seven-Point 

A_4'’> 

-.004296364 

-  .016034250  i 

A-4f'’ 

.003111022 

-.007510672  i 

A_,m 

.061213379 

+  .072951264  i 

A_,® 

.011398482 

+  .042539714  i 

A-i^ 

-.210054793 

-.097950159  i 

A_,® 

-.082180418 

-.063059252  i 

A««») 

.306275557 

+  .000000000  i 

A«® 

.135341826 

+  .000000000  i 

A,(»> 

-.210054793 

+  .097950159  i 

Ai® 

-.082180418 

+  .063059252  i 

A,m 

.061213379 

-.072951264  i 

A,® 

.011398482 

-.042539714  i 

A,<^ 

-.004296364 

+  .016034250  i 

A,® 

.008111022 

+  .007510672  i 

Eight-Point 

Eight-Point 

A_,<*) 

.017894187 

-.006512951  i 

A_,® 

.012459594 

+  .003338538  i 

A_,<»> 

-.080554340 

+  .096000925  i 

A_,® 

-.067898429 

+  .089201176  i 

A_»® 

.062660153 

-.355363389  i 

A_,® 

.055438835 

-.206900549  i 

A«<» 

.201523147 

+  .553680297  i 

A«® 

.170370869 

+  .295091000  i 

A,® 

-.451364313 

-.378739629  i 

A,® 

-.329131244 

-.088190451  i 

A,® 

.355363389 

+  .062660153  i 

A,® 

.185501958 

-.107099605  i 

A*® 

-.117762567 

+  .042862069  i 

A,® 

-.020292022 

+  .075730857  i 

A4® 

.012240345 

-.014587475  i 

A4® 

-.006449560 

-.011170966  i 

Nine-Point 

Nine-Point 

A_4® 

-.002512465 

+  .002108209  i 

A_4® 

-.005667097 

-.003271900  i 

A_,® 

.006260569 

-.023364763  i 

A_,® 

.040112374 

-.016615089  i 

A_,® 

.027326899 

+.075080088  i 

A_,® 

-.084445276 

+.128551520  i 

A_,® 

-.126437808 

-.088532706  i 

A-,® 

-.140701416 

-.195094684  i 

A.® 

.190725610 

+  .000000000  i 

A«® 

.299402832 

+  .000000000  i 

A,® 

-.126437808 

+  .088532706  i 

A,® 

-.149701416 

+  .195094684  i 

A,® 

.027326899 

-.075080038  i 

A,® 

-.084445276 

-.128551520  i 

A,® 

.006260569 

+  .023364763  i 

A,® 

.040112374 

+  .016615089  i 

A«® 

-.002512465 

-.002108209  i 

A4® 

-.005667097 

+  .003271900  i 

PART  U-Concluded 


-  20” 

»  -  30” 

Three-Point 

Three-Point 

A_,<« 

-.342020143 

-.060307379  i 

A_i»> 

-.050000000 

-.013397460  i 

Ao<*> 

.684040287 

•f. 000000000  i 

Ao<*> 

.100000000 

+  .000000000  i 

A,») 

-.342020143 

-f-. 060307379  i 

A,(») 

-.050000000 

+  .013397460  i 

Four-Point 

Four-Point 

A_,<« 

.000000000 

-.118782349  i 

A_iW 

.000000000 

-.366025404  i 

A«<«) 

.118977778 

-f  .321393805  i 

Ao<«> 

.500000000 

+  .866025404  i 

A.M) 

-.219846310 

-.262002630  i 

A,««) 

-.866025404 

-.500000000  i 

A,<« 

.102868532 

-h. 059391175  i 

A,W) 

.366025404 

+  .000000000  i 

Five-Point 

Five-Point 

A_,<») 

.092091566 

-*-.159507271  i 

A_,»> 

.000000000 

+  .169872981  i 

A_,») 

-.590442603 

-.340892248  i 

A_,‘« 

-.401923789 

-.401923789  i 

A«») 

.996702254 

+  .000000000  i 

A«<»> 
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+  .000000000  i 

A,*) 

-.590442693 
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A,»> 
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A,<*> 
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-.118301270  i 

A,») 
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+  .024437932  i 
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.023205081 

+  .023205081  i 

Seven-Point 

Seven -Point 

A_,<») 

.009902810 
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A_,<’> 
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A_,<») 
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-.082102804 

-.097846311  i 

A_i<») 
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A,m 
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+  .000000000  i 

A«<T> 
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+  .000000000  i 

A,w 
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+  .097846311  i 

Ai^^) 

-.063397460 

+  .236602540  i 

A,<»> 

-.009902810 

-.056161626  i 

A,f»> 

-.109807621 

-.063397460  i 

Ai<^ 

.009902810 

+  .005717390  i 

A,<»> 

.023205081 

-.023205081  i 

Eight-Point 

Eight-Point 

A_,<*) 

.013813735 

+  .016462568  i 

A_4«> 

-.031698730 

+  .054903811  i 

A-,«> 

-.114527733 

+  .020194329  i 

A_,»> 

-.204903811 

-.118301270  i 

A_,<« 

.100713999 

-  .276709437  i 

A_,<») 

.236602540 

-.409807621  i 

A.<« 

.289994401 

+  .345601870  i 

A.W 

.559807621 

+  .323205061  i 

A,<») 

-.444297199 

+  .078341584  i 

A,»> 

-.323205081 

+.559807621  i 

A,") 

.100713999 

-.276709437  i 

A*<*> 

-.409807621 

-.236602540  i 

A«<« 

.074752669 

+  .089086762  i 

A,<*> 

.118301270 

-.204903811  i 

A4»> 

-.021163870 

+  .003731761  i 

A,»> 

.054903811 

+  .031698730  i 

Nine-Point 

Nine-Point 

A_») 

.003675067 

-.020842343  i 

A_4<*’ 

.005490381 

+  .009509619  i 

A_,<*> 

.103945799 

+  .060013135  i 

A_,»> 

-.025980762 

+  .025980762  i 

A_,<*> 

-.252618067 

+  .211971726  i 

A_,»> 

-.061471143 

-.035490381  i 

A_,w 

-.195354200 

-.536731253  i 

A-iW 

.025980762 

-.096961524  i 

A.^ 

.680702801 

+  .000000000  i 

A*‘'> 

.111961524 

+  .000000000  i 

A,<*> 

-.195354200 

+  .536731253  i 

A,<»> 

.025980762 

+  .096961524  i 

A,<') 

-.252618067 

-.211971726  i 

A,® 

-.061471143 

+  .035490381  i 

A*<'> 

.103945799 

-.060013135  i 

A,«*> 

-.025980762 

-.025980762  i 

A4W 

.003675067 

+  .020812343  i 

A4<'> 

.005490381 

-.009509619  i 
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ON  THE  TRANSONIC  FLOW  OF  A  COMPRESSIBLE  FLUID  THROUGH 
AN  AXIALLY  SYMMETRICAL  NOZZLE 


Bt  S.  Tomotika  and  Z.  Hasimoto 

1.  Introduction  and  summary.  The  transonic  flow  through  a  converging  and 
diverging  nozzle  with  circular  cross-section  was  studied  experimentally  by  Stan¬ 
ton  and  theoretically  by  Hooker  and  Gortler.  According  to  Stanton’s  observa¬ 
tions  [1],  when  the  inlet  pressure  (i.e.,  the  initial  pressure  in  drums)  is  so  low  that 
the  speed  of  sound  is  not  attained  anywhere  in  the  flow,  the  fluid  velocity  di¬ 
minishes  on  passing  the  throat  of  a  nozzle  and  the  axial  velocity  distribution  is 
approximately  symmetrical  on  either  side  of  the  throat, -but,  when  the  inlet  pres¬ 
sure  is  increased,  the  velocity  of  sound  is  ultimately  attained  by  the  whole  field 
of  flow  after  passing  the  throat  and  the  axial  velocity  distribution  becomes  asym¬ 
metrical  about  it. 

In  connection  with  Stanton’s  experiments.  Hooker  [2]  developed  a  theoretical 
analysis  of  the  flow  in  the  neighbourhood  of  the  throat  of  a  constriction  in  a 
circular  wind  channel,  by  using  the  method  of  treatment  developed  by  Taylor 
[3]  for  the  two-dimensional  case,  and  it  has  thus  been  found  that  there  appears 
to  be  a  limit  to  the  velocity  at  the  centre  of  the  constriction  in  order  that  the  flow 
symmetrical  about  the  axis  of  the  nozzle  as  well  as  its  throat  can  exist  and  also 
that  the  asymmetrical  type  of  flow  is  unique.  Comparing  his  theoretical  results 
with  Stanton’s  observations.  Hooker  has  found  good  agreements  between  them. 

Later,  a  similar  theoretical,  analysis  was  developed  by  Gbrtler  [4],  who,  by 
employing  a  method  which  is  essentially  the  same  as  that  psed  by  Hooker,  has 
obtained  the  results  which  are  capable  of  explaining  qualitatively  the  transient 
phenomena  of  the  flows  in  a  given  Laval  nozzle  as  observed  by  Stanton.  How¬ 
ever,  it  seems  rather  difficult  to  draw  any  definite  conclusion  from  the  results 
of  his  analysis,  since  he  has  used  only  approximate  solutions  in  the  form  of  series 
in  the  coordinates,  which  become  rapidly  divergent  when  the  transition  state  is 
approached.  Moreover,  it  seems  that  there  are  unfortunately  some  ambiguities 
in  his  analysis. 

So  far,  no  definite  theory  seems  to  have  been  developed  yet  which  has  dealt 
with  the  question  as  to  the  manner  in  which  the  limiting  form  of  the  symmetrical 
type  of  flow  is  to  be  related  to  the  unique  asymmetrical  one.  It  is  therefore  de¬ 
sirable  to  solve  theoretically  the  transient  phenomena  from  the  one  type  to  the 
other  as  a  problem  of  non-stationary  flow,  but  it  is  at  present  hopeless  to  do  so 
owing  to  the  great  mathematical  difficulties  involved. 

Recently,  Tamada  and  one  of  the  present  writers  [5]  have  developed  a  theory 
of  the  two-dimensional  steady  transonic  flows  of  compressible  fluid,  by  introduc¬ 
ing  a  new  hypothetical  gas  which  can  approximate  the  real  gas,  subject  to  the 
adiabatic  law,  in  the  vicinity  of  the  critical  state  where  the  fluid  velocity  becomes 
just  equal  to  the  local  velocity  of  sound.  The  flow  of  such  a  h}rpothetical  gas  is 
governed,  in  an  exact  manner,  by  a  rather  simple  fundamental  non-linear  equa¬ 
tion  of  motion  of  the  mixed  t5rpe  which  is  essentially  equivalent  to  a  simplified 
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fundamental  equation  of  motion  deduced  by  von  Kdrmdn  [6]  in  his  recent  paper 
on  the  similarity  law  of  transonic  flow.  It  has  been  found  that  the  equation  can 
be  solved  exactly  in  certain  cases,  and  by  making  use  of  one  of  the  exact  parti¬ 
cular  solutions  so  obtained,  we  have  discussed  the  transonic  flow  in  a  two- 
dimensional  converging  and  diverging  nozzle  and  thus  explained  theoretically, 
on  the  standpoint  ofviewof  “quasi-stationary”  flows,  the  possible  transition  from 
the  approximately  symmetrical  type  of  flow  fi.e.,  flow  of  Taylor’s  type)  to  the 
'asymmetrical  one  (i.e.,  flow  of  Meyer’s  tyjie). 

In  the  present  paper,  a  similar  discussion  is  made  on  the  steady  irrotational 
transonic  flow  of  the  real  gas,  subject  to  the  adiabatic  law,  through  an  axially 
symmetrical  nozzle  with  circular  cross-section.  To  do  this,  use  is  made  of  a  sim¬ 
plified  fundamental  equation  of  motion  for  an  axially  symmetrical  flow  which 
also  has  been  deduced  by  von  Kdrmdn  in  the  paper  above  referred  to  and  the 
said  equation  is  solved  by  employing  a  method  analogous  to  the  one  used  by  us 
in  the  previous  paper. 

By  carrying  out  detailed  numerical  calculations,  it  is  shown  that  in  accordance 
with  the  results  of  Stanton’s  observations,  there  appears  a  limit  to  the  occurrence 
of  approximately  symmetrical  type  of  flow,  and  further,  we  can  explain  satis¬ 
factorily  the  manner  in  which  the  limiting  form  of  the  symmetrical  type  of  flow 
can  be  continued  to  the  asymmetrical  unique  flow. 

2.  The  fundamental  equation.  The  differential  equation  for  the  velocity 
potential  ^  in  axially  symmetrical  irrotational  flow  of  a  compressible  fluid  obeying 
the  adiabatic  law  is  given  by 

(l  -  p)  ^  +  i  *.  +  (l  -  ^)  =  0.  (2-1) 

where  x  is  the  abscissa  taken  along  the  axis  of  symmetry  and  y  the  radial  dis¬ 
tance  from  the  axis,  and  u,  v  are  the  velocity  components  in  the  x  and  y  direc¬ 
tions  so  that 

M  =  d>, ,  t)  =  d>v  .  (2.2) 

Further,  c  is  the  velocity  pf  sound  at  the  speed  (u*  -f  i>*)*^*,  given  by 

=  +  A  (2.3) 

where  c*  is  the  so-called  critical  sound  velocity,  that  is,  the  speed  of  sound  at 
points  where  the  local  Mach  number  is  unity,  and  y  is  the  ratio  of  two  specific 
heats  of  the  fluid. 

Now,  confining  ourselves  to  the  transonic  region,  we  consider  the  case  where 
all  flow  velocities  differ  only  slightly  from  the  critical  velocity  of  sound  and  we 
assume  that 

w  =  c*  -f  </», ,  V  =  ,  (2.4) 

where  0,  and  are  the  small  perturbation  velocities  derived  from  the  perturba¬ 
tion  velocity  potential 
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Introducing  (2.2),  (2.3)  and  (2.4)  into  (2.1)  and  neglecting  terms  of  higher  * 
order  than  the  second  in  the  derivatives  of  0,  we  get  the  following  simplified  dif¬ 
ferential  equation: 

^  H - •  (2.5) 

y  c*  c* 

For  simplicity  we  put 

x=€,  y  =  V2/(7’  +  I)’;-  (2.6) 

Then,  Eq.  (2.5)  transforms  into 

/m  +  ’»*/»=  (/!  +  /»)« •  (2.7) 

We  now  assume  that  the  second  term  (/*){  on  the  right-hand  side  can  be 
neglected  in  comparison  with  the  first  term  (/()(.  This  simplification  may  be 
considered  to  be  justifiable  in  the  case  of  a  nozzle  with  slowly  varying  cross- 
section  along  its  axis,  which  will  be  discussed  presently,  since  in  such  a  case 
1  (/l)i  I  >  >  I  (/*)i  1  ®  fh®  greater  part  of  the  field  of  flow.  Moreover,  it  is  to  be 
noted  that  this  approximation  causes  no  change  in  the  type  of  the  partial  dif¬ 
ferential  equation  so  far  as  |  2/t  |  >  /* ,  which  is  the  case  in  general,  because  the 
type  of  Eq.  (2.7)  is  characterized  by  the  sign  of  the  expression  2fi  +  ,  while 

that  of  the  simplified  equation  is  determined  by  the  sign  of  /{ .  Making  such  an 
approximation  we  have  ultimately 

+  =  2/i/it.  (2.8) 

This  equation  is  exactly  the  same  as  that  of  von  K&rmdn  who,  for  the  purpose  of 
obtaining  the  similarity  law  of  transonic  flow  past  slender  bodies,  has  deduced 
this  by  introducing  an  affine  transformation  other  than  (2.6)  and  by  taking  the 
appropriate  boundary  conditions  into  account. 

Differentiating  (2.8)  with  respect  to  {  and  putting 

ft  =  w,  (2.9) 

we  get 

«>„  -I-  =  («>*)«  ,  (2.10) 

and  this  is  the  basic  equation  for  our  analysis  in  the  following  lines. 

Here,  it  may  be  noted  that  the  above  equation  (2.10)  degenerates  into  the 
basic  equation  as  adopted  by  Tamada  and  one  of  the  present  writers,  in  the 
previous  paper  already  referred  to,  in  the  discussions  of  two-dimensional  tran¬ 
sonic  flows  of  a  hypothetical  gas,  if  the  second  term  on  the  left-hand  side  be 
omitted  and  w,  tj  be  replaced  by  kw,  <p,  ^  respectively,  where  4^  denotes  the 
stream  function. 

3.  Some  exact  solutions  of  the  fimdamental  equation  (2.10).  The  funda¬ 
mental  equation  (2.10)  can  be  solved  exactly  by  assuming  w  in  the  following 
forms: 


108 


S.  TOMOTIKA  AND  Z.  HASIMOTO 


(b)  =  X({)F(„), 

(c)  IT  =  FoCn)  +  Y,{r,)e, 

(d)  UJ  =  Ziz)  +  2M’n’,  2  =  i  +  nr,\ 

where  ^  is  a  certain  constant. 

These  solutions  together  with  the  corresponding  flow  patterns  have  been  in¬ 
vestigated  in  detail,  but  only  a  brief  sketch  of  the  results  obtained  will  be  given 
here  for  the  first  three  cases.  The  remaining  case  will  be  discussed  in  some  detail 
in  the  subsequent  sections. 

The  first  exact  solution  (a)  gives,  as  a  particular  case,  the  flow  through  a  con¬ 
verging  and  diverging  nozzle  with  circular  cross-section,  which  changes  from  the 
subsonic  state  to  the  supersonic  one  as  it  passes  through  the  throat  of  the  nozzle. 
As  will  be  seen  later,  however,  this  case  is  nothing  but  a  special  case  of  the  flows 
represented  by  the  fourth  solution  (d).  . 

The  second  solution  (b)  also  gives,  as  an  example,  the  flow  through  a  straight 
circular  nozzle  with  one  constriction,  while  the  third  solution  (c)  includes  the 
flow  through  a  straight  circular  nozzle  with  two  contractions. 

4.  Flow  through  a  constriction  in  a  nozzle  with  circular  cross-section.  As 
the  last  example,  we  shall  consider  the  flow  represented  by  the  fourth  solution 
(d)  of  the  form: 

w  =  Z{z)  +  2m%*,  (4.1) 

where 

2  =  {  -f  Ml?*,  (4.2) 

and  fiia  &  certain  constant. 

Inserting  this  expression  for  w  into  the  basic  equation  (2.10),  we  obtain  the 
following  equation  for  determining  the  function  Z{z): 

^  (z  -  2m  ^  -  4m*  =  0.  (4.3) 

dz  \  dz  /  dz 

This  equation  can  be  integrated  once  immediately  and  we  get 

ZidZldz)  -  2mZ  -  4m*2  =  0,  (4.4) 

where  a  constant  of  integration  has  been  included  in  z  for  the  sake  of  convenience. 
Integrating  Eq.  (4.4)  again  we  have  ultimately 

(Z  -  m«i2)“‘(Z  -  m«,2)““’  =a,l 

f  (4.5) 

=*  1  +  \/5,  =  1  —  y/h,  J 

where  a  is  an  arbitrary  constant,  real  or  complex. 

It  will  readily  be  seen  that  this  solution  includes  the  preceding  first  solution 
(a)  as  a  special  case  when  a  =  0. 

The  velocity  components  u,  r  in  this  case  are  obtained  by  (2.4),  (2.6),  (2.9) 
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and  (4.1)  in  the  forms: 

u  =  c*(l  +  ft),  V  -  c*V(7+  l)/2/„  ] 

with  V  (4.6) 

ft  =  2mV  +  Z,  /,  =  2mi?{m(2{  +  M1J*)  +  Z],} 
and  from  the  expression  for  u  it  is  readily  seen  that  the  value  of  Z  gives  the  rate 
of  excess  of  the  axial  velocity  over  the  critical  speed  of  sound  c*  ,  since  ft  is  equal 
to  Z  on  the  axis  (i;  =  0)  of  a  nozzle. 

Before  proceeding  further,  we  shall  now  discuss  the  properties  of  the  function 
Z(z)  in  relation  to  the  types  of  flow  in  a  nozzle. 


The  two  arbitrary  constants  n  and  a  involved  in  the  function  Z(z)  should  be 
determined  by  appropriate  boimdary  conditions  which  will  be  considered  pres¬ 
ently.  For  certain  prescribed  values  of  n  and  a,  Eq.  (4.5)  gives  us  curves  of  Z 
plotted  against  z  as  shown  in  Fig.  1,  where  we  have  assumed  m  =  —0.6  and 
I  o  I  =  (0.1)"‘”“*  =  (0.1)*'^.  The  four  branches  A,  B,  A*  and  J5'  correspond  to 
a  =»  1  o  a  ==  1  a  o  =  ]  a  ]  and  o  =  |  a  respectively,  and  the 

two  asymptotes  are  given  by  Z  =  nu^z  and  Z  =  ^iw>z. 

First,  if  the  branches  B  and  B'  are  adopted  as  Z,  there  appears  in  each  case  a 
shock  line  in  the  meridian  plane,  since  dZ/dz  becomes  infinite  at  points  where 
Z  =  0.  The  discussions  of  the  flows  in  these  cases  will  be  omitted  here,  however, 
since  they  are  of  less  practical  interest. 

Next,  if  the  branch  A'  is  adopted  as  Z,  then  Z  is  always  positive  and  therefore 
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the  whole  field  of  flow  is  supersonic.  If,  on  the  other  hand,  thebranchA  is  adopted, 
Z  is  always  n^ative  and  the  flow  is  subsonic  on  either  side  of  the  throat  of  the 
nozzle  but  may  contain  a  limited  supersonic  region  in  the  neighbourhood  of  the 
w^all  at  the  throat.  In  this  case,  the  axial  velocity  distribution  is  approximately 
symmetrical  on  either  side  of  the  throat  and  has  its  maximum  in  the  neighbour¬ 
hood  of  the  throat. 

When  the  value  of  the  constant  a  is  varied,  the  branch  A  gradually  changes 
its  form  and  it  coincides  with  the  two  asymptotes  aO  and  bO  as  the  value  of  a 
tends  to  zero.  In  the  limiting  case  when  a  =  0,  the  local  speed  of  sound  is  attained 
at  some  point  (which  corresponds  to  the  (K)int  0  in  Fig.  1)  on  the  axis  of  the 
nozzle;  hence  the  vertex  of  the  limited  supersonic  r^on  becomes  in  contact 
with  the  axis  of  the  nozzle  at  that  point.  This  may  be  considered  as  the  limiting 
case  of  the  flow  of  approximately  symmetrical  type. 

In  this  case  (a  =  0),  the  branch  B  is  also  coincident  with  the  asymptotes, 
bO  and  cO  (which  is  the  extension  of  oO)  and  hence  the  parts  aO  and  Oc  of  the 
branches  A  and  B  respectively  may  be  joined  at  O  into  one  straight  line  aOc. 
If  this  branch  aOc  is  adopted  as  Z,  our  solution  would  obviously  give  a  flow  pat¬ 
tern  of  asymmetrical  t}rpe,  which  has  part  of  the  flow  pattern  in  common  with 
the  preceding  flow  of  approximately  symmetrical  type,  corresponding  to  the  half¬ 
branch  aO  of  Z. 

These  results  suggest  a  possible  transition  of  flow  from  the  approximately  sym¬ 
metrical  type  to  the  asymmetrical  unique  one  in  a  given  Laval  nozzle.  Thus,  as 
will  be  seen  from  the  results  of  numerical  discussions  given  in  the  subsequent  sec¬ 
tion,  at  the  first  stage  when  the  inlet  pressure  is  low,  a  limited  supersonic  re¬ 
gion,  if  any,  is  located  only  near  the  wall  in  the  neighbourhood  of  the  throat  of 
the  nozzle,  but,  when  the  inlet  pressure  is  sufficiently  increased,  the  vertex  of  the 
limited  supersonic  region  reaches  the  axis  of  the  nozzle  and  subsequently,  after 
the  change  of  tjrpes  of  flow,  it  becomes  to  occupy  the  whole  field  downstream  the 
throat. 


6.  Transition  from  the  approximately  symmetrical  flow  to  the  asymmetrical 
one  in  a  given  circular  nozzle.  Stanton  has  made  his  experiments  on  the  flow 
of  air  through  a  constriction  in  a  circular  wind  channel,  which  consists  of  a  sym¬ 
metrical  circular  sleeve  wbose  longitudinal  section  is  two  circular  arcs  of  radius 
R  of  minimum  distance  2h  apart.  The  numerical  value  of  the  ratio  h/R  in  Stan¬ 
ton’s  channel  was  0.2100. 

This  particular  value  oi  h/R  =  0.2100  will  be  taken  in  the  subsequent  analysis 
in  order  that  a  direct  comparison  with  Stanton’s  results  might  be  possible.  Also, 
we  shall  take,  with  Stanton,  the  value  of  1.408  for  the  ratio  of  two  specific  heats 
of  the  air. 

Now,  denoting  by  (xo  i  J/o)  the  point  on  the  wall  at  the  throat  of  a  nozzle  (cf. 
Fig.  2)  where  yo  is  equal  to  h,  we  assume  that  the  longitudinal  section  of  the  wall 
of  the  nozzle  satisfies  the  conditions: 


dx 


-  0, 


0.2100 

h 


at  z  =  Xo , 


y  =  yo- 


(5.1) 
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The  equation  for  the  streamlines  is  given  by 

f  _  .  /y  I  2iiri\n{z  +  {)  -\-Z] 
dx  u  y  2  1  4-  2tiW  +  Z  ’ 

and  if  use  is  made  of  this  equation,  the  conditions  (5.1)  can  be  written  as: 

m(z  +  {)  +  Z  =  0,  j 

8m’u\/(7  +  l)/2  (1  +  M^/Z)  =  (.21/A)(1  +  2n\'  +  Z),  \ 


(5.2) 


(5.3) 


at  X  =  xo ,  y  =  yo.  j 

For  convenience’  sake,  we  now  put 

2ia  =  -az',  2^  =  Z  =  -vZ',  (5.4) 

where  a  =  (Z),^  which  is  equivalent  to  =  a,  and  this  <r  gives  the 

rate  of  excess  of  the  axial  velocity  over  the  critical  speed  of  sound  c*  at  the  origin 
of  the  X,  y  plane. 


Fio.  2. 


Then,  putting  yt  ^  h  1  for  the  sake  of  simplicity,  the  conditions  (5.3) 
transform  into 


M  =  — 


3Zo  +  2zo  — 


— v(Zo  +  So), 

7+1 

4  (Zo  +  zo)(2Zo  +  So) 


(5.5) 


0.2100 


where  So  and  Zo  are  the  values  of  s'  and  Z'  at  the  point  x  =  xo ,  y  =  j/o  (=  1)  re¬ 
spectively.  Also,  wdth  the  new  variables  s'  and  Z',  Eq.  (4.5)  reduces  to 


(_Z'  +  I  +  2  /)• 


1. 


(5.6) 


With  the  aid  of  this  equation  the  values  of  Z'  have  been  calculated  for  various 
values  of  s'.  Some  of  them  are  given  in  Table  I,  and  the  curves  of  Z'  plotted 
against  s'  are  shown  in  Fig.  3. 

If  a  suitable  value  is  given  to  so ,  the  corresponding  value  of  Zo  can  be  deter¬ 
mined  from  Table  I  or  Fig.  3,  and  then  the  values  of  <r  and  /x  can  be  obtained  with 
the  aid  of  (5.5).  Table  II  shows  the  values  of  a  and  n  thus  determined,  by  taking 
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7  =  1.408  for  air,  in  three  cases  in  which  Zo  is  equal  to  1.5,  2  and  4  respectively. 
In  this  table,  the  values  of  (o  and  {o  (  =  Xo)  are  also  shown,  which  have  been  cal¬ 
culated  by  the  relations: 


TABLE  I 

Values  of  Z'  against  s' 


The  shape  of  the  longitudinal  section  of  the  boundary  wall  of  the  nozzle,  which 
coincides  with  that  in  Stanton’s  channel  as  far  as  its  curvature  at  the  minimum 
constriction,  can  be  found  by  integrating  Eq.  (5.2)  subject  to  the  conditions 
(5.1). 

Figure  4  shows  the  shapes  of  the  boundary  wall  as  calculated  for  three  cases 
in  which  the  value  of  zo  is  equal  to  1.5,  2  and  4  respectively,  by  taking  x  —  Xs 
and  y  as  abscissa  and  ordinate  respectively,  the  ordinate  being  shown  on  an  en¬ 
larged  scale.  In  this  figure,  the  longitudinal  section  of  the  constriction  in  Stan- 


1.8 

- 

2 

- 

2.2 

— 

2.4 

— 

2.6 

- 

2.8 

— 

3 

— 

3.2 

— 

3.4 

- 

3.6  j 

- 

3.8  1 

I  ' 

- 
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AUiJaZ  (2  <  0), 


/i«i2  (2  >  0), 


which  correspond  to  the  asymptotes  aO  and  bO  in  Fig.  1  respectively. 
On  the  other  hand,  we  have  the  following  solution: 

Z  /ia)»2  for  all  values  of  2, 


ton’s  channel  is  also  shown  by  a  dotted-line  curve  for  the  sake  of  comparison, 
which  represents  the  circle  defined  by  ( xo)*  +  (y  —  1  —  R)*  =  where 
R  =  1/0.2100.  From  this  figure  it  will  be  seen  that  there  is  very  satisfactory 
coincidence  between  these  boundary  curves  within  the  range  |  x  —  xo  |  <  0.4, 
especially  in  the  upstream  subsonic  region. 

The  axial  velocity  distributions  in  the  three  cases  in  which  Zq  is  equal  to  1.5, 
2  and  4  respectively  are  shown  in  Fig.  5.  It  will  be  seen  that  in  these  cases  the 
flow  is  approximately  symmetrical  about  the  throat  of  the  nozzle. 

The  longitudinal  section  of  the  so-called  sonic  surface  on  which  the  fluid 
velocity  is  just  equal  to  the  local  speed  of  sound,  can  be  obtained  approximately 


TABLE  II 


by  putting  to  =»  0,  that  is,  by  putting  Z  +  2^  n  =“  0.  Thus,  the  equation  for 
the  longitudinal  section  of  the  sonic  surface  is  given  by 

X  =  -(«r/2M)(2'  -H  ZO,  y  =  -m"V(v/[7  +  11)Z'.  (5.8) 


Figure  6  shows  the  longitudinal  section  of  the  sonic  surface  for  the  cases  when 
2,'  -  1.5,  2,  4. 

So  far  we  have  dealt  with  such  flows  that  are  approximately  symmetrical 
about  the  Tninimiim  constriction  of  the  nozzle.  As  will  be  seen  from  Figs.  5  and 
6,  these  flows  approach  a  limiting  flow  as  the  value  of  the  parameter  zo  increases, 
that  is,  as  the  axial  velocity  at  the  throat  increases.  This  limiting  case  of  the 
approximately  symmetrical  flow  is  expressed  by  the  solutions: 


0-1  Oi  03  04  05  Oe„  ^07 

x-x. 


05  -04  -OS  -02  -01 


0.2239 

0.1805 

0.0954 

0 


-0.1550 

-0.1382 

-0.1299 

-0.1291 


which  corresponds  to  the  asymptote  oOc  in  Fig.  1  and  gives  the  completely 
asymmetrical  flow.  It  can  easily  be  verified  that  these  solutions  (i)  and  (ii)  are 
exactly  of  the  same  form  as  the  first  exact  solution  (a)  mentioned  in  §3. 


TRANSONIC  FLOW  OF  COMPRESSIBLE  FLUID 


115 


The  branch  Z  =  nuiz  (z  >  0)  in  case  (i)  and  the  branch  Z  =  nutz  (z  >  0)  in 
case  (ii)  are  both  connected  to  the  branch  Z  =  /lojsz  (z  <  0)  at  the  origin  of  the  z, 
Z  plane  (Fig.  1).  In  the  longitudinal  section  of  the  field  of  flow,  the  points  where 
z  =  Z  =  0  form  themselves  into  a  curve  which  we  shall  call  the  “branch-line.” 
At  any  point  on  such  a  branch-line,  the  velocity  vectors  are  continuous  in  both 
cases  (i)  and  (ii),  but  the  accelerations  in  case  (i)  are  discontinuous  there.  Cor¬ 
responding  to  these  properties  it  is  found  that  the  tangents  to  these  streamlines 
in  both  cases  (i)  and  (ii)  are  continuous  at  any  point  on  the  branch-line,  and 
that  the  curvatures  in  case  (ii)  are  continuous  there,  whilst  those  in  case  (i) 
are  discontinuous  except  at  the  point  of  intersection  of  the  branch-line  with  the 
axis. 


x-x, 

Fiq.  7.  Streamlines  in  cases  (i)  and  (ii) 

The  values  of  a,  m>  {o  and  {o(  =  Xft)  for  the  limiting  case  zo  =  «  can  be  deter¬ 
mined  with  the  aid  of  (5.5)  and  (5.7),  by  considering  the  limit  Zo  — ►  The 
results  are  shown  in  the  last  row  of  Table  II. 

Using  the  value  of  n  thus  determined,  the  streamlines  in  the  x,  y  plane  have 
been  obtained  by  integrating  Eq.  (5.2)  in  both  cases  (i)  and  (ii).  The  results 
are  shown  in  Fig.  7,  where  the  dotted-line  curve  represents  the  branch-line: 

z  =  0,  i.e.,  X  -  —  +  1)^!/*- 

After  passing  over  this  branch-line,  the  streamlines  in  case  (i)  depart  from  the 
axis  of  the  nozzle  much  more  than  those  in  case  (ii). 

The  axial  velocity  distribution  in  case  (i)  is  expressed  by  the  formulas: 

u  =  c*(l  +  fuiiix)  (x  <  0), 

tt  =  C*(l  4*  MUiX)  (x  >  0), 


116 


S.  TOMOTIKA  AND  Z.  HA8IMOTO 


while  in  case  (ii)  it  is  represented  by 

u  =  c*(l  -f  for  all  values  of  x. 

These  distributions  are  shown  in  the  preceding  Fig.  5. 


6.  Comparison  with  Stanton's  observations.  As  mentioned  already,  Stanton 
carried  out  his  observations  on  the  flow  through  a  constriction  in  a  wrind  channel 
which  consists  of  a  symmetrical  circular  sleeve  whose  longitudinal  section  is  two 
circular  arcs  of  radius  1.385/0.2100  inches  of  minimum  distance  2  X  1.385 
inches  apart.  In  the  foregoing  analysis,  we  have  determined  the  shape  of  the 


Fio.  8.  Axial  velocity  distributions  observed  by  Stanton 


boundary  w  all  of  a  nozzle  in  such  a  manner  that  the  curvature  of  its  longitudinal 
section  at  the  minimum  constriction  coincides  with  that  in  Stanton’s  channel. 
As  shown  in  Fig.  3,  the  calculated  boundary  curves  of  the  nozzle  differ  only 
slightly  from  Stanton’s  circular  boundary,  especially  in  the  upstream  side  of 
the  throat,  except  for  cases  in  which  the  value  of  the  parameter  zo  is  fairly  small. 
Therefore,  the  results  of  our  theoretical  analysis  can  be  directly  compared  with 
the  results  of  Stanton’s  observations. 

The  observed  axial  velocity  distributions  are  reproduced  in  Fig.  8,  where  the 
theoretical  axial  velocity  distributions  for  the  limiting  case  of  approximately 
symmetrical  flow  as  well  as  that  for  the  asymmetrical  flow  are  also  shown  for 
comparison.  From  this  figure  it  is  found  that  when  the  velocity  at  the  centre 
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of  the  throat,  ,  is  small,  the  observed  axial  velocity  distributions  are 

approximately  symmetrical  about  the  throat  of  the  nozzle,  and  as  the  value  of 
increases,  the  approximately  symmetrical  distribution  curves  are  gradu¬ 
ally  shifted  towards  the  do^vnstream  direction,  the  value  of  Um,,v_o  tending 
at  the  same  time  to  a  limiting  value.  Also,  it  is  found  that  at  the  final  stage,  the 
flow  pattern  becomes  completely  asymmetrical  and  the  axial  velocity  distribu¬ 
tion  increases  almost  linearly  in  the  downstream  direction  of  the  axis. 

Comparing  these  results  of  Stanton’s  observations  with  our  theoretical  results 
shown  in  Fig.  5,  it  will  be  seen  that  there  is  a  good  qualitative  agreement  be¬ 
tween  them,  especially  in  the  case  of  completely  asymmetrical  flow  (case  F  in 
Stanton’s  experiments)  and  that  the  slope  of  the  theoretical  axial  velocity  dis¬ 
tribution  curve  is  in  good  agreement  with  the  observed  one  over  a  wide  range 
of  values  of  a:  —  .  Small  discrepancies  found  between  the  theoretical  and 

observed  values  of  the  axial  velocities  may  perhaps  be  due  to  the  fact  that  the 
calculated  shape  of  the  boundary  wall  of  the  nozzle  differs  slightly  from  the  one 
in  Stanton’s  channel.  According  to  our  theory,  there  appears  a  peaked  curve  of 
axial  velocity  distribution  in  the  limiting  case  of  the  approximately  S}unmetrical 
flow,  but  such  a  curve  was  not  obtained  in  Stanton’s  observations.  This  may 
perhaps  be  due  to  the  possible  instability  of  the  actual  flow  at  this  stage. 

In  Fig.  6,  two  small  black  circles  show  the  sonic  points  found  experimentally 
by  Stanton  in  the  case  of  completely  asymmetrical  flow  (i.e.,  case  F).  The  slight 
deviation  of  these  points  from  the  theoretical  sonic  line  seems  to  be  due  to  the 
effect  of  slight  departure  of  the  calculated  shape  of  the  boundary  wall  from  the 
circular  boundary  in  Stanton’s  channel. 
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BEST  APPROXIMATE  INTEGRATION  FORMULAS 

Bt  Lsbot  F.  Mbtehs  and  Abthxtb  Sabo* 

1.  Introduction.  Let  A  =  +  cix(l)  +  •  •  •  +  CmX{m)  be  an  approxima¬ 

tion  of  /  x(0  dl  which  is  exact  whenever  x  =  x{t)  is  a  polynomial  in  t  of  degree 
Jo 

n,  where  m  and  n  are  integers,  m  ^  1,  n  ^  0,  and  Co,  ,  Cm  are  constants; 
let  the  class  of  all  such  approximations  A  be  denoted  by  (?«.„  .  For  each  A  e  Qn.n  , 
there  is  a  kernel  function  k(J,)  such  that 

ftW  =  r  dt  -  A  =  r  x'"'*’*’  mit)  dt 
Jo  Jo 

whenever  the  fimction  x  has  a  continuous  (n  +  l)th  derivative  x*""*"”.  Indeed 

(1)  W)  =  =  -RM, 


X  -  (A  I  ®  (A  if  t  ^  t\ 

*•'  ~  ~  \((  -  O'M  •  *•'  “  \  0  if  (>  ('. 

Schwarz’s  inequality  thus  affords  the  appraisal: 

ifiwi  s  w  rx'-*"(o’(U]‘, 

Jo 

where 

J  =  ["**(0  dt. 

Jo 

We  say  that  that  approximation  A  in  is  best  which  minimizes  J.  Best 
formulas  were  introduced  by  one  of  us  in  the  paper  [1].  The  reader  will  find  in 
[1]  a  discussion  of  the  theory  of  best  formulas,  a  discussion  of  the  philosophy  of 
their  use,  an  indication  of  the  method  of  their  determination,  and  the  best  ap¬ 
proximate  integration  formulas  themselves  for  the  cases  n  =  0,  all  m;  and 
n  =  1, 2, 3,  m  ^  6. 

Here  we  present  (§2)  the  best  integration  formulas  forn  =  1,  m  ^  20;  n  =  2, 
m  ^  12;  and  n  >=  3,  n  ^9;  together  with  the  corresponding  values  of  J.  Since 
the  formulas  are  symmetrical :  Ci  —  Cm-i ,  only  those  d  are  tabulated  for  which 
2i  ^  m.  Although  the  derivation  of  these  formulas  involves  an  extended  calcu¬ 
lation,  their  use  is  direct  and  free  of  complexity. 

The  fundamental  algebraic  relationships  are  given  in  §3. 

For  the  case  n  =  1,  certain  recursive  relations  (§4)  afford  a  complete  descrip¬ 
tion  of  the  best  integration  formulas  for  all  m. 

Finally  in  §5  we  state  certain  unsolved  problems. 

2.  The  best  formulas.  As  an  illustration  of  the  use  of  the  following  table, 
the  best  formula  in  is 

A  =  0.4[x(0)  -h  x(3)]  -f  l.l[x(l)  +  x(2)]; 

*  The  authors  gratefully  acknowledge  financial  support  received  from  the  Office  of  Naval 
Research  under  contract  with  Queens  College. 
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for  this  formula 


x«>(0*  dt/ 120 


for  any  function  x  with  continuous  second  derivative. 


Betl  Approximate  Integration  Formulae 


7S268 

29681 

85352 

72566 

75992 

75074 

75320 

75254 

75272 

75266 


102818 

40545 

116593 

99127 

103807 
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280904 
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280180 
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280900 

280906 


383722 

151316 
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369947 

387413 

382733 

383987 

383651 

383741 

383717 

383723 


1048348 

413403 

1188800 

1010714 

1058432 

1045646 

1049072 

1018154 

1018400 

1048334 

1048352 

1048346 

8331 


20168 

7953 


27550 
10864 
31241 
•26561 
27815 
27479 
27569 
27545 

27551 


170393 


162977 


699869 


94065 


5618060 


262067 


442920 


330600 


6169060 


23023320 


1210060 
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21 
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379  192 

106573 

99124 

643061 

4259404 
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46 
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221544971 1  10423398 

e»i 

172 

§9508 

OCAQA 
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1 

76534 

515161 

335SS04 

247986.521 1  11640978  1 

cta 

35Me44 

255093851  12064348  I 

c%6 

j  11831398  '  J 

r  1 

11, 

11 

73  11 

134081 

3961 

662807 

507029 

3062211497  j  1028343 

1^8960 

12600  6963310650 

I 

121SC0S 1036174^ 

^90S4(X)j4356181622.55627e652‘“OjSC  5^15520  ^ 
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3.  Derivation  of  the  formulas.  Consider  Gm.n  •  It  is  advantageous  to  trans¬ 
late  the  t-axis  and  to  write  the  remainder  as 


J?lx] 


f  x(t)  dt  —  x(r)  =  f 

r  J-p 


dl , 


where  p  m/2  and  the  index  r  (as  also  later  s)  ranges,  throughout  this  paper, 
over  the  m  +  1  values 


(2) 


-Pi 


—  P  +  1| 


P  -  1, 


Pi 


or  indicated  subsets  thereof.  If  m  is  even,  the  range  (2)  consists  of  consecutive 
integers  and  includes  zero;  if  m  is  odd,  the  range  consists  of  consecutive  odd 
halves.  We  treat  both  cases  simultaneously.  The  coefficient  Sr  is  the  coefficient 
Cr+^  of  the  preceding  sections. 

Precisely  as  in  [1],  the  relation  (1)  implies  that 


J  =  r  k\t)  dt  =  H  +  H*  , 


where 


H  = 

a  —  2  /SrSr 

“I"  Tr.tSfC*  , 

f>0 

r,(>0 

H*  - 

Ot  “-,2  23 

'  “b  7— r,— *Sf  S*  1 

r<0 

r.(<0 

0  = 

p*-+V((n  +  D! 

l*(2n-b3)]. 

|8r  = 

(p  -  r  +  t) 

d</[(n -H  Dim] , 

7r..  = 

+ 

II 

«  -  r)*f"  dt/nl*, 

0  <  r, 
0  <  r  ^ 


The  following  lemmas  provide  simple  expressions  for  the  quantities  fir ,  Tr.t  • 
Lemma.  The  quantity  is  equal  to  (— l)’‘'’‘V(2n  +  2)1  times  the  sum  of  the 
first  n  -f  2  terms  of  the  binomial  expansion  of  (r  —  p)*""”. 

Lemma.  The  quantity  7,,* ,  r  ^  «,  is  equal  to  (— l)"/(2n  -H  1)1  times  the  sum 
of  the  first  n  -f  1  terms  of  the  binomial  expansion  of  (r  —  «)*"'*’\ 
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Thus,  for  example,  if  n  =  1,  24/3,  =  r*  —  4r*p  +  6r*p*,  and  6y,.,  =  —  r*  +  3r*s 
if  r  ^ 

Remark.  Each  coefficient  7,.,  is  independent  of  p.  The  coefficients  7,.,  are  imi- 
versal  in  the  following  sense:  They  occur  not  merely  in  the  approximate  inte¬ 
gration  here  considered  but  also  in  all  processes  of  approximation  of  a  func¬ 
tional  by  a  quantity  of  the  form  A,  providing  that  the  approximation  is  exact 
for  degree  n  and  providing  that  the  functional  is  linear  on  the  space  Cn  •  For 
example,  if  the  functional  is  x(u),  u  fixed,  the  process  is  interpolation  (or  extra¬ 
polation)  or  graduation  at  w;  if  the  functional  is  the  process  is  approxi¬ 

mate  differentiation;  and  so  on. 

The  constraints  on  the  e,  (because  of  the  requirement  that  A  «(im.n)  are: 


€,r  = 


0 

2p*^V(9  +  1) 


if  q  is  odd  1 
if  g  is  even/’ 


g  =  0,  •  •  •  ,  n. 


Accordingly,  as  in  [1],  the  e,  are  s}rmmetrical:  e,  =  e.,  ;  and  our  problem  is  to 
minimise  H  =  H*  subject  to  the  constraints  e,r*  =  -1-  1)  for  all 

,  r>0 

even  g,  if  any,  in  2  ^  g  ^  n,  and 

^  er  p  if  m  is  odd, 

r>0 

60  +  2  2  e,  =  2p  if  m  is  even. 

r>0 


For  example,  in  Oi.i , 

H  =  243/640  -  86e,/,/384  -  162e,/,/128  +  e!/j/24  +  -H  9eJ/,/8, 

and  there  is  one  constraint: 


«i/»  +  Ci/j  *=  3/2. 

The  minimisation  may  be  carried  out  directly  or  by  the  method  of  Lagrange’s 
multipliers.  The  results  are 

ci/,  =  1.1,  e,/,  =  0.4,  H  =  1/240  =  J/2. 

4.  The  case  n=  1.  There  are  striking  recursions  in  the  entries  of  the  table 
of  §2,  n  =  1.  For  example,  minus  any  entry  plus  four  times  the  entry  two  places 
on  its  right  equals  the  entry  four  places  on  its  right.  This  is  a  consequence  of 
(8)  below. 

In  this  section  we  consider  n  =  1  only.  The  index  p  ranges  over  the  values 
1/2,  1,  3/2,  2,  •  •  •  .  Denote  the  coefficients  e,  of  the  best  formula  in  by  e,., . 
The  index  r  has  the  range  (2).  Put 

=  —  1,  v-1,-1  ==  1,  F-i/i.-i/i  =  0,  i>o.o  =®  1; 

(3) 

=  y-p., , 

*  2(v,,,  -f  io  =  2(i>o.o  +  F-i.-i)  =  4, 

(4) 

i-r.,  -  +  (-1)'^''V2  =  if  0  ^  r  <  p. 
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Then 

(^)  “  Vr,flhp  i 

SO  that  the  entire  table  forn  =  1  is  determined  by  (3),  (4). 

The  relations  (3),  (4)  permit  us  to  deduce  explicit  forms  for  Vp,p  and  5,  (and 
hence  for 

=  [(3  +  V5)(2  +  V3)'  +  (3  -  V3)(2  -  \/3)V6  | 

S,  =  2[(2  +  v^)’ +  (2  -  V3)'l  2, 

w) 

[V3(2  +  Vs)'-"*'*  -  >/3(2  -  I 

ip  =  (- 1  +\/3)(2+ Vs)'-"*'*  -  (1  +  a/3)(2  -  Vsy^'l  ^  ‘  ‘  • 

One  may  establish  the  validity  of  these  formulas  by  showing  directly  that  e,,. 
defined  by  (5),  (6)  satisfy  the  appropriate  constraints  and  minimizing  equations. 
Such  a  demonstration,  though  long,  is  straightforward;  and  we  have  carried  it 
through.  One  may  alternatively  work  with  (5),  (3),  and  (4)  and  proceed  induc¬ 
tively. 

Let  Jp  be  the  value  of  J  for  the  best  formula  in  d*,.! .  The  following  recursion 
is  satisfied  for  3/2  ^  p  ^  10: 

(7)  Jp  —  Jf-i  =  i'p,pi'p_j.p_s/(15«p5p_i). 

It  would  be  a  straightforward  but  elaborate  calculation  to  decide  whether  this 
relation  holds  for  all  p  ^  3/2. 

The  relations  (4)  imply  others,  among  which  we  note  the  following: 


(8) 

(9) 


ip  —  4ip_i  —  5^1 ,  J_i/j  =  —2,  S-t/i  =  —10,  i_i  =  8, 

Vr.p  =  4l',_i.p_i  —  I'r-J.p-J  if  r  ^  —  p  -f-  5, 

ip  =  [3  +  (— l)*^ip_i/j/2  -f-  ip_i , 

•'r.p  =  [3  -f  (— l)*']i>,_i/i,p_i/i/2  -H  Ff-i.p-i  if  r  ^  — p  +  3. 
The  cases  m  even  and  m  odd  can  be  combined  in  the  following  way.  Put 


ip 

V^ip’ 


Vr,p 

V^l'r.p 


if  p  is  integral, 
if  not. 


Then  Cr.p  =  yt,p/S*  ;  and  relations  (4)  and  (7),  with  v  and  5  starred,  remain  true. 
Relations  (9),  (4),  and  (3)  imply  that 

ip  =  V^ip-i/i  +  ip-i » 

i'*p  =*  y/2v%iit.p-\it  +  Vp-i.p-i , 

i?  =  4i'*p  —  2V^>'J-i/2.p-i/»  . 


Relations  (6)  simplify: 

-  [(1  +  -  (1  -  v%)'‘*'v(Vz  2'«), 

-  [(1  +  V3)”  +  (1  -  v^)’'l/2'-. 


(10) 
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6.  Convergence  of  coefficients;  unsolved  problems.  Consider  a  fixed  n.  Let 
the  coefficients  e,  and  the  J  of  the  best  formula  in  Qiu.n  b®  denoted  by  e,.,  and  , 
respectively.  The  best  formulas  in  seem  to  have  the  following  properties: 

(i)  For  fixed  positive  integer  or  half-integer  r,  the  sequence  e,., ,  p  =  r,  r  +  1, 

r  -f-  2,  •  •  •  ,  convei^es  to  1. 

(ii)  For  fixed  non-negative  integer  i,  the  sequence  ,  p  =  i/2,  (i  ■+■  l)/2, 

(i  +  2)/2,  •  • '  ,  converges. 

(iii)  The  sequences  —  Jp-m  and  (hence)  J,  —  J^\  ,  p  =  3/2, 2, 5/2,  3,  •  •  •  , 

converge. 

For  n  =  0,  all  three  properties  are  trivial,  since  c,.,  =  e_p.,  =  1/2,  all  other 
c,.p  =  1,  and  J,  =  p/6.  (S^  [1].) 

For  n  =  1,  properties  (i)  and  (ii)  are  immediate  consequences  of  (10)  and  (4). 
Indeed,  lim  e,,p  =  1  for  fixed  r;  lim  e,.,  =  (3  -1-  y/Z)/\2',  and  lim  ep_,.p  = 
1  -}-  (— 1)*'''‘(2  —  \/3)V2  for  fixed  integral  t  >  0.  If  (7)  holds  for  all  p  ^  3/2, 
then  it  will  follow  that  lim  {J,  —  Jp-\)  —  1/360.  From  the  table  of  §2  it  appears 
also  that  lim  {J,  —  J^-m)  =  1/720. 

For  n  ^  2,  these  questions  are  still  open.  The  table  of  §2,  expressed  in  decimal 
form,  constitutes  heuristic  evidence  that  (i),  (ii),  and  (iii)  are  true. 
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PRANDTL-MEYER  FLOW  BEHIND  A  CURVED  SHOCK  WAVE 

Bt  Robbst  C.  Rand 

1.  Introduction.  It  has  been  shown'  that  if  a  plane  uniform  supersonic  stream 
encounters  a  curved  compression  shock,  the  flow  downstream  of  the  shock  can¬ 
not  be  irrotational.  It  follows  that  the  two-dimensional  supersonic  flow  behind 
a  shock  wave  attached  to  a  profile  cannot  be  of  the  Prandtl-Meyer  type,  although 
the  assumption  of  the  Prandtl-Meyer  regime  is  often  made  for  lack  of  more 
accurate  methods.  This  paper  presents  an  indirect  method  of  measuring  the 
error  due  to  such  an  assumption;  namely,  to  construct  a  free  stream  which  is 
compatible  with  Prandtl-Meyer  flow  and  a  curved  shock  wave,  then  to  compare 
this  free  stream  with  a  uniform  stream. 

In  Section  2  a  Prandtl-Meyer  flow  about  a  profile  is  assumed  to  be  the  de¬ 
flected  flow  behind  a  curved  shock  wave  attached  to  the  profile*.  In  Section  3  a 
fiw  stream  compatible  with  this  regime  is  constructed,  and  in  Section  4  the 
curved  shock  separating  the  two  flows  is  determined,  its  equation  found,  and 
some  of  its  properties  examined.  The  final  section  is  devoted  to  a  quantitative 
analysis  of  the  velocity  and  stagnation  pressure  of  the  constructed  stream.  It  is 
shown  that  for  sufficiently  sharp  profiles  the  constructed  stream  differs  only 
slightly  from  a  uniform  stream,  but  for  blunt  profiles  and  high  Mach  numbers 
the  non-isentropic  character  of  the  constructed  free  stream  is  very  marked. 

We  assume  initially  a  profile  introduced  into  a  supersonic  stream  which  has 
constant  velocity  and  entropy  in  the  neighborhood  of  the  profile.  For  the  profile 
itself  we  choose  the  simplest  case  of  a  semi-wedge  with  a  face  of  finite  length 
terminated  at  a  sharp  comer  by  a  plane  parallel  to  the  original  flow.  We  further 
assume  that  the  semi-wedge  angle  and  the  free  stream  velocity  are  so  chosen 
that  an  attached  shock  wave  results,  with  supersonic  flow  along  the  wedge  face. 
It  is  well  known  that  in  this  case  the  shock  wave  is  curved,  and  we  assume  the 
Prandtl-Meyer  regime  to  exist  everywhere  behind  the  curved  shock,  the  gas 
possessing  those  properties  necessary  for  this  regime.  We  restrict  ourselves  to 
the  case  of  7  =  7/5. 

The  shock  wave  profile  for  this  flow  will  be  linear  near  the  wedge,  becoming 
curved  beyond  the  point  where  it  is  influenced  by  the  expansion.  We  therefore 
divide  the  free  stream  into  two  regions  (see  Fig.  1),  region  C  upstream  of  the 
linear  portion  of  the  shock,  and  region  V  upstream  of  the  curved  portion.  The 
velocity  and  entropy  are  constant  in  region  C  and  vary,  as  will  be  shown,  in 
region  V.  The  flow  behind  the  shock  wave  we  divide  into  three  regions,  region  1 
being  the  region  of  constant  flow  parallel  to  the  wedge  face,  region  2  being  that 
in  which  the  expansion  about  the  comer  takes  place,  and  region  3  being  that  in 
which  the  flow  is  again  constant  and  parallel  to  the  original  flow.  The  exact 
boundaries  of  these  regions  will  be  defined  later. 

*  Sauer,  R.,  Theoretiache  Einftihrung  in  die  Gaadynamik,  Springer-Verlag,  Berlin  1943, 
Section  20,  Par.  1. 
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The  variables  used  to  describe  the  flow  are:  stagnation  pressure,  Po  >  and 
“velocity  number”  M*  defined  by  the  relations 


M 


6M* 

5  +  M^’ 


sin*  n 


_1_ 


6  -  M** 
5M«  ’ 


(1) 


where  ix  is  Mach  angle,  M  is  Mach  number,  and  M*  may  be  recognized  as  the 
ratio  of  gas  velocity  to  the  critical  velocity  of  sound,  thus  being  dimensionless 
and  proportional  to  velocity.  It  can  be  seen  from  (1)  that  M*  varies  mono- 
tonically  from  1  to  \/6  as  M  varies  from  1  to  » .  We  shall  denote  the  values  of 
these  variables  in  different  regions  by  the  subscripts  C,  V,  1,  and  3;  omitting 
subscripts  in  region  2.  Thus  the  quantities  Mt ,  M*  ,  and  M*  are  constant,  but 


My  and  M*  are  variable.  Mach  angles  will  be  denoted  by  n  and  the  shock  angle 
by  <r.  By  the  term  “velocity  vector”  we  shall  mean  the  vector  with  polar  coor¬ 
dinates  (A/*,  0),  where  M*  is  given  by  (1)  and  0  is  the  inclination  of  the  flow 
to  the  direction  of  the  original  free  stream. 

2.  The  flow  behind  the  shock.  Referring  to  Fig.  1,  we  have  a  uniform  flow 
along  V'V  encountering  a  semi-wedge  of  angle  0\  at  V,  which  causes  an  attached 
shock  wave  of  angle  ai .  The  velocity  number  of  the  gas  in  region  C  is  M*  , 
and  the  stagnation  pressure  p»c  ,  both  quantities  being  given  in  advance.  We 
proceed  now  to  the  determination  of  the  flow  behind  the  shock. 

To  determine  the  velocity  vector  of  the  flow  p>arallel  to  VO,  we  refer  to  the 
“shock  polar”  equation  which  the  rectangular  components,  X  and  Y,  of  the  de- 
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fleeted  flow  must  satisfy;  namely,* 

y,  ^  iM*c  -  X)\M*cX  -  1) 

“  1  -  Af?X  +  (5/6) Af? 


The  flow  parallel  to  FO  is  then  determined  when  we  add  the  condition 


(2) 


F  =>  X  tan  6i , 


(3) 


which  requires  that  the  deflected  flow  be  parallel  to  the  wedge  face.  The  common 
solution  (Xi ,  Fi)  of  (2)  and  (3)  then  determines  the  rectangular  components  of 
the  velocity  vector  (M f  ,  ®i)  which  describes  the  flow  in  region  1.  The  shock  angle 
ffi  is  given  by 


tan  «r,  =  -  Xy)/Yx , 

and  the  stagnation  pressure  may  be  found  from  the  relation 


(4) 


Poi  “  Poc^iMc,  <ri)  —  Poc 


(  6M*c8in*<rx  Y''  (- _ ^ 

\3f  c  sin*  ffi  -j-  5/  \73f  c  sin  <ri 


(5) 


where  3fc  is  the  Mach  number  of  the  undisturbed  flow  and  z  is  the  “throttle 
factor”.  The  effect  of  the  expansion  about  the  comer  at  0  first  manifests  itself 
along  the  Mach  line  01  emanating  at  an  angle  fn  to  the  streamlines,  and  beyond 
this  Mach  line  flow  is  no  longer  constant.  The  region  1  then  is  bounded  by  the 
linear  shock  wave  F/,  the  wedge  face  VO,  and  the  Mach  line  01.  The  flow  in 
this  region  is  parallel  and  isentropic,  but  of  higher  entropy  than  in  region  C. 

To  determine  the  velocity  vector  along  any  ray  of  the  expansion  fan  at  0,  we 
remember  that  the  radial  and  normal  components,  U  and  F,  of  this  flow  are 
found  from  the  Prandtl-Meyer  solution 


U  =  M*  =  VQ  Bin 
,,  /"  +  "A 

F  =  M.  “Cos(^-:^j, 


w  >  0, 


«  >  0, 


(6) 


where  u  is  measured  clockwise  from  01  and  wi  is  a  constant  satisf}ring  the  relations 

.  \/Mt*  -  1 

®‘”V6“  - 

»i  .  V6  -  Aff* 


In  the  hodograph  plane,  the  magnitude  M*  and  the  direction  0  of  the  velocity 
vector  for  clockwise  expansion  are  connected  by  the  equation  of  the  clockwise 

*For  a  discussion  of  equations  (2)  through  (7)  see  Miles,  E.  R.  C.,  Supersonic  Aerody* 
*  namics,  McGraw-Hill,  1950,  Chapters  7  and  4. 
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epicycloid 


_  (/3  -  0i) 

6  =  $i  —  Vo arctan - y- —  +  arctan  (fi  —  ffi) 


V6 


=  —  \/6  arctan 


(7) 


where 


/8  **  cot  M 


V6  Vm**  -  1 

V6  -  ’ 


+  arctan  —  0^, 

ft  =  0iMt),  ft  =  mt), 


and  the  second  form  of  (7)  determines  ft  and  hence  Mt ,  which  is  the  velocity 
number  of  the  constant,  parallel  flow  after  the  expansion  about  0  has  been  com¬ 
pleted.  Geometrically,  in  Fig.  2,  A/J  is  represented  by  the  radius  vector  to  the 


Figure  2  HODOGRAPH  PLANE 


point  Pt  at  which  the  clockwise  epicycloid  through  (Mt ,  ft)  meets  the  line 
^  =  0,  and  formulae  (6)  are  then  valid  for  0  <  w  <  w» ,  where 

=  ft  +  Ml  “  Ma  •  (8) 

The  inclination  of  the  streamlines  along  any  ray  from  0  in  Fig.  1  may  be  found 
from  the  relation 


0  =  01  +  Hi  —  u  —  n 


where 


arctan  ^ 


arctan  cot 


(o>  +  Ul\ 

V6  ;• 


(9) 


(10) 


If  we  wish  to  compute  the  pressure  p  in  region  2  we  make  use  of  Bernoulli’s 
equation  since  the  expansion  is  adiabatic  and  have 
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where  po  =  poi ,  as  given  by  (5).  The  final  pressure  in  region  3  is  constant  and 
may  be  found  by  putting  M*  =  Mt  in  (11). 

3.  Construction  of  a  compatible  free  stream.  Having  determined  the  flow 
downstream  of  the  shock  wave,  we  are  faced  by  the  problem  of  determining  a 
shock  curve  and  free  stream  consistent  with  this  flow.  In  the  hodograph  plane 
the  velocity  vectors  of  the  flow  behind  the  shock  are  represented  by  the  radius 
vectors  to  the  epicycloid  for  0  <  0  <  .  But  if  a  uniform  stream  encounters  a 

shock  wave,  the  possible  velocity  vectors  of  the  flow  immediately  behind  the 
shock  are  represented  by  the  radius  vectors  to  a  single  member  of  the  shock 
polar  family  (2).  Hence  it  is  evident  that  the  free  stream  necessary  here  is  not 
uniform,  but  must  be  determined  as  follows:  For  each  point  of  the  epicycloid 
(corresponding  to  some  point  immediately  behind  the  shock  wave  in  the  physical 
plane)  values  of  X  and  Y  are  computed  and  substituted  in  the  shock  polar  (2) 
forming  a  cubic  equation  for  Mt  (which  replaces  Mt  in  (2)).  The  appropriate 
solution  to  this  equation  is  then  the  required  value  of  M*  in  front  of  the  shock 
wave  at  the  corresponding  point  in  the  physical  plane.  Inasmuch  as  X  and  Y 
are  functions  of  6,  we  may  henceforth  regard  Af*  as  a  function  of  8  and  if  we 
throw  the  shock  polar  equation  into  polar  form  this  functional  relationship  is 
expressed  by  the  equation 

M*  sin  8 
Mr  -  M*  cos  8 

where  M*  is  a  function  of  0  as  expressed  in  (7). 

The  amount  of  variation  of  Af?  from  Af*  as  8  varies  from  0i  to  0  gives  an  in¬ 
direct  measure  of  the  amount  of  error  introduced  by  the  assumption  of  Prandtl- 
Meyer  flow  if  the  free  stream  is  uniform.  It  can  be  seen  that  the  study  of  the 
function  Af*  is  a  difficult  one  mathematically,  but  we  can  obtain  certain  perti¬ 
nent  results.  First  we  know  the  velocity  number  AfJ  is  consistent  with  the 
Prandtl-Meyer  flow  at  /  (Fig.  1),  hence  we  have  M*  =  M*  at  0  =  .  It  is  clear 

also  that  for  0  =  0,  M*  =  Af?  ,  and  the  geometrical  representation  of  M*  —  M* 
is  given  in  Fig.  2  by  the  segment  PjPc  .  Near  0  =  0  we  can  obtain  some  additional 
information,  as  given  in  ' 

Theorem  I:  The  first  and  second  derivatives  of  the  function  MX[8)  defined  by 
(12)  both  vanish  at  the  point  {M*  ,  0). 

To  prove  this  theorem  we  recall*  that  if  in  the  hodograph  plane  we  have  an 
epicycloid  of  the  family  (7)  and  a  shock  polar  of  the  family  (2)  coinciding  at  the 
double  point  of  the  shock  polar,  then  the  slopes  and  curvatures  of  the  two  curves 
also  coincide.  To  interpret  this  for  our  purposes,  let  us  suppose  (12)  and  (7)  were 
written  in  the  forms : 


'  MyM*  cos  0—1 _ 

1  -  Af?Af*  cos  0  +  (5/6)M?*’ 


•  Sauer,  Section  18,  Par.  2. 


S{Mt ,  M*,  0)  =  0, 
Af*  =  E{8). 
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If  we  substitute  from  (7')  into  (12')  to  obtain  Mv{9)  and  then  differentiate,  we 
find 

d3/?  _  1  /  dS  ^ 

de  “  dS/dMX\dM*  de'^  dd)' 

Now  at  =  0  we  know  dEjdB  =  dM*ldO  if  M%  is  fixed,  and  if  we  differentiate 
(12')  holding  M%  fixed  we  see  that  the  right  member  of  the  last  equation  vanishes. 
Asimilar  argument  for  the  second  derivative  will  show  that  if  =  <fM*/d(^, 

then  d^MX/d^  =  0,  and  the  theorem  is  proved. 

If  we  wish  to  represent  MX  as  a  function  of  0  in  the  hodograph  plane,  this 
theorem  tells  us  that  for  small  6  the  curves  are  closely  approximated  by  circles 
of  radii  MX  with  center  at  the  origin.  The  curves  MX  =  MX{9)  will  terminate  in 
the  hodograph  plane  when  the  value  of  9  becomes  too  large  to  support  an  attached 
shock  for  the  corresponding  value  of  MX  -  Curves  of  MX  vs.  9  with  MX  as  para¬ 
meter  are  given  in  Fig.  3,  using  rectangular  coordinates. 


4.  The  equation  and  properties  of  the  shock  wave.  To  obtain  the  equation 
of  the  shock  wave  we  use  a  polar  coordinate  system  with  0  as  pole  and  the  angle 
u  as  independent  variable.  Referring  to  Fig.  1,  we  have,  with  the  distance  OP 
represented  by  r, 


I  dr  .  ^  cos  (9  +  —  a) 

-  j-  =  cot  { • 

r  doi  am  {9  +  n  —  a) 


Recalling  that  the  free  stream  has  velocity  number  MX  ,  the  relation 
tan  a  =  (MX  —  M*  cos  9)/M*  sin  9 


(13) 


when  used  in  (13)  yields  for  the  equation  of  the  shock  wave 


MX  sin  (d  -f-  m)  —  F  , 

U  -  MX  coa  (9  +  n)  ’ 


(14) 


where  n  is  the  length  of  the  segment  01  and  is  finite,  as  will  be  shown  below.  In 
the  integrand,  U  and  V  are  known  functions  of  w  from  (6),  9  and  n  are  functions 
of  (d  as  given  by  (9)  and  (10),  and  MX  has  been  shown  to  be  a  fimction  of  9, 
hence  also  of  <■>.  We  can  prove  the  following  properties  of  the  shock  wave: 

a.  The  point  I  at  which  the  shock  wave  begins  to  curve  is  in  the  finite  plane  for 
all  9i  >  0.  To  prove  this  we  need  show  only  that  the  Mach  line  01  of  the  de¬ 
flected  flow  is  not  parallel  to  the  shock  wave  VI.  But  if  these  two  lines  were 
parallel,  it  is  easily  sho\i'n  that  the  Mach  lines  of  the  free  stream  would  also  be 
parallel  to  the  shock  wave,  which  is  impossible  for  non-degenerate  shocks.  Hence 
an  intersection  is  assured,  and  if  the  deflected  stream  is  supersonic,  it  must  be 
of  the  type  shown  in  Fig.  1. 

b.  The  shock  wave  degenerates  into  a  Mach  line  for  w  =  a>i .  For  w  =  to* ,  m  =  Ma 
and  we  see  from  (9)  that  0  =  0  and  hence  that  MX  =  MX  .  Since  this  is  the  veloc¬ 
ity  number  of  the  stream  in  region  3,  the  stream  is  unchanged  by  the  shock  and 
the  shock  is  a  Mach  line. 
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The  question  remains  as  to  whether  r(«i)  is  finite;  i.e.,  whether  the  shock 
degenerates  in  the  finite  plane.  This  question  we  answer  with 
Theorem  II:  The  distance  r(<o)  as  given  by  (14)  becomes  infinite  as  u  ut. 
The  proof  requires  first  the 
Lemma:  The  functions 


N{w) 


Alt  sin  {6  +  ff) 
M*  sin  (0  +  n) 


-y  and  D(u}) 


U  —  Alt  cos  (6  +  m) 
U  —  Alt  cos  (fi  +  n) 


are  continuous  at  u  =  uz  and  their  limit  is  unity. 

Since  Alt ,  6  -j-  n,  U,  and  V  are  all  analytic  functions  of  w  at  «  *  w*  (where 
6  =  0),  and  since  reference  to  Fig.  1  shows  N  and  D  to  he  indeterminate  at 
ti>  =  wj ,  we  differentiate  numerator  and  denominator  of  iV  to  obtain,  using  (9), 


Lim  iV  =  1  +  Lim 


(dAlt/dw)  sin  (d  fi) 
-Alt  cos  (0  +  m)  -  (dV/dct)' 


But  from  (6)  we  see  that  dVfdu  =  —  C//6,  and  at  5  =  0  the  radial  component 
U  has  the  value  of  Alt  cos  fii  •  Hence  the  denominator  does  not  vanish,  and  from 
Theorem  I  we  conclude  that 


Lim  iV  =  1. 


In  evaluating  D  we  have 


Lim  D  =  Lim 


idAlt/de)  cos  (e  +  u)\ 
V  -  Alt  sin  (e  +  m)/ 


and  the  quotient  is  still  indeterminate.  A  second  application  of  L’Hopital’s  rule 
produces  the  desired  result. 

To  prove  the  theorem  we  remember  that  for  non-degenerate  shocks  B  +  n>  a, 
so  that  the  quotient  in  (13),  and  hence  the  integrand  in  (14),  is  positive  for 
u  <  wz.  Using  the  Lemma,  we  can  choose  some  value  of  u  <  ,  say  such  that 

N/D  >  1/2  for  ^  <  w  <  wi .  Then  from  (14),  we  can  write  for  «  >  iS 

,  _  r  ^  fi  Alt  sin  (0  +  m)  —  F  j  ,  1  /*“  Alt  sin  (B  +  u)  —  V  ^ 
r,  ^  io  U  -  Mt  cos  {B  ^  2  Js  U  -  Ait  cos  (tf  +  m) 

The  second  integral  on  the  right  may  be  evaluated  with  the  aid  of  (6)  and  we 
obtain 


log  -  >  log 


,  1  1..-  fV  -  Ait  cos  +  d)\ 

W  +  i  U-itfrcos(M  +  «))  ’ 


where  f,  A,  fi,  and  C  are  the  values  of  these  variables  at  w  =  The  second  term 
on  the  right  is  clearly  unboimded  in  the  vicinity  of  (i)a ,  and  the  theorem  is  proved. 


6.  Comparison  of  the  constructed  free  stream  with  an  isentropic  free  stream. 
In  an  analysis  of  constructed  free  streams,  we  are  apparently  faced  with  two 
independent  parameters,  Bi  and  Mt .  We  can  reduce  these  two  parameters  to  a 
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single  one  by  observing,  in  Fig.  1,  that  if  the  flow  is  determined  for  fixed  iW  J  and 
maximum  6i ,  then  all  flows  having  the  same  value  of  M?  can  be  obtained  by 
moving  the  point  I  along  the  shock  wave.  At  any  point,  Af?  can  be  taken  as  a 
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new  ilf  c  ,  with  6  (behind  the  shock)  as  the  corresponding  di .  This  becomes  ob¬ 
vious  if  we  refer  to  the  hodograph  plane,  where  it  is  clear  that  once  the  epicycloid 
is  determined,  any  point  (A/f  ,  di)  can  be  taken  as  the  initial  point. 

In  comparing  M*  with  M *  we  use  (12)  to  plot  Af  *  vs.  6  with  Aff  as  parameter. 
These  graphs  are  shown  in  Fig.  3  in  which  the  value  of  Mt  is  given  as  Af?(fli), 
and  other  values  of  Af  *  may  be  read  for  d  <  6i .  In  fact,  we  can  use  Fig.  3  to 
obtain  Af*  along  any  line  parallel  to  F'F  by  measuring  w  at  the  shock  wave,  com¬ 
puting  6  from  (9)  and  (10),  then  reading  M*  from  the  graph. 

We  can  use  a  similar  parameterization  for  stagnation  pressures  in  region  V, 
for  once  Mt  is  known,  poy  may  be  found  from  (5)  by  replacing  po^  and  Me  by 
poy  and  Mr  .  The  value  of  po,  is,  of  course,  the  same  as  po, ,  and  for  given  Mt , 
jky/poi  can  be  plotted  as  shown  in  Fig.  4.  For  A/?  ^  1.6,  po,/po,  ^  1-1  for  all 
possible  0,  but  for  large  Mt  and  0  it  is  seen  that  total  variation  of  stagnation 
pressure  in  region  V  is  very  large.  • 

In  Fig.  3  and  Fig.  4  the  slopes  of  the  curves  are  so  small  near  9  =>  0  that  quan¬ 
titative  analysis  is  difficult  for  0  <  10°.  This  phenomenon  is,  of  course,  closely 
related  to  the  problem  of  determining  the  “pressure  series”  for  Ap/q  as  a  func¬ 
tion  of  0.  Inasmuch  as  the  radius  of  convergence  of  this  series  is  as  yet  unknown, 
we  cannot  make  a  quantitative  analysis  even  for  “sufficiently  small”  0* 

It  is  clear,  however,  that  for  0  >  10°  the  Mach  number  and  stagnation  pres¬ 
sure  decrease  monotonically  from  the  line  V'V  along  which  Mt  =  Mt  and  poy  = 
Poc  >  For  small  0,  the  total  decrease  is  relatively  small  and  the  Prandtl-Meyer 
flow  behind  the  shock  may  be  considered  in  good  agreement  (except  for  effects 
due  to  viscosity)  with  the  flow  produced  by  a  uniform  free  stream.  For  values  of 
0  near  shock  detachment,  however,  the  value  of  Af  *  and  poy  in  the  free  stream  are 
seriously  at  variance  with  Af  *  nnd  po^. ,  and  the  Prandtl-Meyer  flow  cannot  be 
considered  an  accurate  approximation  to  the  flow  produced  by  an  isentropic 
stream. 

Appubd  Physics  Labohatory,  The  Johns  Hopkins  University. 

(Received  October  28,  1949) 
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DETERMINATION  OF  AXIALLY  SYMMETRIC  FLOW 
PATTERNS  OF  A  COMPRESSIBLE  FLUID'  * 

Bt  S.  Bcboman 

Introduction.  The  potential  function  of  an  axially  sjunmetric  flow  of  a  com¬ 
pressible  fluid  satisfies  a  non-linear  partial  differential  equation,  whose  mathe¬ 
matical  theory  is  comparatively  unknown.  On  the  other  hand,  the  corresponding 
functions  in  the  two-dimensional  case,  considered  in  the  hodograph  plane,  satisfy 
a  linear  equation,  for  which  a  number  of  flow  patterns  have  been  obtained. 

The  analogy  to  the  plane  case  suggests  that  we  consider  the  equation  for  the 
potentials  of  axially  symmetric  flows.  Then  one  can  use  the  solution  of  the 
corresponding  equation  for  a  plane  flow  as  a  first  approximation  for  the  function 
4>  connected  in  a  simple  manner  with  the  above-mentioned  potential  function. 
One  then  obtains  for  the  function  a  non-linear  equation.  Applying  the 

method  of  successive  approximations,  we  replace  the  equation  for  see 

(1.2),  by  a  sequence  of  linear  non-homogeneous  equations  =  0,  see 

(1.5). 

An  important  task  which  arises  is  to  develop  procedures  suitable  for  prac¬ 
tical  purposes  for  solving  these  equations,  at  least  for  small  values  of  n,  say 
n  =  1  and  2.  In  the  study  of  a  linear  equation,  say  L,  the  fact  that  if  ,  p  = 
1,2,  •  •  •  are  solutions  of  L,  the  linear  combination  ^,c^, ,  where  c,  are  arbitrary 
constants,  is  also  a  solution  of  L,  is  of  great  advantage  for  niunerical  applications. 
This  permits  us,  for  instance,  jto  prepare,  once  and  for  all,  tables  of  a  set  of  par¬ 
ticular  solutions  which  can  then  be  used  conveniently  in  determining  a  solu¬ 
tion  satisfying  prescribed  initial  or  boundary  conditions.  As  we  show  in  the 
present  paper,  certain  tables  can  be  used  for  the  computation  of  at  least  the 
first  and  second  approximations  and  f*'*’. 

In  the  present  paper,  we  limit  ourselves  to  the  study  of  analytic  solutions  of 
the  equation  for  4>  —  The  advantage  in  making  this  restriction  and  in 
considering  the  equation  in  the  complex  domain  is  that  we  can  simultaneously 
consider  the  sub-  and  supersonic  regions  and  obtain  solutions  for  the  mixed 
case. 

In  §1  w’e  derive  the  equation  for  the  set  of  solutions  of  equations  (1.5).  We 
show  that  in  a  sufficiently  small  neighborhood  the  equations  (1.5)  can  be 
approximated  by  another  set  of  equations,  [see  (1.7)],  for  which  it  is  possible  to 
prepare  auxiliary  tables,  as  mentioned  above.  The  procedure  suggested  requires 
dividing  the  domain,  say  N,  in  which  the  solution  is  considered,  into  a 

*  Research  paper  done  under  Navy  Contract  NOrd  10-449,  Task  3,  at  Harvard  Uni¬ 
versity.  The  ideas  expressed  in  this  paper  represent  the  personal  view  of  the  author  and 
are  not  necessarily  those  of  the' Bureau  of  Ordnance. 

*  The  present  paper  will  also  appear  as  Report  No.  16  of  the  series  “Operator  Methods 
in  the  Theory  of  Compressible  Fluids,”  Harvard  University,  Division  of  Engineering 
Sciences,  where  an  appendix  with  auxiliary  formulas  will  be  incorporated.  We  shall  refer 
to  it  as  “Appendix.” 
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number  of  neighborhooda  .  In  §2  we  discuss  the  case  where  a  neighborhood 
includes  the  sonic  line,  while  §3  and  §4  are  devoted  to  the  cases  where 
lies  entirely  in  the  sub-  or  supersonic  region.  In  §5,  we  discuss  how  to  combine 
solutions  each  of  which  is  defined  in  the  neighborhood  into  one  solution 
defined  in  the  domain  N  —  §6  is  devoted  to  considerations  of  more  the¬ 

oretical  character  pertaining  to  the  question  of  the  convergence  of  the  approxi- 
noation  functions  when  n  —*  ». 

I  wish  to  express  my  thanks  to  Mr.  Henry  Poliak  for  his  assistance  in  the 
preparation  of  the  present  paper,  in  particular  for  many  helpful  suggestion.^. 

1.  The  equation  of  axial  symmetric  flow.  The  method  of  infinite  approximation 
by  a  sequence  of  linear  equations.  Letx,  r  and  x  denote  the  cylindrical  coordinates 
in  the  physical  plane  (i.e.,  in  the  plane  in  which  the  flow  actually  takes  place) 
and  let  w,  $,  and  x'  denote  the  spherical  coordinates  in  the  hodograph  plane. 
Then  the  qitantity 

(1.1)  4>  »  -f  ^ 

where  ^  U  the  potential  function,  satisfies  the  equation 

(1.2)  m  -  Ni*), 

where 

(1.2a)  L('I>)  —  tc~*(«j*'I>m,  -|-  u>(l  —  ip*c~*)4>w  -|-  (1  —  u>*c“*)4>##), 

(1.2b)  N{*)  -  «I>7‘(u;"‘  sin  e  [«l>,„(u4>,  -|-  <I»„)  -  (♦«,  -  u>“‘<t,)*l). 

Here  c*  “  —  tr*)  and  4>,  -«  <!>«  sin  0  -f  uj~‘  <I>«cos  A  *  §(r  —  1),  d)(  = 

maximum  speed)  being  constants,  y  is  the  gas  constant.  (See  e.g.  [12]*  p.  138.) 

In  that  part  of  the  plane  where  r  (the  distance  of  the  flow  under  consideration 
from  the  rotation  axis)  is  substantially  larger  than  zero,  one  can  consider  a 
solution  for  the  corresponding  equation 

(1.3)  L(<l>®’)  -  0 

for  a  plane  flow  as  a  first  approximation  to  a  solution  of  the  equation  (1.2). 
Here 

A\  '  *<*>  =  -L 

(1.4)  T  =  Xtf>,  +  r<fir  —  <P 

where  x,  r  now  denote  the  Cartesian  coordinates  in  the  plane,  and  is  the 
complex  potential.  (See  [12]  p.  95.) 

The  method  to  be  discussed  in  the  first  part  of  the  present  paper  is  ba.sed  on 
the  fact  that  for  those  r)  which  yield  flow  patterns  around  profiles  of 

interest  in  applications,  comparatively  simple  formulas  can  \)e  obtained,  using, 
for  instance,  the  operator  method  [5,  6,  7,  8,  9],  or  developments  in  series  of 
hypergeometric  functions.  If  then  the  function.s  <!>*"•  obtained  by  solving  the  set 
of  equations 

(1.5)  L(V">)  -  Ar(«l»<"-”),  n  -  1,  2,  . . . 

*  Numbers  in  brackets  refer  to  the  bibliography  (p.  145). 
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converge  to  a  limit  then  in  many  instances  4>  will  represent  a  solution  of 
equation  (1.1)  with  slightly  distorted  boundary  conditions.  The  corresponding 


(1.6) 


tp  =  «4>u,  —  $ 


will  represent  a  potential  (in  the  hod(^raph  plane)  of  an  axial  symmetric  flow 
around  a  profile  which  is  obtained  by  a  distortion  from  the  profile  corresponding 
to  By  some  additional  considerations  these  distortions  can  be  diminished 
considerably.  If  the  determination  of  which  is  discussed  below',  is  known, 
then  the  first  question  that  arises  from  a  practical  point  of  view  is  in  what  man¬ 
ner  the  equations  (1.5)  can  be  solved  at  least  for  small  values  of  n. 

If  we  are  dealing  with  a  linear  homogeneous  equation,  the  possibility  of 
determining  a  complete  set  of  particular  solutions  is  a  great  advantage.  This 
permits  us  to  prepare  once  and  for  all  tables  of  particular  solutions  which  can 
then  be  used  conveniently  in  computing  the  desired  solution,  for  those  values 
of  the  arguments  in  which  we  are  interested;  in  addition,  it  gives  us  a  certain 
insight  into  the  variation  of  the  solution  if  some  parameters,  for  instance  the 
boundary  data,  vary. 

It  19  de9irable  in  dealing  with  non-linear  equaiiona  to  work  out  procedures  as  far 
as  possible  where  tables  can  be  determined  for  the  computation  of  successive  func¬ 
tions  In  our  special  case  this  can  be  done  if  the  expression  iV(4'^"~‘^)  is  re¬ 
placed  by 


(1.7) 


‘iNr*(«i»<*"”)  =  - 


2v 


( 


a(*i»i."~“,<i»<-“) 

d(u,  V) 


where  ♦lH-  and  tiZiia  core  the  maximum  and  minimum  values  of  in  the  do¬ 
main  in  which  the  function  is  considered.  In  §3,  wre  shall  discuss  the  application 
of  such  a  procedure  in  our  case. 

A  method  for  determining  may  be  briefly  described  as  follows:  By  separa¬ 
tion  of  variables,  we  obtain  solutions  of  (1.3)  of  the  form 

(1.8)  <!><"  - 


where 


-  F((l/2)w*  +  (l/4fc)  +  A,  (1/2p)w*  +  l/(4fc)  -  A,  p  +  1,  «;*u>-*) 

4A*  "  ~  v)  -¥  (4A*)~* . 

In  order  to  determine  the  B,  corresponding  to  the  two-dimensional  flow  around 
a  given  profile,  we  can  first  find  the  stream  function  of  such  a  flow  by  means 
of  the  method  of  integral  operators  (see  §4  of  [6]  and  §2  of  [8]).  Then  using 
(1.6),  and  (173)  of  [12],  we  obtain 

w^wl  *  —  po(/>«’)~*(l  —  U^C~')irt‘'^ 

p  =  p{w)  -  po(i  -  w^w~y^''‘\ 


(1.10) 

where 
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The  B,  can  now  be  computed  by  using  the  following  formulas  derived  from 

(1.10): 


(1.11) 


{  ^  _ _ _ 

2irtVp(i«»)ii>i''“‘(tcV(,|(ioJt&“*)  +  2wJf’[,|(u>Jtr~*)]’ 

_ —  ig*po(l  —  wlc^)4'$*^  |»-o _ 

4irp(uj|»)l2u;jFS'(u;Ju)"*)  +  is*Fo(u>Jt&“*)  +  tCo^’o(wot^~*)lio» 


where  ito  is  the  value  of  w  for  the  neighborhood  of  which  we  are  computing  the 

B,. 


2.  The  determination  of  the  solutions  of  the  equations  (1.7)  in  the  transonic 
case.  In  the  present  section,  the  determination  of  will  be  discussed;  the  same 
procedure  can  then  be  repeated  for  larger  n. 

As  indicated  in  §1,  it  is  convenient  to  replace,  in  the  set  of  equations  (1.5), 
the  expression  N(^)  by  iVo(4»),  see  (1.7).  As  it  will  be  explained  in  detail  in  the 
following,  this  permits,  for  small  values  of  n,  the  use  of  tables  which  can  be 
computed  once  and  for  all.  On  the  other  hand,  obviously  can  be  approxi¬ 
mated  by  (1.7)  only  in  a  domain  where  the  variation  of  is  comparatively 
small. 

Accordingly,  the  domain  B,  in  which  is  considered,  has  to  be  divided  into 
a  number  of  sufficiently  small  domains  ,  so  that  in  every  neighborhood  N„ 
the  variation  of  is  sufficiently  small.  In  order  to  determine  it  will  be 
necessary  to  use  a  different  procedure,  depending  upon  whether  intersects 
the  sonic  line  or  not.  In  this  section,  we  shall  consider  an  which  intersects 
the  sonic  line.  The  two  remaining  cases,  entirely  in  the  sub-  or  supersonic 
region,  will  be  considered  in  §3  and  4. 

In  order  to  solve  the  equation 

(2.1)  L(4»‘»)  -  No(w,  e) 

in  a  neighborhood  of  the  sonic  line,  it  is  convenient  to  replace  to  by  a  new 
variable  , 

(2.2)  q  =  kw"  -  {k+  l)w‘. 

The  expression  L(«l>)  assumes  then  the  form 

Li*)  =  ik+l)  [kikdf  -  q)  (tp*  -h  q)]-'{4fc(l:.&*  -  q)\u>^  +  q)h<. 

-2ikw-  -  q)  (ib(«>*  +  q)  +  qik  -1-  1)|<I>,  +  qik  -|-  l)*t,]  ■ 

We  also  write 

•0  J,V+1 

(2.4)  kik  +  l)”‘(t^*  +  q)ikw^  —  q)No  *  S  2  c,xe‘^V* 

<-0  X— (IJV+l) 

and  now  apply  the  method  of  power  series  to  find 
The  result  is 

•  r  *Af+i  1 

(2.5)  -  Aoie)  +  A,ie)q  +  Z  (N,+,)"‘  Z  q-'*  +  «I»{®’, 

»— 1  L  X— -(JAf+l)  J 


Nr 
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where  ♦}*  is  an  arbitrary  solution  of  (1.3),  and  and  are  arbitrary 

analytic  functions  of  0; 

iit+i 

Oii.x  “  Afn.x/N«,  and  An(fi)  -  ^  forn  >  2. 

X«-(JAf+X) 

Here,  if 

Sn  -  4(n  -f  3)  (n  +  2)**  ts* 

Tn  -  [4(n  +  l)k*ih*  -  (8n  +  10)ilV](n  +  2) 

(2.6) 

Un  *  [(4n  —  2) Aw*  —  (8n  +  2)A:*i&*]  (n  -j-  1) 

F,.x  -  (((4n  -  6)A:  -  4)n  -  (A  +  1)X*]. 

then 


(2.7)  N«  -  n  S, 

•w-l 

and 

(2.8)  A/,+,.x 

C.+1.X  T,  Vn.x  0  0  0-  -0  0  0  0 

C||.X  Sn-l  Tn-I  t/*_i  F,_1,X  0  O-’-O  0  0  0 

C_,.x  0  Sn-iTn-iUn-t  r,_,.x  0  -  0  0  0  0 


Cj,x  0  0  0 . 00  iS]  Tt  Ut  l^i.x 

(C,.x  -  V'l.xOi.x)  0  0  .  0  0  0  Si  Ti  I7i 

(ci,x  —  Vo.xOa.x  ~  Uaai,\)  0  0  .  0  0  0  0  So  To 

(co.x  -  r_,Oi.x)  0  0  0 . 00000  S-i 

for  n  ^  2; 


Similar  formulas  hold  for  Mt.\  ,  ,  and  Mi,\  .  (See  appendix) 

In  the  computation  of  these  constants,  tables  which  can  be  prepared  once  and 
for  all  greatly  facilitate  the  work. 

For  the  c,,x  we  obtain  the  formulas 


(2.9)  C..X  = 


(2t)  *  i4,(dr-X-l  S^xL,i_l  +  •Ap.-X+l  i^lx-r+l) 


(2i)-*  L 


if  I  X  I  <  2N 


} 

S 


s 


5 


i 

f 

t 


F 

it 

i' 

E 


if  X  =  6xi2N)  or  X  =  6x(2N  +  1),  «x  »  ±1. 
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Here  the  Ei*^  are  constants  which  can  be  determined  once  and  for  all  since  they 
are  derived  only  from  the  coeflScients  of*  F|,|  . 

Therefore,  to  obtain  a  general  solution  0/  (1 .5)  in  an  situated  in  a  transonic 
region  we  write 

(2.10) 

where  =  5^^— «  Xi'‘^  to*''  e*^  F|,|  is  given  by  (2.9)  with  B,  replaced  by 
arbitrary  constants  which  depend  upon  the  specific  solution  and  whose 
determination  will  be  discussed  in  §5.  On  the  other  hand,  in  the  solution 
which  does  not  involve  any  arbitrary  constants  depending  upon  the  specific  solu¬ 
tion,  the  B,  are  completely  determined,  see  (1.11),  since  we  start  from  a  known 
solution.  is  determined  as  follows:  Using  the  given  B„  we  compute  c,.x  ,  see 
(2.9),  which  are  substituted  into  (2.8)  to  obtain  Mn,x  .  Using  these  values,  we 
finally,  according  to  (2.5)  calculate  , 


3.  Reduction  of  equation  (1.3)  to  the  canonical  form.  Determination  of  the 
fundamental  solution.  In  the  present  and  the  next  section,  we  shall  describe 
a  method  analogous  to  that  described  in  §2,  but  where  the  neighborhood  lies  com¬ 
pletely  in  the  sub-  or  in  the  supersonic  region.  A  difference  which  now  arises  is  that 
we  have  to  operate  with  the  characteristic  variables  a,  j8; 

(3.1)  a  =  0  -f-  Ai(tc),  /3  “  ®  —  Ai(u?). 

Ai(ip)  for  supersonic  and  subsonic  cases  can  be  found  in  (2.11)  and  (2.6)  of  [6], 
respectively.  The  characteristic  variables  a  and  are  in  the  subsonic  case  con¬ 
jugate  imaginary  quantities,  while  in  the  supersonic  region  they  become  two 
independent  real  variables. 

Furthermore,  in  order  to  solve  the  non-homogeneous  equation  (1.3),  instead 
of  a  direct  attack  such  as  discussed  in  §2,  we  shall  use  the  method  of  so-called  f  unda¬ 
mental  solutions. 

The  expression  (1.2a)  assumes  in  the  characteristic  variables  a,  /3  the  form 

(3.2)  L(*)  =  2u>~*((l  —  w*c~*)  —  [Al(«))]V]*.a  +  (Aiiw)  —  [A ( («?)]*«>) (^i.  — 

Here  w  and  c  are  known  functions  of  a  and  /3. 

Besides  some  minor  differences,  the  considerations  in  both  sub-  and  supersonic 
cases  proceed  in  almost  the  same  manner;  therefore  we  carry  out  our  discussions 
simultaneously. 

The  problem  of  solving  the  system  (1.5)  reduces  to  solving  for  every  n  a  non- 
homogeneous  equation.  As  we  mentioned  before,  this  will  be  done  by  using  so- 
called  fundamental  solutions.  We  shall  at  first  explain  this  method  in  the  general 
case  of  a  linear  equation. 

I.<et  a  partial  differential  equation 

(3.3)  A/('t)  =  -+-  o^a  -|-  d*  =  0 

be  given,  where  a,  6,  and  c  are  functions  cA  a  and  /3  which  are  analytic  in  a  and  /3 
*  For  the  determination  of  the  eee  the  Appendix. 
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in  a  sufficiently  small  domain,  say  D.  A  solution  of  the  non-homogeneous  equa¬ 
tion 


(3.4)  -  S(a,  ff) 

where  S{a,  /3)  is  a  given  function  which  is  analytic  in  D,  can  be  obtained  by  the 
formula  =  /7  H'(o,  d;  A,  B)  S{A,B)  dAdB,  where 


(3.5)  W{a,  d;  A,  B)  =  U{a,  d;  -4,  fi)[log  (a  —  A) 

-I-  log  (d  -  B)]  -f  r(a,  d;  A,  B) 

is  called  a  fundamental  solution  of  Af(<^)  =  0.  See  [5],  p.  473.  Here  U  and  V  can 
be  written  in  the  form  of  infinite  series  which  converge  in  D. 

(3.5)  U  =  L"o  +  +  Ui  •  •  • 

where 

(3.7)  1^0  =  ^  [exp  a(a,  V)  dV^  +  exp  b(X,  d)  dxjj 
and  Un+i  is  given  by 

(3.8)  —Un+\  ^  J  (adUn/dai  -h  bdUJd^i  -f  cUn)  daiddi. 
Furthermore, 

(3.9)  =  Fo-t-  F,  -f  F* 
where  Fo  and  F»+i  are  given  by 

Fo  »  (of/  -  Uff)(A  -  a)-‘  -H  (bU  -  U,){B  -  d)“‘ 

-  F,+1  =  f^j‘  (adVn/dai  -i-  69F,/9di  -f  cF,)  da^ddi  . 


A  fundamental  solution  of  the  equation  (3.3),  which  is  obtained  as  described 
above,  satisfies  (3.3)  and  possesses  the  property  that  at  the  point  (A,  B), 
Uia,  d;  A,  B)  =  1. 

The  method  of  a  fundamental  solution  is  usually  applied  to  the  equations  of 
elliptic  type,  in  subsonic  case,  in  which  a  and  d  are  conjugate. 

In  order  to  be  able  to  apply  it  to  the  supersonic  case,  we  continue  the  variables 
to  complex  values,  and  consider  our  functions  in  a  four-dimensional  domain 
B*.  Let  y  *  J(a  -f-  d)  and  5  =  (2t)“*(a  —  d)>  where  7  =  7i  +  *7* .  ^  =  9i  -|-  iij . 
At  a  given  point  (71®’,  71**,  5i®’,  5i®’),  <I»(7i  +  t7i ,  9i  +  iii)  -satisfies  -simultaneously 
the  equation: 

(9*'4>/97i  +  9*4>/96i)/4  -|-  t7»*\  5i  +  f9**^)^/d7i 

+  5(7x  +  iyi\  h  +  i9i")9<I>/9«i  +  C{yx  -h  -|-  tii®’)* 

=*  <S(7i  -f  17*®’,  9i  -|-  tij®’)  as  a  function  of  71  and  3i , 


(3.11) 
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and 

(aVarJ  -  aVa«J)/4  +  A(yi  +  »yi®,  a{®  +  ia,)»/^, 

(3.12)  —  iB{yi  +  *71®,  5i®  -f  i6t)d^/d6i  +  C{yi  +  *7**^  +  *4i)^ 

*  S(7i  +  *71®,  ii®  +  tai)  as  a  fimction  of  71  and  6i . 

In  the  fundamental  solution  (3.5)  the  quantities  a,  0,  A  and  B  have  now  the 
following  significance: 


(3.13) 


a  “  7i  +  *71®  +  t(ai  +  til®) 

^  =  71  +  *7i“  -  »(«i*+  t«i") 

.4.r  +  *2i-C  +  f7i“ 


B  =  r  -  tA  +  a^®  +  *71® 

where  F  and  A  are  reed  integration  variables.  We  shall  now  denote  the  funda¬ 
mental  solution  by  W(7i,  ai  ;  71®,  ai®;  F,  A)  »  ir(a,  0;  A,  B).  considered  as 
a  function  of  71 ,  ai  and  71 ,  aj  is  a  solution  of  (3.1 1)  and  (3.12)  respectively.  Since 

(3.11)  is  an  equation  of  elliptic  type,  <I>  can  be  written  in  the  form 

4»(7i  -b  *71®,  a!®  -j-  tai) 

(3.14)  -  jj  W(7i ,  a{®,  7^“',  ai ,  F,  A)S(F  +  *7i®,  A  -f  *a,)  dF  d^ 

r*+A«<, 

which  expression,  considered  as  a  function  of  71  and  a* ,  represents  a  solution  of  * 

(3.12) ,  an  equation  of  hyperbolic  type.  • 

remark:  The  integration  has  to  be  carried  out  over  a  circle  F*  -|-  A*  <  1,  in  the 
plane  71  =  71®,  aj  =  ai®,  see  Fig.  3.1.  The  expression  (3.14)  satisfies  also  the 
equation  (3.12)  and  therefore  can  be  used  in  the  supersonic  case.  We  wish,  how¬ 
ever,  to  stress  that  in  the  subsonic  case  the  integration  domain  K  lies  in  the  plane 

of  the  variables  of  the  dilTerential  equation,  71 ,  ai ,  while  in  the  supersonic  case 
K  lies  in  the  plane  which  is  perpendicular  to  71  and  ai  of  the  equation. 


4.  Determination  of  in  belonging  entirely  to  the  sub-  or  supersonic 
region.  In  this  section,  we  shall  apply  the  formulas  derived  in  §3  to  our  specific 
case,  i.e.  evaluate  the  formula  (3.14)  when  (3.4)  assumes  the  form  (3.2).  Since 
the  explicit  expressions  for  w  and  6  in  terms  of  the  characteristic  variables  a 
and  0  are  rather  involved,  it  is  convenient  to  rewrite  the  formulas  of  §3  in  terms 
of  w  and  6;  this  will  form  the  main  contents  of  the  present  section. 

In  (3.1)  the  function  Ai(u;)  has  been  introduced.  In  the  following,  we  shall 
need  the  inverse  function 

(4.1)  w  =  n(Ai). 

0(Ai)  is  a  function  of  a  complex  variable  Ai  *  A  -|-  t'X.  In  the  hydrodynamic 
application,  Ai  is  real  in  the  supersonic  region,  and  purely  imaginary  in  the  sub¬ 
sonic  region,  i.e.,  X  “  0  for  >  1,  and  A  =  0  for  Af  <  1.  We  note,  however. 
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■y  V  (O)  /-y  (0)  p  (o'  r  (O)  N 

a  5  (/,  ,0,  ,6:1  ; 

Fiq.  3.1.  The  intersection  of  the  four -dimensional  space  with  yt  *■  7^*’ *  The 

point  to  the  left  illustrates  the  situation  in  the  subsonic  case;  the  point  to  the  right,  that 
in  the  supersonic  case. 

In  the  neighborhood  of  the  point  X  =  0  for  fc  =  0.2(7  ==  1.4),  a  formal  com¬ 
putation  3rield8  the  representation 

(4.3)  X  =>  ciT  -}-  CiT*  -!-••• 

(4.4)  r  -  dif  -h  ci,r*  +  •  •  • 

where  f  *  (— 3.6X)‘^*  and  the  Cn  and  d«  are  given  in  the  table  4.1,  p.  142. 

REifARx:  We  assume  in  the  following  that  tables  for  the  Q(Ai)  for  complex 
values  of  the  argument  Ai  are  available. 

We  can  now  substitute  into  the  expressions  (3.7)  —  (3.10)  the  variables  w  and 
B.  If  we  let 

(4.5)  G{w)  =  i(Ar(tp)«>*  —  (u;A((to))*]  (1  —  w'c~'  —  [Aj(tp)]*io*)“^ 

»  We  note  that  T  -  (1  — 

*  We  note  .that  tables  for  Q(Ai)  are  available  for  the  supersonic  region,  i.e.,  for  Ai  purely 
imaginary. 


(4.2)  T  -  -  w*(l  -t-  jfc)]‘'* 

and*  in  terms  of  exp.(2X)  have  been  given  in  [1,  pp,  49  and  75,  76].  This 
representation  holds  for  0  <  7’  ^  1,  For  values  near  7  =  0,  the  convergence  of 
the  series  is  slow.'  On  the  other  hand,  another  series  development  can  be  obtained 
for  this  region,  as  follows. 


that  in  our  treatment  we  need  the  values  of  0  for  complex  values  of  Ai .  Q(  Ai) 
can  be  represented  in  the  form  of  power  series.  In  the  subsonic  case,  the  power 
series  development  of 
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then  we  obtain 


(4.6) 


Cniw,  w';  0,  T;  X‘*’,  ^  exp  2  /  0{a)K[{a)  da 

2  L  •'»-0(|«A4<j-r+tA-*x'*')) 


+  exp 


[^0<J(r+iA+<A-#i-»'*')  -f\ 

^L<, OWAlWi-J}. 

(4.7)  fo  =  {t(A  -  A)[2UGiw)  -  C7.(A;(t«))-‘]  +  (r  -  «,)f7,}/[(r  -  ft)* 

+  (A  -  A)*l 


and  corresponding  simple  recursive  formulas  for  Cn+\  and  Vn+i  which  need 
not  be  written  here  in  detail.  See  appendbc. 


TABLE  4.1 


fl 

Cn 

•  dn 

1 

1 

1 

3 

.23333 

—  .23333 

®  i 

.11619 

+  .047143 

7  j 

.07477 

—  .010329 

9  ! 

.05435 

+  .002721 

11 

.04234 

—.000669 

13  i 

.08448 

+  .000158 

15 

.02896 

—.000038 

17 

.02488 

+  .000009 

19 

.02176 

j  —.000002 

21 

.01930 

23  1 

.01731 

25  j 

.01568 

Here  and  in  the  following,  Ai  s  Ai(it)),  A  =  A(trO- 
We  then  get,  for  the  fundamental  solution,  the  formula 

<r(tr,  w';  ft  ,  r;  oi®') 

(4.8)  =  V(w,  «;/;  ft  ,  T;  X'®’,  O  log  ([(F  -  ft)*  +  (A  -  A)*]) 

+  \^(w,  w'l  ft  ,  r;  X‘®\  <?^®»). 

In  order  to  obtain  the  sohUion  of  the  non-homogeneous  equation  (2.1)  where 
No  =  iVo(4»*®'),  in  a  neighborhood  JV„  which  lies  completely  in  a  sub-  or  a  supersonic 
region,  we  apply  the  method  of  fundamental  solutions,  and,  according  to  (3.14), 
we  write 


* 


(1) 


-UL 


„  , ,  Wiw,  w';  ft  ,  r;  X‘®\  <li®>)Ar„(<|.<»’) 

(4,9)  2  JJr*+(A, (•')!•  <1 

X  (7(tD0Ax(tp')[Ar(tc')  —  U7'(a((«>'))*]~*  dw' dr  +  ♦i®^ 

where  Wo(4»*®'),  is  considered  as  a  function  of  w'  and  T  rather  than  w  and  0. 
Here,  4>i*^  is  again  an  arbitrary  solution. 
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6.  Combining  the  elements  into  one  function.  By  the  procedure  described  in 
§2  and  §3,  we  can,  starting  from  a  solution  4'*®’  of  a  plane  flow,  determine  in  every 
neighborhood  a  solution,  say  of  equation  (1.5)  for  n  =  1.  As  we  stressed 
before,  in  doing  this  we  can  use  tables  for  functions  and  expressions  which  can 
be  computed  once  and  for  all.  We  remind  the  reader  that  in  every  the  function 
is  replaced  by  iVo(#**’),  see  (1.7),  and  that  naturally  (V  =  + 

4*..iVii)  will  change  from  region  to  region.  On  the  other  hand,  the  tables  men¬ 
tioned  above  can  be  prepared  for  c  =  1,  and  the  values  obtained  from  the 
tables  have  to  be  divided  by  c„  . 

It  remains  now  to  discuss  how  to  combine  the  functions  each  of  which  is 
determined  in  a  neighborhood  ,  into  one  function  defined  in  Each  of 

the  solutions  involves  an  arbitrary  function  <t^®^  =  . 


See  (1.8).  (We  note  that  in  (1.8)  the  symbol  B,  is  used  instead  of  XItK)  We  wish 
to  indicate  how  to  determine  the  constants  Xi'‘^  in  order  that  the  solution  ob¬ 
tained  in  this  manner  will  approximate  in  the  whole  domain  AT  =*  in  which 

•I*'®’  has  been  originally  defined,  one  solution. 

We  assume  here  that  we  have  only  one  domain  ,  say  Ni ,  which  lies  in  the 
transonic  region,  and  the  remaining  .V„  ,  say  iVj,  Xt,  Xt,  •  •  •  ,  belonging  to  the 
supersonic  region.  (See  Fig.  5.1.) 

Since  we  wish  to  determine  a  solution  of  the  axially  symmetric  flow  which 
differs  as  little  as  possible  from  the  plane  solution  ^‘®’,  roe  determine  the  Xi*’  in 
such  a  way  that 

(5.1)  ff  [♦{“’  -  4'i‘T  dw  de  =  min. 

The  condition  (5.1)  permits  us  to  determine  the  unknown  constants  Xj*’.  I.«t 
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U8  denote  the  expression  (2.10),  into  which  the  determined  as  above,  have 
been  substituted,  by  Let  AB  be  a  line  segment  in  the  intersection  of  Ni 
and  Nt  which  is  not  a  portion  of  a  characteristic.  The  function  and  its 
derivative  assiune  certain  values  on  the  line  AB,  and  now  we  determine  in  the 
solution  the  constants  so  that  on  the  segment  AB  the  obtained  value 
*=  and  its  derivative  differs  as  little  as  possible  from  and 

its  derivatives.  This  procediue  can  be  continued  through  all  AT,,  so  that  we  get 
a  solution  in  the  whole  domain.  We  should  like  to  note  that  if  the  domain 
involves  neighborhoods  belonging  to  the  subsonic  region,  we  can  determine 
the  constants  by  using  the  method  of  analytic  continuation,  which  we  shall 
not  discuss  in  detail  at  this  time. 

The  second  approximation  can  be  obtained,  in  principle,  in  the  same  manner 
as  In  this  process,  further  tables  will  be  required.  We  note,  however,  that 
presumably  in  most  instances  it  ^vill  be  sufficient  to  determine 


6.  Some  remarks  of  theoretical  nature.  In  the  previous  sections,  we  described 
a  method  of  starting  from  a  given  solution  of  (1 .3)  to  obtain  functions  which  can 
be  considered  as  an  approximation  of  (1.2). 

Every  can  be  substituted  into  the  equation  (1.2);  we  obtain  then  an  in¬ 
homogeneous  equation 

(6.1)  L(4>‘*’)  -  ATt‘"’)  -  M(u,  v) 


and  from  the  size  of  ^f(u,  v)  one  can  make  some  conclusions  about  the  accuracy 
of  the  approximation  in  every  N„  . 

On  the  other  hand,  it  is  of  interest  to  give  at  least  some  sufficient  criteria  when  the 
converge,  asn—*  « ,  to  the  solution  of  equation  (1.2).  Since  we  are  interested 
in  analytic  solutions,  we  can  continue  to  complex  values  of  the  arguments.^ 
We  determine  to  every  a  four-dimensional  domain  Bl  which  includes  , 
and  further  to  each  pair  of  overlapping  neighborhoods,  say  and  A’, ,  a  four¬ 
dimensional  domain  3/^r  which  includes  the  intersection,  N^nNp. 

We  proceed  now  to  describe  briefly  one  such  criterion: 

If  we  determined  at  each  step  the  constants  in  ^  Vu>,  ff) 

in  such  a  way  that 


(6.2) 


?////..' 


r’  -  ♦L'i  -  <!>*-"  I’d- 


(n) 


(0)  iJ 


dw 


mimmiun 


Sn, 


where  X  and  t  are  two  fixed  munbers  such  that  X  -f-  t  *  1,  X  >  0,  t  >  0,  then 
the  sufficient  condition  for  the  convergence  is  that  <St  <  <» .  The  proof 

of  this  and  other  criteria  can  be  accomplished  with  the  help  of  the  theory  de¬ 
veloped  in  (4). 


*  In  the  following,  we  employ  notions  and  results  from  the  theory  of  functions  which 
are  not  contained  in  this  paper.  We  refer  the  reader  to  [4]. 
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ON  THE  THEORY  OF  THIN  ELASTIC  TOROIDAL  SHELI^‘ 

Bt  R.  a.  Clabk* 

1.  Introduction.  In  the  present  paper  toroidal  or  ring  shell  problems  are 
considered  from  the  point  of  view  of  the  small  deflecticm  theory  of  thin  shells 
of  revolution  loaded  symmetrically  with  respect  to  their  axis.  Solutions  of 
such  problems  are  found  by  applying  methods  of  asymptotic  integration  of  a 
differential  equation  involving  a  large  parameter  multiplied  by  a  function  which 
vanishes  at  certain  points.  As  examples  of  the  general  procedure  developed  the 
particular  problems  of  an  “Omega”  piping  expansion  joint  subject  to  axial 
load  and  of  a  corrugated  pipe  subject  to  axial  load  or  internal  pressure  are 
solved.  In  particular,  explicit  formulas  are  given  for  the  maximum  stresses  and 
displacements  in  terms  of  the  dimensions  of  the  shells. 

For  a  toroidal  shell  of  uniform  thickness  and  circular  cross  section  the  theory  of 
shells  of  revolution  reduces  the  problem,  essentially,  to  that  of  inflating  a  single 
complex  differential  equation  subject  to  boundary  conditions  which  depend  on 
the  particular  loading  considered.  This  differential  equation  is  of  the  form, 

+  /i(^,  M  ^  +  M<t>t  K  m)  (1) 

The  quantities  X  and  n  in  equation  (1)  are  parameters  defined  as 

x-l  Vi2(nrpr)^ 

where  b  is  the  radius  of  the  circular  cross  section,  a  is  the  distance  of  the  center  of 
the  cross  section  from  the  axis  of  revolution,  h  is  the  thickness  of  the  shell  and  v  is 
Poisson’s  ratio.  The  parameter  ju  is  the  more  significant  of  the  two  and  will  be 
large  compared  to  unity  provided  h  is  sufficiently  small  compared  to  the  other 
dimensions.  The  parameter  X  is  less  than  unity  for  most,  if  not  all,  applications.  If 
X  is  sufficiently  small,  the  effect  of  terms  in  X  alone  is  relatively  insignificant. 

In  the  work  to  follow  we  assume  that  the  parameter  ft  is  large  and  obtain 
approximate  solutions  of  eq.  (1)  by  applying  methods  of  asymptotic  integration 
which  differ  somewhat  from  the  methods  usually  applied  to  thin  shell  problems. 
The  usual  method  of  asymptotic  integration  assumes  that  the  term  involving 
the  large  parameter  is  large  everywhere.  For  a  toroidal  shell  the  function  /»(^,  X) 
in  equation  (1)  vanishes  at  those  points  where  the  tangent  to  a  meridian  is 
perpendicular  to  the  axis  of  revolution.  Consequently  the  ordinary  asymptotic 
integration  theory  is  valid  only  for  regions  of  a  shell  where  /i(0,  X)  is  not  small. 
For  regions  where /t(0,  X)  is  small  it  is  possible  to  make  a  separate  approximation 
but  it  is  much  more  desirable  to  have  a  single  representation  for  a  solution 

‘  Research  for  this  paper  was  supported  by  a  grant  from  the  Office  of  Naval  Research 
under  contract  N5  ori.07834.  Part  of  the  work  was  first  presented  in  the  author’s  doctoral 
thesis  written  at  M.I.T.  (June,  1949)  under  the  direction  of  Professor  E.  Reissner. 

*  Now  at  Case  Institute  of  Technology. 
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which  is  valid  regardless  of  the  sise  of  /i(^,  X).  Such  a  representation  is  found  here 
for  the  solution  of  the  homogeneous  equation  related  to  equation  (1)  by  applying 
a  method  of  asymptotic  integration  developed  by  R.  E.  Langer  [4].*  The  results 
of  this  method  coincide  with  the  results  of  the  usual  method  in  regions  where 
is  not  small.  By  using  somewhat  similar  reasoning  we  also  solve  the 
more  difficult  problem  of  obtaining  a  formula  for  an  approximate  particular 
integral  of  equation  (1)  in  a  way  that  is  independent  of  the  precise  nature  of  the 
loading  terms. 

The  advantage  of  asymptotic  integration  methods  is  that  the  accuracy  of  the 
results  so  obtained  increases  as  the  parameter  u  becomes  laiger.  Power  series 
methods,  on  the  other  hand,  become  less  practical  as  u  becomes  larger.  However, 
if  M  is  not  too  large  either  power  series  methods  or  methods  of  successive  approxi¬ 
mation  may  be  used.  (Considerable  work  has  been  done  on  toroidal  shell  problems 
using  power  series  integration  [7],  [10].  In  the  present  paper  a  direct  check  on  the 


accuracy  of  the  solution  obtained  for  the  homc^eneous  equation  is  given  by  a 
comparison  of  the  numerical  results  found  by  asymptotic  integration  and  found 
by  H.  Wissler  [10]  using  power  series  integration  for  two  specific  examples.  The 
agreement  is  quite  satisfactory  although  the  value  of  u  used  in  the  calculations 
is  less  than  7. 

2.  Formulation  of  the  Problem,  a.  Theory  of  sheila  of  revolution.  In  this  section 
we  give  a  brief  summary  of  the  usual  small  deflection  theory  of  thin  shells  of 
revolution.  The  notation  adopted  is  that  of  a  recent  paper  by  E.  Reissner  [6], 
which  also  contains  references  concerning  the  historical  development  of  the 
subject. 

Using  cylindrical  coordinates  r,  0,  z  let  the  middle  surface  be  represented 
by  the  parametric  equations 

r  -  r«),  2  -  z({)  (2) 

'  Numliera  in  brackets  correspond  to  the  references  listed  in  the  bibliography. 
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and  let  ^  be  the  angle  between  the  r  direction  and  the  tangent  to  a  meridian. 
Then, 

r'  =  a  cos  0,  z'  ^  a 

where 

«  =  VWTW  (3) 

and  primes  indicate  differentiation  with  respect  to 
The  stress  resultants,  N( ,  N$  and  Q,  and  the  stress  couples.  Aft  and  Mt , 
acting  on  an  element  of  a  shell,  are  taken  in  accordance  with  figure  2.  It  is  also 
convenient  to  define  “horizontal”  and  “vertical”  stress  resultants,  H  and  V, 
which  are  related  to  ATt  and  Q  by  the  equations 

oATt  =  r'H  +  z'V,  aQ  =  -z'H  +  r'V  (4a,  b) 

Denoting  the  components  of  load  intensity  in  the  radial  and  axial  directions 


by  Pa  and  pv ,  respectively,  the  equilibrium  equations  for  elements  of  a  shell 
may  now  be  written  in  the  form 

(fVy  +  rapr  =  0,  (rH)'  —  aN «  +  rap*  —  0  (5r,  b,  c) 

(rAf|)'  -  r'M#  -  roQ  =  0 

Assuming  that  the  behavior  of  the  material  is  isotropic,  the  stress  resultants 
and  couples  are  related  to  direct  and  bending  strains  by  the  equations 

Cei*  =  ATi  —  vN$ ,  C€$m  “AT#  —  vN(  (6a,  b) 

A/|  =*  D((C|  +  VK$),  M$  -  D{k$  +  pkO  (7a,  b) 

where 


E  is  the  modulus  of  elasticity,  v  is  Poisson’s  ratio,  and  h  is  the  thickness  of  the 
shell. 
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Let  u  and  w  be  the  components  of  displacement  in  the  r  and  z  directions, 
respectively,  and  let  the  rotation  d  be  the  negative  of  the  change,  due  to  de¬ 
formation,  in  the  tangent  angle  0.  There  is  no  displacement  in  the  circumferential 
or  6  direction  as  the  loads  are  assumed  to  be  axially  symmetric. 

For  small  displacements  the  strains  in  equations  (6)  and  (7)  are  expressed 
in  terms  of  u  and  $  as  follows 


u'  -  z'd 


(8a,  b) 


a’ 


(9a,  b) 


Equations  (8)  immediately  imply  the  compatibility  relation 

(re#j#)'  —  r'tiM  =  z'd  (10) 

The  next  and  most  important  step  in  the  theory  is  to  reduce  the  system  of 
equations  (4)  to  (10)  to  the  two  following  equations  for  the  two  functions  d 
and  rH. 


[(O’  -  "S]'* + 

One  obtains  equation  (11a)  by  combining  equations  (4b),  (5c),  (7)  and  (9), 
while  equation  (11b)  results  from  the  combination  of  equations  (4a),  (5b), 
(6)  and  (10). 

For  a  particular  loading  the  quantity  rV  is  given  by  equation  (5a).  Equations 
(11)  are  then  solved  for  d  and  rH.  The  stress  resultants  are  expressed  in  terms 
of  these  solutions  and  the  components  of  load  intensity  by  equations  (4)  and 
(5b).  The  stress  couples  are  determined  from  equations  (7)  and  (9).  The  displace¬ 
ment  u  results  from  either  of  equations  (8)  in  conjunction  with  equations  (6). 
The  displacement  w  is  obtained  from  the  equation 

w  =  j (z'ttM  -  Kd)  (12) 

b.  Equations  for  a  toroidal  shell  of  uniform  thickness  and  circular  cross  section. 
Taking  the  parameter  (  in  equations  (2)  as  the  tangent  angle  ^  (which  is  also 
the  same  as  the  central  angle  of  the  circular  cross  section — see  Fig.  3)  the 
parametric  equations  of  the  middle  surface  of  a  toroidal  shell  are 


r  =  o  -f  5  sin  0, 


z  =  —6  cos  0 


(13) 


where  b  is  the  radius  of  the  circular  cross  section  and  a  is  the  distance  of  the 
center  of  the  cross  section  from  the  axis  of  revolution.  From  equation  (3)  we 
have  0  =  6.  The  form  equations  (11)  assume  may  now  be  determined,  but  before 
this  is  done  it  is  convenient  to  define  the  parameters 


and  to  introduce  the  following  dimermordeas  functions, 


Equations  (11)  may  then  be  written  as  follows 

LOS)  -  i-X/3  +  =  E 

L('i')  ■\-vKi  -  =  G 

where 

,  .  V  1  +  X  sin  0  r,  y,  ,  X  cos  0  ,  y 


By  introducing  the  complex  function 


where 


fc  =  \/l  +  (vX/m)*  +  i(»'X  V) 


(22) 
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r 


equations  (16)  and  (17)  may  be  combined  into  one  complex  equation 

L{U)  -  iVm*  -  W'U  =  F  +  iG.  (23) 

By  setting  W  =  '\/l-f-X8in^C/  the  first  derivative  term  is  eliminated  and 
equation  (23)  becomes 


w"  -  [(^ + .•  v<.’  -  (►x)‘)  + \  (rroti) . 


W 


=  (F  +  iG) 


sin  0 

\/i  -f-  X  sin  ^ 


(24) 


At  this  point  we  recall  that  the  present  theory  applies  only  to  shells  which  are 
thin,  in  the  sense  that  the  ratio  h/h  1,  and  that  terms  of  the  order  h/b  are 
neglected,  compared  with  unity,  in  the  derivation  of  this  theory.  From  equations 
(14)  we  have 


M  mb  ^{b 


(25) 


It  follows,  then,  that  X  is  always  smaU  compared  with  n,  and  that  we  are  only 
consistent  in  setting 

(X/2)  +  xVm*  -  (A)*  «  in,  k  ^  1  (26) 


With  these  approximations  equation  (23)  takes  the  final  form 


w  -  L  .♦-Yl  IT  =  (F  + .(?) 

0  L  1  +  ^  sin  0  4  \  I  +  X  sin  0/  J 


sm  0 

vr+  X  sin  0 


(27) 


where  now 


W  =  V 1  +  X  sin  0  (/3  +  *4') 


(28) 


or 

/3  =  (1  +  X  sin  0)'<‘'*’W, ,  4^  =  (1  +  X  sin  0)""'”  (29) 

(Subscripts  r  and  t  i^ill  always  denote  the  real  and  imaginary  parts  of  a  complex 
function.) 

From  equations  (4),  (5),  (7)  and  (9)  we  have  the  following  formulas  for  the 
stress  resultants  and  couples  in  terms  of  ff,  ^  and  the  loading  functions,  Pg 
and  Pr  : 


-J 

Prebp 

(30) 

ma 

( 'If  cos  0  +  Q  sin  0\ 

^  1  +  X  sin  0  / 

(31) 

Eh*  ^ 
ma 

/  —4^  sin  0  +  cos  0\ 

\  1  +  X  sin  0  / 

(32) 
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AT,  -  ^  (4^'  +  Pb) 

(33) 

(34) 

(35) 

In  order  to  determine  the  maximum  values  of  the  principal  stresses,  and  or* , 
we  write 


(36) 


I  0'4,n>ax  I  =  I  O’#!)  I  +  I  O-^a 
1  0-».m„  I  **  I  <riD  1  +  I  I 

where  the  subscripts  D  and  B  refer  to  the  direct  and  bending  stresses  defined 
by  the  equations 

N, 

(37) 

m, 

f  o»« 


«r,!,  - 


63fa 
h'  ’ 


h* 


Combining  equations  (8b),  (6b),  (31)  and  (33)  we  obtain  the  following  formula 
for  the  horizontal  displacement. 


Eh 


(1  +  X  sin  0)(iV#  —  vN^) 


(38)  ' 


An  alternate  formula  is  obtained  by  using  equation  (8a) ;  namely, 

M  =  b  j  03  sin  0  +  f4M  cos  4»)  d4> 
where,  from  equations  (6a),  (31)  and  (33), 

.  -  K*'  +  p-)] 

mijL  1  +  Xsm0  J 

From  equation  (12)  the  displacement  w  is  given  by 

w  =  —b  j  cos  ^  —  <ajr  sin  4>)  d<t> 

3.  Asymptotic  Integration  of  the  Homogeneous  Equation.  Let  us  first  consider 
the  homogeneous  equation 

_  r  XU  smj>_  3  /  X  cos  ^Y~|  ^  q  (42) 

+  4\1  +  Xsin0/J 

obtained  by  setting  the  right  hand  side  of  eq.  (27)  equal  to  zero.  The  solution  of 
eq.  (42)  is  all  that  is  required  for  problems  dealing  with  a  portion  of  a  toroidal 


(39) 


(40) 


(41) 
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shell  subjected  only  to  radial  edge  forces  or  edge  couples,  since  then  pa  ,  Pr  and  V 
are  all  zero  and  the  right  hand  side  of  equation  (27)  vanishes  identically.  Re¬ 
stricting  attention  to  problems  for  which  X  <  1  (as  is  the  case  for  most,  if  not 
all,  practical  applications)  and  n  1,  we  shall  now  determine  approximate 
solutions  of  eq.  (42)  asymptotic  in  m  to  exact  solutions.  This  is  done  by  applying  a 
method  developed  by  R.  E.  I.Anger  [4]  for  treating  general  problems  of  this 
type.  For  the  range  where  nan^ia  large  the  results  are  the  same  as  those  given 
by  the  usual  method  of  asymptotic  integration  which  H.  Reissner  and  0. 
Blumenthal  first  introduced  into  shell  theory  [6]. 

The  briefest  way  to  arrive  at  the  asymptotic  solution  of  equation  (42)  is  as 
follows.  I.«et  a  function  u  be  defined  as 


(43) 


r(. 

Jo  \1  -1-  X  sm  <l>/ 

=  f  sin*^V  [1  “  sin  ^  -|-  A(1  "b  1^*)  sin*  <l>  •  •  •] 

The  following  functions  x  and  Q  are  then  defined  in  terms  of  u  by  the  relations 

x(^,  X,  m)  =  M*'*(l«)*'‘  (44) 

(!«)*'• 


X) 


(«')*'* 


(45) 


It  should  be  noted  that  u  and  x  are  zero  when  ^  is  zero.  The  function  Q  is  in¬ 
determinate  at  the  origin  but  may  be  defined  there  as  lim  X)  =  1.  The 

♦  -0 

*  useful  relation  also  holds. 

Next  consider  the  function 

¥(<!>)  =  QMHix)  (46) 

where  h(z)  is  any  solution  of  the  equation 

<fh/dz*  +  zh  (47) 


By  direct  substitution  it  is  easily  verified  that  the  function  Y  satisfies  the 
equation 


where 


d^Y  _  r  tA>  sin  y 

_  1  -f  X  sin  0  Q  _ 


0 


(48) 


(1  -H  X  sin  4) 


*  A  CSC* 


X  .  ,  5  sin  ^(1  -f  X  sin  ^) 

-  -  sm  ^  — - 

4  36  0) 


i  X*  -f  0(X  sin  4, 8in*0) 
14  35 
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Eq.  (48)  resembles  eq.  (42)  to  the  extent  of  the  term  in  n  and  has  the  added 
advantage  that  it  is  explicitly  solvable  since  eq.  (47)  admits  as  solutions  functions 
of  the  form  where  Hi/i  stands  for  any  Bessel  function  of  order  1/3. 

Because  eqs.  (42)  and  (48)  differ  only  by  terms  independent  of  m  it  is  reasonable 
to  assume  that  solutions  of  (48)  are  asymptotic  in  /i  to  solutions  of  (42)  provided 
the  terms  independent  of  n  are  always  of  the  order  of  unity.  It  follows  from  the 
general  results  obtained  by  Langer  that  this  is  actually  so  if  ^  is  restricted  to  an 
interval  such  that  |  ^  |  <  <l>i  <  r.  (This  restriction  is  necessary  since  the  term 
Q"/Q  becomes  infinite  as  0  — ►  ±t,  whereas  the  coefficient  of  W  in  eq.  (42) 
remains  finite.) 

It  has  been  found  convenient  to  choose  as  specific  solutions  of  eq.  (47)  the 
functions, 

hiiz)  -  (iz*y'*Hiy,iiz*'') 

htiz)  - 

where  H\i%  and  Hut  stand  for  Hankel  functions  of  order  1/3  of  the  first  and 
second  kind,  respectively.  The  reason  for  this  choice  b  that  the  particular 
functions  hi{z)  and  ht{z)  and  their  derivatives  have  been  tabulated  for  complex 
arguments  [3].  When  1  2  j  b  large  hi  and  ht  may  be  represented  by  appropriate 
asymptotic  forras.  For  purely  imaginary  arguments  we  have 

*,(«)  ~  ,  j  -  1.  2  (50) 


y  =  2'''3''V'‘  =  0.85367. 

According  to  the  work  of  Langer  two  independent  solutions,  Wi{ip)  and 
lFj(0),  of  eq.  (42)  may  now  be  represented  by  the  formulas 


Tr,(0)  =  QA,(tx)4-^, 


x|  <  AT 


=  QhAix)  +  *-»'•’  .  I  X  I  >  AT 

i 

where  0(1)  stands  for  a  function  bounded  in  the  range  indicated  and  where  the 
statement  |  x  |  >  N  simply  implies  that  |  x  |  is  large  enough  for  the  asymptotic 
forms  (50)  to  be  used.  It  is  in  the  range  ]  x  |  >  iV  that  the  formulas  (51)  cor¬ 
respond  to  the  results  of  the  usual  method  of  asymptotic  integration. 

We  now  take  as  an  approximate  general  solution  of  eq.  (42) 

W  =  QUA  +  Bi)hiiix)  +  iC  +  Di)htiix)]  (52) 

where  A,  B,  C  and  D  are  real  arbitrary  constants.  Since  dx'd«l>  =  the 

derivative  of  (52)  may  be  written  as 

•  I/I  Q/ 

w  =  UA  +  Bi)h[(ix)  +  ic  +  Di)htiix)]  +  ^  W  (53) 
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Recalling  eqs.  (29),  eqs.  (52)  and  (53)  imply  the  following  approximate  formulas 
for  /3,  'i'  and  their  derivatives. 

/3  =  (1  +  \  sintt>)~^^''^Q[Ah\,r{ix)  —  Bhi,i{ix)  +  C/ij.,(ia:)  —  Dht,i(ix)]  (54a) 

'I'  =  (1  +  X  sin  0)~”'*’Q[RAi .,(«:)  +  Ah^ix)  +  DhtAix)  +  C/ii..(ta:)l  (54b) 
1/1 


—  M _ 

Q(1  +  X  sin  ^)‘'* 


[Bh[.r(ix)  +  Ah'iAix) 


(54c) 


+  DhiAix)  +  ChUix)]  +  Rfi 


= 


0(1  +  X  sin  0)*'* 


[i4Al.,(ix)  -  Bh[A‘ix) 


(54d) 


+  Chiriix)  -  Dhiiiix)]  +  R* 


where  subscripts  r  and  i  denote  real  and  imaginary  parts  of  complex  functions 
and  where 


72(0,  X) 


Q'  _  1  X  cos  0 
Q  2  1  +  X  sin  0 

sin‘^*  4»  1  cot  0  +  2X  cos  ^ 

6w(l  +  X  sin  0)*'*  4  1  +  X  sin  0 

“  I  ^  +  (s  ^ 


In  summary,  formulas  (54)  furnish  valid  approximations  for  /3,  ’I'  and  their 
derivatives  if  ^  )5>  1,  X  <  1,  and  |  0  |  <  ^  <  x.  When  ^  is  positive,  w  (0,  X), 
x(0,  X,  fi)  and  Q(^,  X)  are  all  real  and  positive.  When  4»  is  negative,  (i>(^,  X)  and 
«'(^,  X)  are  purely  imaginary  with  arguments  3x/2  and  x/2,  respectively.  The 
function  Q(^,  X)  is  again  real  and  positive  whereas  x(0,  X,  m)  is  real  and  negative. 

When  X  is  small  enough  to  be  neglected,  to  is  given  by  the  formula 


«(^,  ~  y  2  j 


UUO 

y/i  —  i  sin* n 


where  cos*  r/  =  sin  0  and  where  F  and  E  represent  elliptic  integrals  of  the  first 
and  second  kind,  respectively.  For  X  =  0,  0.1,  0.2,  0.3,  0.4,  0.5,  the  function 
w(0,  X)  has  been  calculated  by  numerical  integration.  The  results  are  listed  in 
Table  1. 

So  far  we  have  determined  that  the  two  independent  solutions  of  eq.  (48), 


F>(0,  X,  n)  =  \)hj[ixi<t>,  X,  m)],  j  =  1.  2 

are  approximate  solutions  of  the  basic  differential  eq.  (42),  in  the  sense  of  eqs. 
(51),  only  for  the  range  |  ^  1  <  ^  <  x.  liet  us  now  consider  the  problem  of 


w 
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determining  approximate  formulas  which  represent  solutions  of  eq.  (42)  over  an 
interval  that  includes  the  point  ^  t  as  well  as  ^  »  0. 

It  is  first  observed  that  eq.  (48)  remains  unchanged  if  the  variable  ^  is  replaced 
by  the  variable  r  —  Consequently  the  functions  Yi(t  —  ^)  and  Fj(t  —  4) 
are  also  solutions  of  eq.  (48)  and,  in  turn,  represent  approximate  solutions  ci 
eq.  (42)  for  the  range  |ir  —  <0i  <irorT  —  We  now 

have  two  fundamental  sets  of  solutions  of  eq.  (48).  Consequently,  it  must  be 
possible  to  express  each  solution  of  one  set  as  a  linear  combination  of  the  solutions 
in  the  other  set;  that  is,  we  must  have 


Yii4>)  •=  CiiYi(r  —  ^)  +  CtjYt{r  —  4) 
Yii4)  -  -CijY[(r  -4)-  c^iY^r  -  4) 


1,2 


for  all  values  of  4  in  the  interval  (0,  t)  except  0  and  t,  where  either  one  or  the 
other  set  of  solutions  is  undefined,  since  Q{4)  becomes  infinite  at  0  =  t.  The 
constants  ca  may  be  determined  from  these  equations  in  terms  of  the  values  of  the 
functions  at  any  interior  point  of  the  interval  (0,  x).  In  particular,  for  4  =  x/2 
one  obtains 


c„.-c.-^[n(|)y;(r)+F:(r)K.(-' 

(Ml)' 


cn  =  Yi 


where  W(Fi ,  F*)  =  (1)*^*(4/T)#i*^*  is  the  Wronskian  of  Yi{4)  and  Fj(^).  (This  is 
easily  determined  using  the  fact  that  W(fei ,  Aj)  =  —  (i)‘^*(4/x)t.) 

At  4  =  x/2  the  asjunptotic  forms  for  F,(^),  found  by  using  expressions  (50) 
together  with  eq.  (45),  give  us 


Yi 


(i) 


l/Iol/* 


2*'*  3 


lit  oil* 


2"*  3 


rl/J 


6/lJ  f-l)q«M)‘/*-(*/*.X)+(»T/l»iJ+{w/8)< 

n  e 


If  these  values  are  substituted  in  the  equations  for  the  ca  there  results 


Cn  =  Ca  “  0 
^  _  -i«m)  */*•(»/ 

Cii  =  e 

„  »(.»>/*«(,/ J.X)+(l»/6)< 

Cij  *=  c 


Using  these  values  of  the  constants  ca  we  may  finally  write  that  for  sufficiently 
large  values  of  fi  two  independent  solutions  of  eq.  (42)  are  approximately 
represented  by  the  formulas 

jQ(0)Mtx(0)],  -(x/?)<<f,<x/2 

lcnQ(F  —  0)Aj[tx(x  —  4)],  Tt/2  <4<  3x/2 
|Q(^)A,[ix(<^)],  -(x/2)  <0  <  x/2 

lCijQ(x  —  0)Ai[ti(x  —  0)1,  x/2  <  0  <  3x/2 


W,(0)  = 


(55a) 


W,(0) 


(55b) 


E 


icll 

Hi' 


Uil 

I 


1 
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Since  eq.  (42)  does  not  possess  periodic  solutions  except  for  particular  values 
of  M,  W is,  in  general,  not  equal  to  W'',(3t/2);  that  is,  these  solutions 
do  not  apply  to  problems  involving  closed  shells. 

For  a  shell  which  extends  for  some  interval  about  ^  =»  —  (t/2)  we  obtain  in 
a  similar  way,  by  matching  solutions  at  —  (t/2)  instead  of  t/2,  the  formulas 

,  ^  ^  fdnQ(-T  -  0)A,[«(-t  -  «)],  -(3t/2)  <  0  <  -(t/2)  ^ 

Wi(^)  “  I  (56a) 

lQ(<^)Mtx(<<.)],  -(t/2)  <^<t/2 

[d«Q(-T  -  4>)hAix{-^  -  <^)],  -(3t/2)  <  «  <  -(t/2) 

H^i(^)  =  '1  (5Gb) 

(Q(<^)M«(0)1,  -(t/2)  <  </.  <  t/2 


where 


Fio.  4 


di. 


>/*•(-(»/«>)  +(»»/•)< 


4.  Examples  involving  the  solution  of  the  homogeneous  equation  only.  As 
an  explicit  check  on  the  accuracy  of  formulas  (54)  the  following  two  examples, 
solved  by  H.  Wissler  [JO]  using  power  series,  were  worked  out  numerically 
by  the  author. 

Example  1.  Consider  the  portion  of  a  toroidal  shell  with  a  cross  section  as 
shown  in  Fig.  4a  and  suppose  that  the  shell  is  subjected  only  to  a  bending 
moment  Mo  applied  uniformly  around  the  edge  ^  =  0.  Then  Ph  ,  Pr ,  V  »  0, 
and  the  boundary  conditions  at  the  two  edges  are 

at  ^  =  0:  Mo  *  Mo ,  AT^  =  0 

at  0  *=  t/2;  Mo  =  0,  Q  =  0 

In  terms  of  (8  and  'F  (see  eqs.  (31)  and  (34))  these  conditions  become 
0  »  0:  /3'  +  I'X^  -  {m*b/Eh*)Mt ,  'k  =  0 

<t>  =  t/2:  /3'  -  0,  'F  =  0 


(57) 
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Substituting  from  formulas  (54)  into  eqs.  (57)  four  algebraic  equations  are 
obtained  for  the  four  arbitraiy  constants  A,  B,  C  and  D.  Once  these  constants 
have  been  determined  the  various  stress  resultants  and  couples  are  found  by 
using  eqs.  (31)  to  (35).  The  direct  and  bending  stresses  are  thengiven  by  eqs.  (37). 

Example  t.  Suppose  that  a  radial  force  Hn  is  applied  uniformly  around  the 
edge  ^  =  0  instead  of  a  moment.  The  boundary  conditions  then  become 

at  ^  *  Oi  "  0,  JV^  * 

at  0  »»  ir/2:  “0,  Q  “  0 

or,  in  terms  of  /3  and  4^, 

=  0:  +  FXiS  -  0,  4^  =  {ma/Eh*)Ho 

(58) 

0  -  r/2:  /3'  -  0,  =»  0 

and  one  proceeds  as  before. 

In  the  numerical  calculations  for  these  examples  the  values  of  the  parameters 
were  taken  as 

X  “  0.1,  b/h  »  20,  y  =»  0.3;  hence,  m  *  6.61. 

The  direct  and  bending  stresses  given  by  eqs.  (37)  and  the  maximum  shearing 
stress  ro  =  SQ/2h  are  plotted  in  figures  5  and  6,  where  =  GMt/h*  and 
<rjT,  =  Ho/h.  Wissler’s  results  are  indicated  by  the  broken  curves.  For  example  1 
there  is  a  disagreement  of  about  4  percent  in  the  maximum  value  of  the  principal 
direct  stress  ff$D  •  For  example  2  the  maximum  values  of  vto  differ  by  less  than 
one  per  cent,  the  maximum  values  of  by  about  3  per  cent.  It  is  rather  surpris¬ 
ing  that  formulas  (54)  proved  to  be  as  accurate  as  this  since  the  value  of  n  used 
is  not  particularly  large.  This  is  probably  explained  by  the  fact  that  the  difference 
between  the  coefficients  in  eqs.  (42)  and  (48)  is  numerically  small  as  well  as 
being  independent  of  m- 

If  certain  further  approximations  are  made  simpler  formulas  than  eqs.  (54) 
may  be  obtained  which  make  it  possible  to  solve  some  problems  explicitly 
without  specifying  the  values  of  the  parameters.  In  particular,  if  loads  are 
applied  only  at  an  edge,  as  in  examples  1  and  2,  one  expects  an  “edge  effect” 
if  the  shell  is  very  thin;  that  is,  tlie  stresses  are  largest  at  or  near  the  loaded 
edge  and  decrease  rapidly  as  the  distance  from  the  edge  increases.  Now,  in  the 
general  solution  (52)  of  equation  (42)  the  magnitude  of  one  of  the  fimctions  hi 
and  ht  will  decrease  exponentially,  that  of  the  other  increase  exponentially, 
as  the  distance  from  an  edge  increases.  If  an  edge  effect  is  expected  then  only 
that  function  which  decreases  in  magnitude  away  from  a  loaded  edge  need  be 
retained. 

Let  us  consider  examples  1  and  2  from  this  present  point  of  view.  We  retain 
in  eq.  (52)  only  the  function  hi(ix)  which  has  the  required  behavior,  according 
to  eqs.  (50).  Since  we  are  primarily  interested  in  the  stresses  for  small  values  of  0, 
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we  may  take  sin  ^  ^  cos  ^  1.  Terms  in  X  sin  ^  and  rX  are  also  neglected 

since  these  terms  will  ordinarily  have  only  a  secondary  effect  on  the  solutions. 
With  these  approximations  it  follows  that  x  «■  Rud  Q  m  1.  Hence,  formulas 


0*  10*  20*  30«  40*  50*  60*  70»  80*  90* 

Fio.  6 


(54)  become  simply 


(59) 
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It  is  noted  that  with  the  approximations  stated  above  eq.  (42)  becomes 
nply 

W"  -  -  0 


-  ASntPTOTIC  IMTIOIUTIOK 

-  -  -  -  pown  SERIES  iimsuriai 


Equations  (59)  are  merely  the  result  of  expressing  the  solution  of  this  equation 
explicitly  in  terms  of  Bessel  functions  of  order  1/3.  That  this  type  of  approxima¬ 
tion  is  possible  when  ^  is  small  is  indicated  by  a  remark  in  a  paper  by  E.  Meissner 
[5]. 

For  future  reference  we  list  the  initial  values  of  the  h  functions  as  found  in  the 
Harvard  Tables  [3]. 

hi,r(0)  =  0,  hi,i(0)  =  -1.0744,  hir(0)  -  (.39l6)\/3,  hUo)  =  .3916  (60) 


162 


R.  A.  CLARK 


Example  1.  If  the  boundary  conditions  (57),  where  now  we  assume  that 
is  proportional  to  /3',  are  applied  to  equations  (59)  one  determines,  with  At,r(0)  » 
0,  that 


/  1.074  ^  1  m*6 
A  -  0,  B  \0:S92y/y  Eh* 

Introducing  these  values  into  eqs.  (59)  we  have 

/3  =  1.474  n-^'*  Mo  hUif^^'*  0)  . 

4^  =  - 1.474  ^^Mo/u.,(W) 


.  (61) 


=  1.474  |^,Af.A(.r(iV'V) 

=  1.474 

Substituting  from  eqs.  (61)  into  eqs.  (31)  to  (35)  and  remembering  the  various 
approximations  that  are  being  made  we  obtain  the  following  formulas  for  the 
stress  resultants  and  couples,  valid  for  small  values  of  <t>: 


No  =  MohUX'*<t>) 

AT*  =  - 1.474  ~,il/oAi.r(tV'V) 

Q  =  1.474  j  Mo^huriX'*^)  (62) 

=  1.474  Mo /»(.,(tV'*0) 

M,  -  1.474  Mo  [vA(.,(tV''*0)  +  ^,M.i(tV'V)] 

If  M  is  large  and  X  <  1,  \/ix‘*  will  be  small.  Thus,  in  general,  and  Q  are 
small  compared  to  N$,  and  M$  is  approximately  equal  to  vM^  .  The  major  con¬ 
tributions  to  the  principal  stresses  a*  and  a$  are  then  given  by  the  direct  stress 
a$D  and  the  bending  stress  (see  eqs.  (36)  and  (37)).  From  the  behavior  of 
hi{X\)  it  follows  that  the  maximum  values  of  these  stresses  occur  at  0  =  0. 
Writing  Mo  =*  and  taking  equations  (14)  and  (60)  into  account,  we  have 

“  <^#*(0)  ^  <r Mt  (63a) 

<^fO,maz.  *  ®’»l>(0)  •*  iy/ 1  —  V*Oilt  (63b) 

The  maximum  value  of  vod  given  by  eq.  (63b)  is  1 1  per  cent  smaller  than  that 
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found  by  Wissler  for  m  =  6.61.  However,  it  must  be  remembered  that  formulas 
(63)  are  obtained  by  assuming  that  an  edge  effect  exists.  From  figure  5  we  see 
that  the  edge  effect  is  not  particularly  great  for  ju  =  6.61.  As  the  shell  becomes 
thinner,  or  as  m  becomes  larger,  the  edge  effect  will  be  more  pronounced  and 
formulas  (63)  will  become  more  accurate. 

From  eq.  (38)  and  (62)  we  find  that  the  horizontal  displacement  u  is  given 
approximately  by 

u  -  1.474  ima/Eh*)  Af,  /»(.<(iV'V) 

Just  as  eq.  (63b)  was  obtained,  we  have 

=«  m(0)  =*  iV  1  -  v^iouTuJE)  (64) 

From  eq.  (41),  neglecting  the  term  in  as  small  compared  to  /3,  it  follows  that 

w  =  -1.474  n~^'\mV/Eh^Mo  j  /ii.<(tV'%)  cos  0  d4». 

If  we  let  6v  =  w(t/2)  —  u>(0),  again  set  Mo  =  »  and  change  to  x  =» 

as  variable  of  integration,  we  have,  with  m*  =  12(1  —  v*), 

Sr  =  —2.95(1  —  v*)n  cos  ^  dx 

Ejfi  Jo 

In  view  of  the  behavior  of  hi,i(ix)  the  main  contribution  to  the  integral  comes 
'  from  small  values  of  x  so  that  we  may  approximate  Sy  by 

*  _  i,m 

Sr  -  -0.852Vn^M‘'*  ^  L  *‘  *^*^) 

In  eq.  (65)  we  have  also  made  use  of  the  definition  of  m  as  given  by  eqs.  (14). 
Comparing  (65)  and  (64)  we  see  that  ir  =  0[m’^*«(0)]. 

The  fact  that  we  are  able  to  obtain  explicit  formulas  such  as  (63),  (64)  and 
(65)  indicates  the  great  advantage  of  the  present  methods  over  power  series 
solutions  even  if  the  latter  were  practical. 

Example  S.  Applying  the  boundary  conditions  (58)  to  equations  (59)  and 
solving  for  the  constants  of  integration,  we  find  for  example  2, 

0  =  -0.930  +  ^Ai..(tV‘'V)l 

^  «»  0.930 —j//o|^^^Ai.r(tV^*<f>)  — 

0'  *  — 0.930/u*^*  Ai.,(tV^*0)  —  Ai.i(tM*^*0)J 

V  =  —0.930 


(66) 
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The  stress  resultants  and  couples  may  now  be  determined  as  in  example  1.  Again 
it  is  found  that  only  N$  and  are  significant.  For  these  quantities  we  now  have 


From  the  behavior  of  h[  it  follows  that  N$  is  again  largest  at  ^ 

Ho  =  hffHt  we  have,  using  the  definition  of  ft, 

-  <r,i,(0)  -  -1.27(1  - 

The  stress  couple  is  zero  at  ^  =  0  and  reaches  a  maximum  where  /3"  =  0, 
since  we  have  assumed  that  is  proportional  to  /S'.  From  eq.  (16)  with  right 
hand  side  zero  we  find  that  approximately 


(67) 


0.  If  we  set 


(68) 


jS"  «  —  ^  sin  04'. 

Consequently  the  maximum  of  occurs  where  4^  » 

X  =  tt'*4>,  where 

•=  0 

The  smallest  root  of  this  equation  is  x  =  1.58.  If  we  designate  the  value  of  0 
where  attains  a  maximum  by  0m  we  have 


0  or,  from  eq.  (66)  with 


(69) 


^  1.58 

“  ;i7-* 


(70) 


With  h[,r  (1.580 
and  (37)  that 


.373  and  li\,i  (1.580  “  —.123  it  follows  from  eqs.  (67) 


-  «r*,(0,)  -  -.825(1  -  v*r^'\a'/hhf*<TB, 


(71) 


The  values  given  by  formulas  (68),  (70)  and  (71)  check  only  qualitatively 
with  the  values  obtained  more  accurately  for  ft  =  6.6  since  this  value  of  m  is  too 
small  for  a  true  edge  effect.  It  is  again  emphasized,  however,  that  the  explicit 
formulas  obtained  become  more  and  more  accurate  as  ft  becomes  larger.  From 
eq.  (70)  it  is  evident  that  the  maximum  value  of  o^b  occurs  for  smaller  and 
smaller  values  of  0  as  /i  becomes  larger  so  that  for  sufficiently  large  values  of  ft 
the  original  approximation  of  the  sine  and  cosine  functions  is  valid,  as  far  as 
determining  maximum  stresses  is  concerned. 

For  the  present  example  we  find 

w  -  u(0)  -  -1.27(1  -  .*)*'•  (72) 

Sr  «  2.13(1  -  ^ rf*  (73) 

so  that  again  Sr  •"  O1m^*u(0)]. 
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6.  Asymptotic  integration  of  the  non>homogeneous  equation.  If  a  particular 
problem  involves  edge  loads  with  vertical  (axial)  components  or  involves  the 
components  of  load  intensity,  pa  and  pr  ,  the  right  side  of  eq.  (27)  is  not  identi¬ 
cally  zero.  It  is  then  necessary  to  obtain  an  appropriate  particular  integral, 
to  be  added  to  the  approximate  complementary  function  found  in  part  3,  in 
order  to  have  a  complete  solution  of  the  basic  differential  equation.  Ordinarily 
the  solution  of  the  so-called  membrane  theory  of  shells  is  taken  as  an  approxima¬ 
tion  for  such  particular  integrals.  For  a  shell  which  has  a  horizontal  tangent 
plane  the  membrane  solutions  are  not  applicable  in  general  and  an  essentially 
different  approach  is  required.  In  this  section  we  attempt  to  find  approximate 
particular  integrals,  valid  for  large  p,  in  a  way  which  is  independent  of  the  exact 
nature  of  the  loading  terms.  The  method  given  here  was  developed  jointly 
with  E.  Reissner  and  is  also  applied  in  a  joint  paper  on  the  bending  of  curved 
tubes  [1]. 

In  eq.  (27),  with  the  right  hand  side  given  by  eqs.  (19)  and  (20),  let  us  now 
neglect  terms  in  X*  and  I'X  as  small  compared  to  similar  terms  in  p.  Eq.  (27) 
then  becomes 


1  -}-  A  sin  <p 

where 

/(0)  =  0  cos  0  —  (i7m)[(1  +  X  sin  <I>)Pb  -|-  (1  +  i»)X  cos  (75) 

If  the  components  of  load  intensity,  ps  and  pr  ,  are  of  the  same  order  of  magni¬ 
tude  it  follows  from  eqs.  (15)  and  (30)  that  0  and  Ph  are  of  the  same  order  also. 
Consequently  the  Ph  terms  in  (75),  which  are  multiplied  by  l/p,  may  be  neglected 
unless  R  =  0,  in  which  case  they  must  be  retained.  An  example  of  the  latter 
situation  is  a  rotating  shell  subject  to  centrifugal  force. 

If  we  restrict  our  attention  for  the  moment  to  regions  of  a  shell  away  from  the 
points  where  sin  0  is  zero  we  find,  by  assuming  that  W  may  be  expanded  in 
inverse  powers  of  p,  that  equation  (74)  has  a  formal  particular  integral  of  the  form 

W  =  t/(0)  CSC  .^(1  +  X  sin  +  OH/p)  (76) 

This  solution  ceases  to  be  significant  in  the  neighborhood  of  ^  *  0,  ±ir  unless 
the  limit  of  /(0)  esc  ^  is  finite  when  ^  «  0,  ±r.  If  only  the  term  in  Q  is  retained  in 
eq.  (75)  it  follows,  from  eq.  (28),  that  (76)  implies 

-  0  +  Oil/p)  (77a) 

=  Q  cot  0  -h  Oil/p)  (77b) 

Ekiuations  (77)  constitute  what  is  called  the  membrane  solution  of  shell  problems. 
Recalling  the  definitions  of  4^  and  R,  eqs.  (15),  it  is  apparent  that  the  membrane 
solution  for  toroidal  shells  is  not  valid  in  the  neighborhood  of  0  =  0,  d:ir  unless 
the  vertical  stress  resultant  V  is  zero  at  ^  =  0,  ±t.  If  the  membrane  solution 
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given  by  eqs.  (77)  is  valid  everywhere  then  this  solution  furnishes  an  approximate 
particular  integral  of  eq.  (74). 

Let  us  now  restrict  oursdves  for  the  time  being  to  some  interval  such  Ibat 
I  ^  I  ^  ^  <  V,  and  let  us  assume  that  /(O)  ^  0.  The  membrane  sdution,  or  the 
formal  particular  integral  given  by  (76),  is  then  valid  only  for  ^  »  0(1).  However, 
when^  issmallsin  ^/(l  +  X  sin  0)  ^  ^  and  (1  +  X  sin  ^)  ^  1  so  that  equa¬ 

tion  (74)  may  be  approximated  by 

W"  -  i^W  -  (78) 

The  problem  is  to  find  a  particular  integral  which  satisfies  eq.  (78)  for  small 
values  of  ^  and  braves  like  (76)  when  ^  is  not  small.  We  do  this  by  now  defining 

X  =  m"*  sin  (79) 

and  considering  the  expression 

WM  -  m''*/(0)(1  +  X  sin  0)‘'*7’(X)  (80) 

where  the  function  T{x)  is  yet  to  be  determined.  We  note  that,  for  large  n,  x  is 
large  in  the  region  where  (76)  is  valid.  If  T(x)  ~  i/x  for  large  x,  then  (80)  does 
have  the  behaviorof  (76)  for  ^  »  0(1).  Forsmall  valuesof  W,  « 

If  we  assume  that  /(^)  is  approximately  constant  for  small  values  of  then  by 
substituting  Wp  into  eq.  (78)  we  determine  that,  for  small  values  of  x,  the  function 
r(x)  must  satisfy  the  equation 

^  -ixT  ~  1  (81) 

ox* 

in  order  for  Wp  to  be  a  solution  of  (78).  Thus,  Wp{4)  as  given  by  (80),  jumishes  on 
approximate  particular  integral  of  eq.  (74)  which  is  valid  everywhere,  due  to  the 
periodicity  of  x(0),  provided  p  is  large  and  T{x)  is  a  solution  of  (81)  asymptotic 
to  ifx  for  large  x.  A  complete  solution  of  eq.  (74)  is  represented  approximately  by 

W(0)  =  (A  +  Bi)WM)  +  (C  +  Di)WM)  +•  W,(0)  (82) 

where  Wii<^)  and  Wi(^)  are  given  by  eqs.  (51),  (55)  or  (56). 

A  solution  of  eq.  (81)  having  the  correct  asymptotic  behavior  may  be  expressed 
explicitly  as 

Tix)  -  -§(ix)‘'*5o.„.l§(ix)*'*l  (83) 

where  So.ui  is  a  Lommel  function.  We  now  take  eq.  (83)  as  the  definition  of  the 
function  T(x).  This  definition  implies  the  following  representation  for  the  real 
and  imaginary  parts  of  r(x)  and  their  derivatives  (see  [9],  p.  345-351). 

Trix)  =  Sr(x)  -1-  S[hi,r{ix)  +  V^l.^(w)  +  A*.r(tx)  -  \/^.<(^)l 

Tiix)  =  «<(x)  -I-  i[-\/3Ai,,(tx)  -I-  hi.idx)  -}-  y/^.r{ix)  +  fcj..(M:)) 

r^(x)  -  Sr{x)  +  5l\/^i.r(tx)  -  h[,i(ix)  -  y/^tAix)  —  Aj,.(fx)] 

r<(x)  =  Si{x)  -}-  i[h[,r{ix)  +  +  ht.iiix)  -  v/^J,<(ix)] 


(84) 
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where 

«  -  (ir/6V3)(|)''*  =  .346 

,  (t)  f  (-irrU)r(|)x*"-^» 

r(i  -I-  2n  -I-  l)r(f  +  2n  +  1)3«-+* 

M  =  Y  (-  i)"r(i)r(§)x*"^ 

6^0  r(i  +  2n  +  2)r(f  +  2n  +  2)3«-+« 

For  large  values  of  x  the  following  asymptotic  expansions  hold: 


Trix) 


Tiix) 


1-2  (l-4-7)(2-5-8) 

X*  x” 

1  _  (l-4)(2-5)  ^ ^ 

X  x' 


(85) 


(86) 


The  functions  rr(x),  Ti{x),  Trix)  and  ^{(x)  are  tabulated  in  table  2  for  positive 
values  of  x.  The  values  were  obtained  by  numerical  integration  of  eq.  (81) 
subject  to  the  initial  conditions  implied  by  equations  (83)  and  (84);  namely, 

^^(O)  =  -1.288,  r.(0)  -=  0 

/  ,  (87) 

^^(O)  -  0,  T  (0)  -  .939 


The  values  of  the  functions  are  obtained  for  negative  values  of  x  by  means 
of  the  relationships 


Tri-x)  =  Trix),  Tii-x)  -  -T,(x) 

r;(-x)  -  -Trix),  Tii-x)  ~  Tiix) 


(88) 


6.  Examples  involving  the  solution  of  the  non-homogeneous  equation.  Example 
S.  We  consider  first  the  problem  of  a  particular  type  of  piping  expansion  bellows 
known  as  an  “Omega”  joint  [2].  This  joint  consists  of  a  toroidal  shell  welded  to 
two  straight  sections  of  pipe  as  shown  in  figure  7a.  In  practice  such  joints  are 
subjected  to  anti-symmetrical  bending  and  to. internal  pressure  as  well  as  direct 
axial  expansion  or  compression.  Here  we  shall  discuss  only  the  latter  problem  of 
symmetrical  axial  loads.  However,  the  problem  of  internal  pressure  may  also  be 
treated  by  the  present  methods. 

From  the  symmetry  of  the  problem  with  respect  to  the  plane  2  »  0  it  is 
apparent  that  we  need  consider  only  the  lower  half  of  the  shell  as  in  figure  7b. 
Again  from  this  S3rmmetry,  the  boundary  conditions  at  ^  =  t/2  will  be  /3  *  0 
and  ^  B  0.  For  simplicity  we  shall  assume  that  these  conditions  also  hold  at 
0  3-  —  v/2,  although  in  general  the  conditions  are  those  of  an  elastic  support 
at  this  inner  edge.  The  solution  obtained  under  this  assumption  is  still  significant 
since  it  may  be  shown  that  whatever  the  actual  conditions  at  ^  —  (t/2)  only  a 

slight  edge  effect  will  occur  which  will  not  affect  the  maximum  stresses  involved 
provided  /x  is  sufficiently  large. 


i 


TABLE  II 

Valw  of  the  funetione  T,  and  Tt  and  of  their  derivativee 
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It  is  DOW  observed  that  formulas  (89)  satisfy  the  assumed  boundary  cooditions 
at  0  =  ir/2,  —  (r/2)  so  that  for  this  particular  problem  no  solution  of  the  homo¬ 
geneous  equation  need  be  superimposed. 

Substituting  from  eqs.  (89)  into  eqs.  (31)  to  (35)  we  obtain  the  following 
formulas  for  the  stress  resultants  and  couples,  where  Qo  is  now  replaced  by 
(ma/Eh*)Vo . 


_  cosV  +  sin  ^  „ 

*  1  +  X  sin  ^  ® 

Q  sin  ^  cos  ^  +  cos  <t>  y 

1  -f-  X  sin  ^  * 


N,  -  bi*'*Ti(x)  cos*  ^  -  ^'*Ti(x)  sin  <^](a/b)Vo 

3f*  -  r M*'*r;(x)  cos*  0  -  ^^'*Tr(x)  sin  ^  -h  .X^*'*  ^  Vo 

L  1  T  X  sm  9jmo 

Ttr  r  /  \  1  .  /  \  •  1  I  1/S  X7^^(x)  cos  »» 

Af#  =  I'M  Trix)  cos  ^  —  I'M  Tr{x)  sm  0  +  M  .  '  ■  . — ; - T  —L  Vo 

L  1  -|-  X  sm  ^  Jmo 


(90a) 

(90b) 

(90c) 

(90d) 

(90e) 


As  in  the  previous  examples  the  resultants  and  Q  are  small  compared  to  N$ 
by  a  factor  of  X/m*^*  and  Mo  »  vM^  .  From  the  behavior  of  T<(x)  it  is  apparent 
that  the  maximum  of  N$  occurs  at  0  »  0.  If  we  set  Vo  »  hart ,  we  find,  using 
eqs.  (14),  (36),  and  (87),  that  the  maximum  direct  stress  is 

-  <r,o(0)  -  2.15(1  -  yT\ab/hy*(rr,  (91) 


As  in  example  2,  if  only  the  0^  term  is  retained  in  formula  (34)  for  ,  then 
the  maximum  of  will  occur,  approximately,  where  0"  »•  0.  From  eqs.  (16) 
and  (19),  neglecting  terms  in  X,  we  now  have 


=  mIIo  cos  0  —  m  sin  ^  4' 


Substituting  for  4'  from  eq.  (89)  and  recalling  that  fi'*  sin  4>  x,  the  equation 
0”  =  0  reduces  to 

^  xr.(x)  -  1 

The  smallest  numerical  values  of  x  satisfying  this  equation  are  x  ±1.225. 
Denoting  the  angle  where  attains  its  maximum  by  ,  it  follows  that 


.  _i  I3f25  ^  ^ 
sm  — jyj-  ± 


1.225 


(92) 


Retaining  only  the  6rst  term  in  eq.  (90d)  for  we  obtain  for  the  maximum 
value  of  the  bending  stress  ,  defined  by  eqs.  (36),  the  formula 

=  <r*.(^«)  -  ±2.99(1  -  .'*)-‘'*(o6/A*)‘'*«rr,-  (93) 

where  the  sign  corresponds  to  the  sign  of  as  given  by  (92).  For  this  problem,  as 
well  as  for  example  2  of  the  previous  section,  the  maximum  bending  stress  occurs 
closer  and  closer  to  ^  »  0  as  m  becomes  larger. 


THEORY  OF  THIN  ELASTIC  TOROIDAL  SHELLS 


171 


The  horizoutal  displacement  u  follows  from  eqs.  (90)  and  (38),  where  we  now 
neglect  N4  in  comparison  with  iV« . 

u  »  (1  +  X  sin  cos*  ^  —  n^'*Tiix)  sin  ^ 

on  Cl 

The  largest  value  of  n  occurs  for  ^  »  0.  In  the  same  way  that  eq.  (91)  was 
obtained,  we  find 

-  m(0)  =  2.15(1  -  pY*  ^  (94) 

Using  the  fact  that  ^.(x)  1/x  for  large  x  where  x  —  sin  it  follows  from 

the  expression  for  u  that 

Hence 

This  means  that  the  shell  as  a  whole  is  compressed  only  slightly  in  the  horizontal 
direction.  However,  from  (94)  and  eqs.  (14), 

so  that  the  quantity  6k  may  be  of  the  same  order  as  the  error  in  the  entire  ap¬ 
proximation.  Consequently  eq.  (95)  may  not  be  quantitatively  valid. 

The  vertical  displacement  w  is  given  by 

w  =  —  (Tvt  j  Trix)  cos*  d0 

according  to  eq.  (41),  where  is  neglected  in  comparison  with  /S  and  j3  is 
taken  from  eq.  (89)  with  U)  =  {ma/Eh)art  •  As  was  done  in  example  1,  eq.  (65), 
we  write 


The  integral  7',(x)  dx  has  been  calculated  numoically  and  to  three  place 
accuracy  the  value  is  —  (r/2).  Consequently 
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The  great  flexibility  of  a  toroidal  joint  such  as  we  are  considering  is  indicated 
by  formula  (96),  since  the  quantity  barJE  may  be  interpreted  as  the  extension 
in  a  straight  pipe  section  of  length  b.  From  the  symmetry  of  the  present  problem 
it  follows  that  the  distance  the  two  inner  edges  in  fig.  9  will  spread  apart  (or 
compress)  is  equal  to  4  2^  . 

It  is  interesting  to  note  that  mathematically  the  particular  problem  just 
solved  is  completely  equivalent  to  the  problem  of  the  bending  of  a  curved  tube 
considered  from  the  point  of  view  of  shell  theory  (see  [1]).  . 


Example  4-  Corrugated  pipe  subject  to  axial  load.  Consider  a  pipe  with  a  cross 
section  as  shown  in  figxire  8a  subject  to  a  uniform  axial  load.  Away  from  the 
ends  of  the  pipe  the  state  of  stress  may  be  assumed  to  be  periodic  in  the  axial 
direction  so  that  it  is  necessary  to  obtain  a  solution  only  for  a  portion  of  the 
shell  such  as  AOB.  The  section  AO  is  taken  as  the  portion  of  a  toroidal  shell 
corresponding  to  the  interval  t  <  ^  <  3t/2;  the  section  OB  corresponds  to  the 
interval  0  <  ^  <  t/2.  These  two  sections  are  shown  broken  apart  in  figure  8b. 
For  the  interval  0  <  0  <  t/2  the  particular  solution  given  by  formula  (80) 
again  implies  eqs.  (89)  for  0,  Sk  and  their  derivatives.  For  the  interval  t  <  ^  < 
Zt/2  the  same  equations  are  valid  except  that  Fo  must  be  replaced  by  —  Fo 
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since  the  parameter  ^  now  increases  in  the  opposite  direction  and  we  have 
assumed  that  the  stress  resultant  Y  is  positive  upwards  at  the  edge  where  ^  is 
largest.  The  formulas  thus  defined  for  the  entire  section  AOB  give  a  continuous 
representation  for  j9,  and  /S'  but  imply  that  is  discontinuous  at  the  point  0. 
Consequently  it  is  necessary  to  superimpose  a  solution  of  the  homogeneous 
differential  equation  in  order  to  obtain  a  continuous  solution  of  the  entire 
problem. 

The  significance  of  the  superposition  of  a  homogeneous  solution  may  be 
interpreted  as  follows.  Equation  (89b)  gives  ^  0  at  point  0  implying  that  no 

horisontal  force  is  acting.  However  if  the  sections  AO  and  OB  are  separated 
then  the  forces  Vo  will  tend  to  rotate  the  edges  at  point  0  so  as  to  cause  horizontal 
displacements  in  opposite  directions.  Thus  it  is  necessary  to  superimpose  a 
horisontal  force  at  point  0  in  order  to  pull  the  sections  t(^ether  again.  One 
might  also  suppose  it  necessary  to  superimpose  a  moment  but  since  the  rotations 
of  the  edges  at  point  0  produced  either  by  the  vertical  or  the  horizontal  forces 
are  of  the  same  character  and  magnitude  the  moment  is  zero  at  this  point, 
at  least  within  the  error  of  the  approximation  being  made  here.  It  may  be 
verified  that  this  condition  is  satisfied  by  equations  (89)  if  we  assume 
proportional  to  /S'. 

Let  us  now  consider  only  the  section  OB  since  to  within  terms  in  X  the  solution 
will  be  symmetrical  with  respect  to  the  point  0.  The  boundary  conditions  at 
^  »  t/2  become  /3  »  0  and  'i'  0  due  to  symmetry  conditions  for  the  entire 

shell.  Since  it  has  been  shown  in  example  2  that  the  horizontal  force  which  must  be 
applied  at  0  »  0  has  no  significant  effect  on  the  conditions  at  ^  =  r/2  when  m  is 
sufiSciently  large,  the  problem  may  be  solved  by  superimposing  the  solutions  of 
examples  2  and  3  in  such  a  way  as  to  make  the  horizontal  displacement  u  =  0 
at  ^  —  0. 

Assuming  that  u  is  proportional  to  '9'  we  have 

♦'(0)  -  ^',(0)  +  ^*(0)  -  0  (97) 

where  is  given  by  eq.  (89d)  and  by  eq.  (66d).  Introducing  the  values  given 
by  these  equations,  and  eqs.  (60)  and  (87),  we  have 

</i  "M*  /  .392\  ma 

.939m‘'‘  ^0  -  -930  (.678  +  ^ «  0 

or 

Ho  -  1.115  n^'*Vo  (98) 


Using  this  value  of  Ho  equations  for  /9,  ^  and  their  derivatives  are  obtained  by 
combining  eqs.  (66)  and  (89).  The  stress  resultants  and  couples  and  the  dis¬ 
placements  follow  from  eqs.  (31)  to  (35),  (38)  and  (41)  as  in  previous  examples. 
Again,  as  far  as  maximum  stresses  are  concerned,  only  N$  and  M4  are  significant. 
These  quantities  are  given  by 


AT,  -  ?  Fo  |m*'*TJ(x)  cos*  4,  -  m*'*T<(x)  sin  4> 


—  l.OAn*'*  +  .y/3 


(99) 
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^  V.h''Tr{x)  COS*  0  -  M*'*7’r(x)  sin  0 

-1.04m*'*  [:^A(.,(tV'‘0)  -  A(..(tM‘'‘0)J| 

Let  0«|  and  0»,  denote  the  values  of  0  where  ATi  and  have  maximums.  Since 
Nt  is  proportional  to  and  since,  from  eq.  (17), 

4^'  ^  M  sin  0  ^ 

it  follows  Uiat  0M,  is  a  solution  cA  the  equation  /3  »  0.  This  equation  implies, 
with  coe  0^1  and  sin  0  0, 

r,(x)  -  1.04[A,,,(ii)  +  (1/V3)hi..(ix)]  -  0  (101) 

The  smallest  root  of  (101)  is  x  »  1.89,  hence 

0«,  -  1.89/m*'*  (102) 

Using  eqs.  (14),  (36)  and  (99)  we  then  have,  with  Fo  “  HUtf,  , 

-  <r.D(0«.)  -  -.925(1  -  pY\ab/hy*<rr,  (103) 


As  in  example  2  the  location  of  the  maximum  of  is  determined  by  the 
equation 


“  m(Q  cos  0  —  4^  sin  0)  ■»  0 

f 

Using  equations  (66b)  and  (87b)  this  equation  in  turn  implies  that 

1  —  x7’<(x)  +  1.04x((l/V3)hi.,(tx)  —  A|.i(tx)]  -  0  (104) 


The  smallest  root  of  eq.  (104)  is  x  ■■  1.35,  hence 

0«,  -  1.35/m‘'*  (105) 

It  then  follows  that 

=  V4i(0ii»,)  *  1.63(1  —  V*)  *^*(o6//l*)*^*ffFo  (106) 

We  note  that  this  value  for;the  maximum  of  the  bending  stress  is  nearly  twice 
as  large  as  the  maximum'  value  of  the  direct  stress  o$d  given  by  (103). 

Equation  (102)  shows  that  for  sufficiently  large  values  of  m  the  maximum  o$d 
stress  doee  not  occur  in  the  outermost  fibers  (0  »  t/2)  as  might  be  expected, 
but  is  located  nearer  and  nearer  to  0  »  0  as  m  becomes  larger.  The  same  situation 
is  true  for  the  horizontal  displacement  u  since,  according  to  eqs.  (36  and  38),  u  is 
approximately  proportional  to  o-«i> .  In  particular,  we  find 

W.  «  ti(0„)  -  -.925(1  -  vY*  (0'*  (107) 

The  vertical  displacement  w  is  again  found  by  using  eq.  (41).  Neglecting  the 
term  in  ,  we  have,  with  /3  from  eqs.  (66a)  and  (89a)  and  Ha  from  (98), 

to  -  Vr,  j  I^Trix)  cos  0  —  1.04  |^hi,r(tM*'*0)  +  Ai.<(tM*'*0)  ^0 
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As  in  previous  examples  we  write 
hv  *  w{ir/2)  —  is(0) 

«  -3.46\/l  -  -  1.04 

Eq.  (108)  shows  that  iy  is  of  the  same  order  of  magnitude  for  this  problem  as 
it  was  for  example  3.  If  n  is  the  number  of  toroidal  rings  or  semi-circular  cross 
sections  which  make  up  the  corrugated  pipe  then  for  the  total  vertical  deOection 
Ay  of  the  pipe  we  have 

ao») 

where  2n  bvyJE  represents  the  axial  deflection  which  would  occur  in  a  straight 
pipe  of  the  same  length. 

For  the  section  AO  it  may  be  shown  that  the  maximum  direct  stress  oto  and 
the  maximum  bending  stress  o^a  occur  at  similar  locations  but  are  opposite  in 
sign.  The  sign  of  the  displacements  u  and  w  also  changes. 

Example  6.  Corrugated  q/linder  subject  to  internal  pressure.  We  now  consider 
the  same  type  of  shell  as  in  example  4  subject  to  a  uniform  internal  pressure 
distribution.  If  the  pressure  is  denoted  by  p  we  find  for  a  section  such  as  OB  that 
the  components  of  load  intensity  pa  and  py  are  given  by  | 

Pa  “  psin0,  py  — pcoe^ 

From  equations  (15)  and  (30)  we  find 

^  f  (1  -1-  X  sin  <t>)  cos  0  d0 

AA*  Jo 


(110) 


(111) 


If  the  problem  were  that  of  a  complete  circular  torus  under  pressure  the  mem¬ 
brane  solution,  which  corresponds  to  taking  (76)  as  the  solution  of  (74),  would 
be  valid.  This  solution  yields  (see  [8],  page  366) 


N, 


1  +  JX  sin  0 
1  -f  X  sin  0  ’ 


(112) 


However,  for  the  present  problem  there  is  a  bending  effect  at  the  point  0  which 
introduces  stresses  much  larger  than  those  given  by  the  membrane  solution. 

Again  we  consider  a  section  such  as  AOB  broken  apart  at  the  point  O.  We 
may  expect  that  for  a  sufficiently  thin  shell  the  membrane  solution  will  be 
valid  in  the  neighborhood  of  points  such  as  A  andB.  At  the  point  0  the  membrane 
solution  (112)  implies  forces  acting  at  the  edges  as  shown  in  fig.  9,  since  for  the 
section  OB  the  membrane  solution  implies  that  AT*  and  are  positive,  while 
for  the  section  AO  (considered  a  portion  of  a  complete  toroidal  shell)  the  pressure 
is  of  the  opposite  character  which  implies  that  N$  and  are  n^ative.  The  actual 
situation  must  then  be  that  of  no  horizontal  force  at  point  0.  This  may  be 
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accomplished  by  superimposing  the  solution  of  example  2,  as  was  done  in  the 
previous  example.  However,  the  two  horisontal  forces  which  it  is  necessary  to 
superimpose  on  the  two  edges  at  point  0  will  be  of  opposite  character  and, 
hence,  will  produce  rotations  of  the  opposite  character  at  this  point.  Conse¬ 
quently  it  is  necessary  to  also  superimpose  a  moment  at  these  edges,  by  means 
of  the  solution  of  example  1,  which  will  make  the  net  rotation  /9  zero  at  point  0. 

Considering  only  the  section  OB,  as  in  example  4,  the  membrane  solution  is 
represented,  according  to  eqs.  (77)  and  (111)  by 


/S«  -  0  (113a),  4^,  -  cos  ^  ^1  +  ^  sin 

^1-0  (113c),  4^1  -  -  ^sin  0  -  ^  cos  20^ 


(113b) 

(113d) 


Denoting  the  solutions  of  example  1  and  2  by  subscripts  1  and  2 
that  /9  »  0  and  4^  -■  0  (no  horizontal  force)  at  ^  »  0  become 

,  the  conditions 

^(0)  -  /3«(0)  +  $xi0)  +'A(0)  -  0 

(114a) 

4^(0)  -  4^,(0)  +  4^i(0)  +  4^,(0)  -  0 

(114b) 

Substituting  from  eqs.  (61),  (66)  and  (113)  we  have 

f 

®  “  .392V3^  Eh*  V3  ® 

(115a) 

(115b) 

Eq.  (115b)  implies 

1 

1 

(116) 

From  eq.  (115a)  we  then  have 

.392  1/1  ah 

"•  1.074'*  m" 

(117) 

(117) 
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With  these  values  of  Hq  and  Mo  we  now  combine  equations  (61),  (66),  and(113) 
to  obtain  ^ 

|8  -  .930  Aj.,(fM‘'V)  (118a) 

^  [cos  0(1  +  ^  sin  +  .93OAi..(tM‘'*0)]  (118b) 

/3'  -  -.930m‘'‘^AJ.<(»m‘'V)  (118c) 


tnabp 

IF 


sin  0  +  ^  cos  20  +  .930m 

£1 


All  other  quantities  may  now  be  obtained  as  in  previous  examples.  We  again 
6nd  that  the  maximum  stresses  are  due  essentiall3rto  <r«D  and  <r^s  .  In  the  same 
manner  as  in  previous  examples  we  find: 

»  a, 1,(0)  =  .955(1  -  v*)*'*  (119) 

-  <r**(0)  -  -.955(1  -  v*)"*'*  V  (120) 

W.  -  u(0)  -  .955(1  -  vy*  ^  (121) 

ir  =  “  -2.13(1  -  hi,r(ix)dx  (122) 

If  terms  in  X  are  neglected  then  for  the  whole  section  AOB  we  find  that  /3 
and  'i'  are  odd  functions  about  the  point  0,  /3'  and  even  functions.  Hence 
the  displacement  w  will  be  in  the  opposite  direction  for  the  section  AO  with  the 
result  that  the  total  vertical  deflection  or  spread  Ar  of  the  corrugated  cylinder 
is  zero  within  the  order  of  the  approximation  being  made.  The  membrane 
stresses  and  the  displacement  u  at  the  points  A  and  5  are  of  the  order  \/p'* 
times  the  maximum  values  given  at  point  0  by  formulas  (119),  (120),  and  (121). 
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AN  APPLICATION  OF  AUTO-CORRELATION  ANAI.YSIS* 

Bt  Ebnxbt  R.  KiuBTziaiB 


1.  Introduction.  Pulse-time  modulation  (PTM)  is  the  generic  term  for  those 
types  of  pulse  modulation  in  which  information  is  conveyed  purely  through  the 
timing  of  pulse  edges.  Pulse-duration  modulation  (PDM)  and  pulse-position 
modulation  (PPM)  are  the  two  most  useful  particular  foims  of  PTM.  A  study 
of  the  interference  characteristics  of  such  systems  reveals  that  interference,  such 
as  may  be  caused  by  another  station,  produces  certain  effects  which  are  readily 
analysed  by  the  auto-correlation  method.  The  origin  and  nature  of  these  effects 
will  be  described  in  the  following  section,  which  is  intended  only  to  show  the 
reasons  for  the  subsequent  analyses  rather  than  to  present  a  complete  discussion 
of  interference  effects.* 

2.  Random  Effects  Caused  by  Interference  in  PTM  Systems.  A  process  of 
great  importance  in  optimizing  the  interference  characteristics  of  PTM  systems  is 
the  so-called  slicing  process  which  is  carried  out  directly  after  detection  of  the 
r-f  pulses.  It  is  illustrated  in  Fig.  1-a.  At  the  instant  at  which  a  pulse  edge  at  the 
sheer  input  passes  the  slicing  level,  a  new,  much  steeper  pulse  edge  appears  at  the 
sheer  output.  An  interfering  signal  or  noise  may  advance  or  delay  this  instant 
(Fig.  1-b),  thereby  shifting  the  pulse  edges  in  the  sheer  output  from  their  correct 
positions.  This  effect  may  be  called  the  “time-shift  effect”;  the  sense  and  magni¬ 
tude  of  the  time  shift  depend  on  the  r-f  phase  difference  between  the  desired  and 
interfering  signals.  This  phase  difference  usually  changes  randomly  from  one 
pulse  to  the  next  (as  a  result  of  incoherence  between  the  desired  and  undesired 
signals).  Consequently,  the  time  shifts  also  vary  randomly  from  pulse  to  pulse; 
they  have  a  definite  probability  distribution  which  depends  on  such  variables  as 
tjrpe  and  magnitude  of  interfering  signal,  shape  of  desired-pulse  edges  before 
slicing,  the  relative  height  of  slicing  level.  The  analysis  of  the  time-shift  effect 
will  be  carried  out  in  general  terms,  so  that  any  probability  distribution  can  be 
substituted  into  the  final  result. 

A  more  drastic  effect  is  encountered  if  the  interference  is  so  strong  as  to  make 
possible  a  substantial  degree  of  cancellation  between  the  desired  and  interfering 
signals.  Some  of  the  resultants  are  then  too  small  to  reach  the  slicing  level  (r-f 
phase  difference  near  180°)  and  will  consequently  fail  to  produce  a  pulse  at  the 
sheer  output.  (If  the  interference  is  intermittent,  portions  of  pulses  rather  than 
entire  pulses  may  be  randomly  missing.) 

The  purpose  of  the  analyses  which  follow  is  to  evaluate  the  ultimate  manifesta¬ 
tions  of  the  effects  described  above.  Both  of  these  cause  random  noise  in  the 

*  Thu  work  has  been  supported  in  part  by  the  Signal  Corps,  the  Air  Materiel  Command, 
and  O.N.R. 

*  A  more  detailed  discussion  is  given  in  Research  Laboratory  of  Electronics  Technical 
Report  No.  92,  M.I.T.,  “Interference  Characteristics  of  Pulse-Time  Modulation,”  by  the 
author. 
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receiver  output;  the  power  spectrum  and  audio  power  of  this  noise  will  be  deter¬ 
mined.  The  effect  of  randomly  missing  pulses  may  be  regarded  as  a  special  case 
of  the  time-shift  effect  and  requires  only  brief  treatment  following  the  general 
analysis  of  the  time-shift  effect. 

S.  Terminology  and  Notation.  The  time  function  to  be  analyzed  is  a  sequence  of 
rectangular  pulses,  the  edges  of  which  are  subjected  to  random  time  shifts.  If 
only  one  edge,  e.g.,  the  trailing  edge  of  each  pulse  is  subject  to  this  effect,  one 
may  speak  of  one-edge  time  shifts;  this  is  the  simplest  possibility  and  will  be 
considered  first.  With  both  edges  of  each  pulse  affected,  one  may  speak  of  two- 
edge  time  shifts.  There  are  several  types  of  two-edge  time  shifts,  depending  on 
the  relation,  if  any,  between  the  shifts  of  the  two  edges  of  any  pulse. 


Fio.  1.  a — Slicing  process  in  the  absence  of  interference,  b — Slicing  process  in  the  pres¬ 
ence  of  interference,  showing  time  shifts  of  pulse  edges. 


The  notation  used  is  as  follows: 


E  =  pulse  amplitude  in  volts 
T  =  repetition  period  of  pulses 
d  =  average  pulse  duration 
D  =  duty  factor  =  d/T 

X  =  time  shift  of  a  pulse  edge  from  its  normal  t'me  position 

Xo  =  maximum  vahie  of  x  _ 

Af  =  standard  deviation  of  time  shifts  =  x  =  y/'^  —  ^ 
p(u)  =  probability  density  distribution  of  time  shifts;  p(u)du  =  probability 
of  finding  x  between  u  and  m  +  dw 

1  r*" 

=  auto-correlation  of  time  function  fi{t)  =  Lim  ^  I  +  t)  di 

r-»«p  JJ 

^a(t)  =  aperiodic  component  of  the  auto-correlation  ^i(t) 

^>ii(w)  *=  power-density  spectrum  of  time  function  /i(0>  equal  to  the  Fourier 
transform  of  ^i(t) 

4>a(w)  =  continuous  component  of  power-density  spectrum  equal  to 

the  Fourier  transform  of  (p&ir). 


4.  Derivation  of  Auto-Correlation  and  Power  Spectrum.  Beginning  with  no 
knowledge  other  than  that  of  the  Fourier  transformation,  one  can  derive  the 
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general  expressions  for  the  auto-correlation  and  power  spectrum,  as  well  as  the 
relation  between  these,  in  a  few  steps.  If  ^i(m)  and  ffj(a)  are  the  Fourier  trans¬ 
forms  of  the  anal3dic  functions  /i(t)  and  /j(t),  respectively,  it  can  be  shown  by 
Fourier  transform  methods  that 

f  =  (1/2t)  f  Mt)Mt  +  t)  dt.  (1) 

Letting /,(t)  =  /j(t),  fli,(w)  =  one  obtains 

r  I  giM  I* du>  =  (i/2t)  r  MOMt  +  r)  dt.  (2) 

•^•0  •*-00 

This  relation  is  not  valid  if  /i(r)  is  a  random  function,  infinite  in  extent  along  the 
T-axis,  since  both  integrals  of  (2)  would  be  infinite.  However,  they  can  be  made 
finite  by  dividing  each  side  by  a  very  large  period,  resulting  in  (3). 

^  /  J  giM  I*  e'*"  do,  =  Dm  1  ^  £  mMt  +  t)  dt.  .  (3) 

In  (2),  where  /i(t)  is  an  analytic  function,  such  as  a  voltage  pulse,  gi{w)  repre¬ 
sents  the  corresponding  spectral  distribution  in  volts  per  radian/sec.  In  (3), 
where  /i(t)  is  a  random  voltage  function,  does  not  exist,  but  the  quantity 
Lim  T  I  ^i(w)  I  */T  does  exist;  it  has  the  dimensions  volt*  per  radian/sec  or  watts 

per  radian/sec  if  a  one-ohm  resistance  level  is  assumed.  This  quantity  therefore 
gives  the  amount  of  power  in  a  one-radian-per-second  bandwidth  as  a  function  of 
radian  frequency  and  is  called  the  power-density  spectrum,  or  simply  power  spec¬ 
trum,  denoted  by  «I>ii(a)).  Substitution  of  this  in  (3)  yields 

[  do,  =  Urn  r  (4) 

The  left-hand  side  of  (4)  is  the  inverse  Fourier  transform  of  the  power  spectrum 
(<*>);  it  equals  the  quantity  on  the  right-hand  side,  which  is  known  as  the  auto¬ 
correlation  of  fi(t),  denoted  by  ^i(t).  Conversely,  it  follows  that  the  power 
spectrum  equals  the  transform  of  the  auto-correlation: 

4>ii(w)  =  (1/2t)  f  dr.  (5) 

•^00 

In  order  to  find  the  power  spectrum  of  fiit),  one  first  determines  the  auto-correla¬ 
tion 

^i(t)  =  Lim  ^  f  Mt)fi(t  -}-  t)  dt  (6) 

and  then  obtains  its  Fourier  transform.  Expressed  in  words,  the  auto-correlation 
is  the  long-time  average  of  the  product  of  the  time  function  and  the  same  function 
shifted  by  an  amount  r.  Each  multiplication  and  averaging  process  would  furnish 
only  a  single  point  in  the  auto-correlation  curve.  It  will  be  noted  from  either 
(5)  or  (6)  that  the  auto-correlation  reduces  to  the  total  power  for  t  =  0. 
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6.  Auto-Correlation  of  Periodic  Rectangular  Pulses.  Since  a  train  of  rectangular 
pulses  is  a  two-valued  time  function  (its  instantaneous  value  being  either  E  or 
zero),  its  auto-correlation  (in  the  absence  of  interference)  is  easily  evaluated. 
The  multiplication  of  the  function  by  its  shifted  replica  merely  amounts  to 
noting  the  amount  of  overlap  between  the  shifted  and  unshifted  pulses.  Clearly, 
this  overlap  varies  linearly  with  the  shift  t,  and  the  auto-correlation  is  therefore 
a  periodic  sequence  of  triangles,  as  shown  in  Fig.  2-a.  Because  of  the  periodicity, 
the  overlap  condition  for  any  one  pulse  is  the  same  as  for  all  others,  so  that  only 
a  single  pulse-repetition  period  need  be  examined.  The  average  value  of  the 
product  of  the  two  pulse  trains  is  {B^/T)  d  for  t  —  0  or  t  «  nT  (n  *  any  integer), 
when  they  coincide  precisely.  Changing  r  produces  a  linear  decrease  until  zero  is 
reached,  for  |  t  -|-  nT  |  ■=  d.  The  auto-correlation  is  therefore  given  by  (7). 

»^(r)  -  (^/D  (d  -  I  r  +  nT  I  );  |  r  -|-  nT  |  ^  d.  (7) 

6.  Auto-Ck>iTelation  of  Rectangular  Pulses  with  One-Edge  Time  Shifts.  Repeat¬ 
ing  the  reasoning  used  to  obtain  the  auto-correlation  for  unmodulated  pulses,  one 
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Fiq.  2.  a — Auto-correlation  of  periodic  rectangular  pulses,  b — Auto-correlation  of  rec¬ 
tangular  pulses  with  one-edge  time  shifts. 

can  readily  find  the  qualitative  effect  of  a  small  random  time  modulation  on 
that  auto-correlation.  Since  the  time-modulated  edges  are  blurred  in  the  sense 
that  they  deviate  randomly  from  periodicity,  the  sharp  comers  of  the  auto¬ 
correlation  triangles  are  rounded  off  as  shown  in  Fig.  2-b.  The  rounding  at  the 
bottom  of  each  triangle  follows  from  the  fact  that,  as  r  is  varied,  overlap  does  not 
cease  simultaneously  for  all  pairs  of  pulses,  since  no  two  pulses  are  of  equal  dura¬ 
tion.  Similarly,  the  curvature  at  the  top  of  each  triangle  is  produced  because 
some  short  pulses  overlapped  by  longer  pulses  contribute  constant  amounts  of 
overlap  over  finite  ranges  of  r;  this,  however,  cannot  happen  in  the  case  of  the 
correlation  triangle  centered  at  r  »  0,  since,  for  small  values  of  r,  each  pulse 
overlaps  only  its  own  shifted  replica  which  must  obviously  be  of  identical  dura¬ 
tion.  The  result  is  that  the  “comer”  at  t  =*  0  is  the  only  one  not  affected  by  the 
random  modulation.  Consequently,  the  auto-correlation  is  no  longer  purely 
periodic;  however,  it  can  be  resolved  into  two  components,  as  shown  in  Fig. 
3.  The  component  shown  at  the  top  is  periodic,  and  its  transform  is  the  spectrum 
of  the  periodic  part  of  the  pulse  train;  the  component  shown  at  the  bottom  of  Fig. 
3  is  aperiodic,  and  its  transform  is  the  spectrum  of  the  random  part  of  the  pulse 
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train.  The  aperiodic  component  is  the  difference  between  that  lobe  of  the  auto¬ 
correlation  centered  about  r  >■  0  and  any  other  lobe.  It  is  denoted  by  ^A(r)  and 
is  dependent  only  on  the  shape  of  the  rounded  peaks  oi  the  auto-correlation. 
The  auto-correlation  thus  provides  a  neat  and  simple  method  of  separating  the 
periodic  and  random  portions  of  the  time  function. 

7.  Power  Spectra.  The  spectrum  corresponding  to  the  periodic  component  of 
the  auto-correlation  is  a  line  spectrum  which  differs  from  that  of  the  unmodulated 
rectangular  pulses  only  in  that  it  contains  smaller  amounts  of  power  in  the 
higher-frequency  components.  This  follows  from  the  fact  that  the  periodic  auto¬ 
correlation  component  lacks  the  sharp  comers  of  the  auto-correlation  of  unmodu¬ 
lated  pulses.  The  power  removed  from  the  high-frequency  components  as  a  result 


Fiq.  3.  Periodic  and  aperiodic  components  of  auto-correlation  shown  in  Fig.  2-b. 


Fio.  4.  General  appearance  of  power  spectrum  of  one-edge  time-shift  noise. 

of  the  random  time  modulation  of  the  pulse  edges  can  be  found  in  the  continuous 
spectrum  which  corresponds  to  the  aperiodic  auto-correlatipn  component.  Atten¬ 
tion  will  be  focused  on  the  power  in  the  continuous  spectrum,  which  produces 
audible  random  noise  in  the  receiver  output.  The  noise  spectrum,  expressed  in 
watts  per  radian/sec,  is  obtained  by  taking  the  Fourier  transform  of  the  aperiodic 
auto-correlation  component. 

♦a(«)  “  (l/2ir)  f  dr.  (8) 

Since  the  general  shape  of  ^A(r)  is  always  as  shown  in  Fig.  3,  it  follows  that  4>a(w) 
always  has  the  general  appearance  indicated  in  Fig.  4. 

The  significance  of  the  power  at  n^ative  frequencies  is  simply  that  the  power 
density  at  any  physical  frequency  is  actually  twice  as  large  as  indicated  by  4>a(c»). 
A  factor  of  two  should  therefore  multiply  (8)  when  used  to  calculate  noise 
power. 
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8.  QuantitatiTe  Aspects  of  Auto-Correlations  and  Power  Spectra  of  One-Edge 
Time-Shift  Noise.  The  shape  and  magnitude  of  pA(r),  and  henee  of  depend 
on  the  probability  distribution  of  the  pulse-edge  time  shifts.  This,  in  turn,  depends 
on  the  type  of  interference  causing  the  shifts  and  may  range  ail  the  way  from 
distributions  having  standard  deviations  small  compared  to  the  maximum  devia¬ 
tion  (xb),  to  those  having  standard  deviations  almost  as  large  as  the  maximum 
deviation. 

By  deriving  an  expression  for  the  rounded  peaks  of  the  auto-correlation  (see 
Fig.  2-b)  and  subtracting  it  from  the  expression  for  the  (unrounded)  triangular 
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Fio.  6.  Probability  distributions  of  edge  time  shifts. 


peak  one  obtains  the  following  general  expression  for  the  aperiodic  auto-correla¬ 
tion  component.* 

ww  -  Y  r„  p{,u)  duj  ^  j  p(u)  dti  J  dx.  (9) 

The  result  obtained  from  this  formula  for  any  particular  probability  distribu- 
^  tion  holds  for  0  <  r  <  22« .  However,  since  ^a(r)  must  be  symmetrical  about  the 
origin,  that  portion  of  it  lying  in  the  region  —2xa  <  r  <  0  is  given  by  the  same 
result  with  r  replaced  by  its  magnitude  |  r  |  .  Outside  of  the  interval  |  r  {  <  2x»  , 
the  value  of  pa{t)  is  aero.  Plots  of  pa(,t)  are  shown  in  Fig.  6  for  the  five  different 
probability  distributions  sketched  and  described  in  Fig.  5.  The  area  under  each 
curve  of  ^^(r)  is  proportional  to  the  dispersion  (square  of  the  standard  deviation) 
of  the  corresponding  probability  distribution.  This  dispersion,  in  turn,  is  the 
same  as  the  mean-square  value  of  the  periodic  function  which  has  an  amplitude 
distribution  identical  to  the  probability  distribution  in  question.  For  example, 
the  periodic  function  corresponding  to  the  sinusoidal  distribution  (dispersion  » 
xJ/2)  is  obviously  a  sine  wave,  while  a  linear  sawtooth  wave  corresponds  to  the 
“flat”  distribution  (dispersion  >  xl/S),  and  a  square  wave  corresponds  to  the 
double-spike  distribution  (dispersion  »  xS).  Inasmuch  as  p&{t)  is  symmetrical 


*  The  derivation  of  (9)  ia  outlined  in  the  Appendix. 
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Fio.  6.  Auto-correlations  of  one-edge  time-shift  noise  for  the  five  time-shift  distribu¬ 
tions  given  in  Fig.  6. 

extremes  of  the  time-shift  range.  The  power  density  at  zero  frequency  is  propor¬ 
tional  to  the  area  under  the  correlation  curve  and  hence  to  the  dispersion  of  the 
probability  distribution.  Conversely,  the  total  noise  power,  that  is,  the  area 
under  the  entire  power-density  curve,  is  proportional  to  ^a(0). 

9.  Audio  -Noise  Power.  The  audio-frequency  portion  of  the  power  spectra  shown 
in  Fig.  7  is  confined  to  a  narrow  strip  along  the  ordinate  axis.  For  example,  sup- 

*M.  F.  Gardner  and  J.  L.  Barnes,  “Transients  in  Linear  Systems,”  Vol.  1,  page  238. 
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pose  that  the  peak  time  shift  is  one  microsecond  (zo  1  /isec).  The  frequency 
corresponding  to  xou  =  1  is  then  l/2r  or  0.16  Me;  consequently,  if  16  kc  is  the 
highest  audio  frequency  reproduced,  then  x«u  »  0.1  is  the  highest  abscissa  value 
of  interest  in  the  plots  of  Fig.  7.  Thus  it  is  readily  seen  that  the  power  spectrum 
is  substantially  constant  over  the  audio  range  (0  <  x«u  <  0.1)  for  all  five  proba¬ 
bility  distributions.  Ideally,  a  pulse  modulation  system  may  have  an  audio 


NORMALIZED  RADIAN  FREQUENCY  XoW 

Fig.  7.  Normalised  power  spectra  of  one-edge  time-shift  noise  for  the  five  time-shift 
distributions  given  in  Fig.  5. 

characteristic  which  is  “flat”  from  zero  to  one-half  the  sampling  frequency, 
1/27.  If  such  a  characteristic  (gain  0  db)  is  assumed,  the  audio-noise  power  is 

•  w/T 

given  by  /  2  4»A(w)dw,  which  is  very  nearly  equal  to  {2v/T)  <1>a(0);  this,  in  turn, 

is  found  to  equal  E^{M/T)'  where  A<  is  the  standard  deviation  of  the  time-shift 
distribution.*  Heuristic  methods  also  lead  to  this  latter  result,  but  will  not  show 
the  type  and  degree  of  approximation  involved.  The  precise  audio-noise  power  is 

*  If  the  time  shifts  are  caused  by  interference  from  a  sinusoidal  carrier  the  “effective 
time  shift”  is  given  by  »>  0.7A(bu  .  ^ 
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slightly  lower  than  that  given  in  terms  of  the  standard  deviation,  since  pulse-time 
modulation  does  not  generally  involve  true  periodic  sampling  (because  of  the  finite 
time  deviations).  True  random  periodic  samples  (such  as  amplitude-modulated 
impulses)  have  a  perfectly  flat  power  spectrum,  so  that  the  power  in  any  band 
can  be  given  exactly  in  terms  of  the  standard  deviation.  It  is  of  interest  to  note 
that  the  intuitive  result,  ^(Af/D*  is  correct  only  if  the  system  has  an  ideal  low- 
pass-filter  characteristic.  In  general,  the  equivalent  noise  bandwidth  of  the  audio 
system  is  approximately  l/ST,  so  that  the  above  expression  for  audio-noise  power 
should  be  muliplied  by  two-thirds,  yielding 

One-Edge  Time-Shift  Noise  Power  i  (10) 

10.  Two-Edge  Time  Shifts.  Three  different  cases  of  two-edge  time  shifts  are  of 
practical  significance:  Case  1,  in  which  the  two  edges  of  each  pulse  are  shifted 
independently;  Case  2,  in  which  the  two  edges  of  each  pulse  are  shifted  by  equal 
amounts;  Case  3,  in  which  the  two  edges  of  each  pulse  are  shifted  by  equal  but 
opposite  amounts. 

Case  1.  If  the  analysis  outlined  in  Section  6  is  repeated  for  this  Case,  ^^(r) 
is  found  to  be  the  same  as  for  one-edge  time  shifts,  but  multiplied  by  two.  This 
means  that  ^a(<>>)  is  also  doubled  in  magnitude,  that  is,  the  noise  is  increased  by 
3  db  but  the  shape  of  its  spectrum  is  unchanged. 

Case  2.  Determining  the  auto-correlation  as  in  Section  6,  one  finds  that  the 
auto-correlation  around  t  =  0  differs  from  that  around  r  =  nT  not  only  in  the 
curvature  at  the  peaks  (see  Fig.  2)  but  also  in  the  curvatures  at  both  sides.  As  a 
result,  the  aperiodic  component,  ^a(t),  consists  not  merely  of  one  lobe  centered 
about  r  “  0  but  also  of  two  negative  “side  lobes”  centered  about  t  =  d  and  —d, 
respectively,  as  shown  in  Fig.  8-a.  The  center  lobe  is  identical  to  that  shown  in 
Fig.  3,  except  that  it  is  twice  as  large  in  amplitude,  while  the  side  lobes  are  identi¬ 
cal  to  the  curves  of  Fig.  3  except  for  algebraic  sign  and  lateral  displacement. 
Since  the  algebraic  sum  of  the  three  areas  is  zero,  the  power  density  is  also  zero  at 
(*)  =  0  and  at  all  other  frequencies  which  are  integral  multiples  of  the  reciprocal 
of  the  pulse  duration.  The  power  spectrum  differs  from  that  of  one-edge  time-shift 
noise  (Fig.  6)  only  in  that  it  is  multiplied  by  the  term  4  sin*  du.  It  may  appear 
as  in  the  example  shown  in  Fig.  9.* 

Case  S.  If  the  two  edges  of  each  pulse  are  shifted  oppositely,  the  aperiodic  auto¬ 
correlation  component,  ^A(r),  is  again  found  to  consist  three  lobes.  However, 
the  side  lobes  are  pK)sitive  and  do  not  have  the  same  shape  as  the  center  lobe, 
although  their  areas  are  the  same  as  in  Case  2,  each  being  half  the  area  of  the 
center  lobe  (see  Fig.  8-b).  The  power  density  at  zero-frequency  is  four  times  that 
for  one-edge  time-shift  noise;  at  low  frequencies  (J  <  1/d)  it  is  approximately 
the  same  as  the  spectrum  of  one-edge  time-shift  noise  (Fig.  6)  multiplied  by  the 
term  4  cos*  dw.  At  higher  frequencies,  however,  it  departs  radically  from  this 
approximation  (see  Fig.  8),  as  a  result  of  the  difference  in  shape  between  center 
lobe  and  side  lobes  of  ^a(t). 

*  Similar  results  are  given  by  Z.  Jelonek  in  “Noise  Problems  in  Pulse  Communication,” 
Jour.  lEE,  pt.  IIIA,  vol.  94,  no.  13,  pp.  533-^545;  1947. 
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While  the  total  audio-noise  power  is  independent  of  the  average  pulse  duration 
or  duty  factor  for  one-edge  and  independent  two-edge  time  shifts  (Case  1),  it  has 
a  first-order  dependence  on  the  duty  factor  in  Case  2  and  a  second-order  depend¬ 
ence  in  Case  3.  Denoting  the  ratio  of  two-edge  audio-noise  power  to  one-edge 


Fia.  8.  Noise  auto-correlations  (aperiodic  auto-correlation  components)  for  two-edge 
time  shifts:  (a)  Case  2;  (b)  Case  3. 


Fig.  9.  Normalised  power  spectra  of  two-edge  time-shift  noise  (Case  2  and  Case  3) 
for  “flat”  probability  distribution  of  time  shifts. 

audio-noise  power  by  Ri  ,Ri ,  and  Rt  for  Cases  1,  2,  and  3,  respectively,  one  ob¬ 
tains 

Ri  -  2,  ft,  «  (t/S)/)*,  ft,  4  -  (tV3)  D*.  (11) 

11.  Noise  Caused  by  Randomly  Missing  Pulses.  It  was  shown  in  Section  5  that 
the  auto-correlation  of  the  rectangular  pulse  train  being  considered  is  a  series  of 
triangles  each  of  height  (ft'/T')  d.  Random  removal  of  a  fraction  F  of  the  pulses 
reduces  the  height  of  the  triangle  centered  about  r  »  0  by  the  factor  1  —  ft, 
the  same  factor  by  which  the  total  piower  is  reduced.  The  height  of  all  other 
triangles  is  reduced  by  the  factor  (1  —  ft)*,  since  the  overlap  producing  them  is 
between  two  independent  pulses  both  of  which  exist  with  a  probability  1  —  ft. 
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The  auto-correlstion  can  therefore  again  be  split  into  a  periodic  component  and 
an  aperiodic  component,  the  latter  being  a  triangle  of  height  (£*/7’)  d[F  —  F*J, 
extending  from  t  ■»  —d  to  t  =  d.  It  is  <rf  exactly  the  same  form  as  pa(t)  for  cme- 
edge  time  shifts  with  a  double-spike  probability  distribution  (see  Figs.  5  and  6), 
and  can  be  obtained  directly  from  (9)  by  giving  to  the  two  probability  integrals 
the  values  F  and  I  —  F,  and  letting  xo  »  ^  d.  The  spectrum  is  therefore  of  the 
same  form  as  that  for  the  double-spike  distribution  in  Fig.  7,  with  the  abscissa 
variable  xtu  replaced  by  Jdw  and  with  ♦aCO)  =<  (1/2t)  (E^/T)  d*  [F  —  F*]  watts 
per  rad/sec.  If  the  pulses  are  passed  through  an  ideal  low-pass  filter,  and  the 
slight  drop  in  power  density  from  «  =  0  to  «  -  t/T  is  n^ected,  the  total  audio 
noise  jjower  is  lf{F  —  watts.  Assuming  an  equivalent  noise  bandwidth  of 
(l/ZT)  cps  (Kt/T)  rad/sec)  in  a  practical  system,  one  obtains 

Audio  Noise  Power  due  to  Randomly  Missing  Pulses 

«  |F*Z)*[F  —  F*]  watts.  (12) 


-Xo  6  ^ 


Fio.  10.  Trailing  pulse  edge  with  random  time  shifts  and  “equivalent  nonrandom'* 
pulse  edge. 

12.  Conclusions.  The  auto-correlation  method  of  analysis  has  been  used  to 
provide  the  solution  to  a  practical  problem  which  is  not  readily  solved  rigorously 
by  conventional  methods.  Besides  giving  the  power  and  spectral  distribution 
of  the  noise,  the  analysis  also  throws  some  light  on  the  nature  of  random  time 
modulation.  For  example,  it  shows  that  the  time-shift  noise  is  generated  at  the 
expense  of  the  high-frequency  components  of  the  pulse-train  spectrum  and  per¬ 
mits  exact  calculation  of  this  exchange  of  power.  This  method  should  therefore 
prove  a  powerful  tool  in  various  modulation  problems,  keeping  pace  with  the 
increasing  application  of  statistical  theory  to  communications. 
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Appendix.  The  derivation  of  (9)  can  be  outlined  as  follows.  A  large  number  of 
pulses  whose  trailing  edges  have  random  time  shifts  with  probability  distribu¬ 
tion  p(u)  are'  replaceable  by  a  single  equivalent  nonrandom  pulse  as  shown  in 
Fig.  10.  The  auto-correlation  for  —  2xo  <  t  -|-  nT*  <  2x6  (n  0)  is  found  by 
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multiplying  together  two  of  these  “equivalent”  pulses  displaced  by  an  amount 
r.  This  leads  to  the  following  equation,  which  describes  the  curved  peak  of  any 
of  the  auto-correlation  lobes  (except  that  around  r  »  0),  moved  to  the  r  origin 
(Fig.  2-b). 

^  ^  [/  ^  K 

^  ^  /  P(“)  *^1  [0  <  T  <  2x0].  (13) 

llie  auto-correlation  for  r  near  zero  is  triangular  and  is  given  by 

-  (^/T)  (d  -  r)  [0  <  r  <  dj.  (14) 

Subtraction  of  (13)  frcMn  (14)  gives  the  aperiodic  auto-correlation  component. 

<pa(t)  “  f  { ^  [/  P^“^  ^ 

~~  L  \_I  [i /  ^ 

This  is  readily  simplified  to  yield 

v>a(t)  “  ^  p{u)  duj  ^  j  p(u)  duj  dx  [0  <  T  <  2xo].  (9) 


The  same  result  can  be  obtained  also  by  other  methods,  which  do  not  make  use 
of  the  “equivalent  nonrandom”  pulse. 
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A  NEW  FORM  OF  SOLUTION  OF  HERMITE’S  EQUATION* 

Bt  W.  a.  Mcrsman 

Introduction.  A  modified  form  of  Hermite’s  differential  equation  has  recently 
been  encountered  by  Chapman  and  Rubesin  (reference  1)  in  a  study  of  the 
laminar  boundary  layer  of  a  compressible  fluid  flowing  over  a  heated  flat  plate. 
The  equation  is 

^  +  2z  ^  -  4nM  »  0,  n  =  0,  1,  2,  3,  •  •  •  , 

in  which  u  is  a  dimensionless  coefficient  occurring  in  a  series  expansion  for  the 
temperature,  and  z  is  a  distorted  dimensionless  coordinate  representing  distance 
normal  to  the  plate.  The  surface  of  the  plate  is  approximately  at  z  =  0,  and  the 
free  stream  outside  the  boundary  layer  is  at  z  =  « . 

In  the  boundary-layer  problem  solutions  m(z)  are  required  which  are  valid  for 
positive  z  and  vanish  at  z  =  <» .  Since  classical  methods  do  not  seem  to  lead  to  a 
solution  which  is  tractable  to  numerical  methods  of  computation,  the  primary 
objective  of  this  paper  is  to  obtain  such  a  solution. 

The  method  of  solution  is  generalized  to  apply  to  any  linear,  homogeneous 
differential  equation  of  the  second  order  to  obtain  a  second  solution  when  one  is 
already  known.  The  method  is  especially  powerful  if  the  coefficients  of  the  dif¬ 
ferential  equation  are  polynomials  and  if  the  one  solution  already  known  is  a 
polynomial.  Thus,  complete  .solutions  of  the  Hermite  and  Laguerre  equations 
are  obtained  that  involve  only  polynomials  and  error  function  integrals  or  expo¬ 
nential  integrals,  both  of  which  have  been  extensively  tabulated.  In  the  case  of 
the  Bessel  and  Legendre  equations  the  method  leads  to  the  well-known  functions 
of  the  second  kind  in  a  direct  manner. 

The  general  linear  equation  of  the  second  order.  Consider  the  equation 

and  let  y(z)  be  a  known  solution.  The  classical  method  of  obtaining  a  second 
solution  is  to  make  the  substitution  (reference  2,  p.  101) 

u  ^  yv, 

which  leads  to  the  following  equation  for  v: 


This  is  immediately  integrable  to  give 

'  PreBented  to  the  American  Mathematical  Society  on  April  30,  1940. 
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Unfortunately,  this  integral  representation  of  v  is  usually  difficult  to  evaluate 
analytically  or  numerically.  For  the  classical  equations  of  physical  interest  v(z) 
takes  the  following  forms: 


Hermite’s  equation:  *'  “  / 

^1* 

Hn{z)  being  the  Hermite  polynomial  of  degree  n. 

r  e~‘ 

Modified  Hermite  equation:  v  =  f ...  ,  . 

J  [Hin{tz)r 

I.aguerre’s  equation :  “  J 

r  J 

Ln(z)  being  the  Laguerre  polynomial  of  degree  n: 

Bessel’s  equation:  / 

dz 

Jh(.z)  being  the  Bessel  function  of  the  first  kind  of  order  n. 


Legendre-8  equation:  e  -  /  • 

Pn(z)  being  the  I^endre  polynomial  of  degree  n. 

In  every  case  it  is  evident  that  the  integral  representation  of  v{z)  is  extremely 
unwieldy,  both  analytically  and  numerically.  In  the  cases  of  Bessel’s  and  Legen¬ 
dre’s  equations  alternative  forms  of  the  second  solution  are  well  known.  One 
method  of  obtaining  them  (reference  2,  pp.  170  and  181)  can  be  generalized  as 
follows:  if  y{z)  is  a  known  solution  of  equation  (2.1),  the  substitution 

«  =»  j/t;  -f  (2.2) 


reduces  that  equation  to 


(fw  . 


dw  , 

q^+rw 


The  coefficient  of  y  in  the  right  member  can  be  made  to  vanish  by  choosing  v  to  be 
any  solution  of  the  equation  p  d^v/dz  q  dv/dz  =  0.  A  suitable  choice  is 


V  =  j  e**  dz,  Q  ^  —  j  {q/p)  dz. 


(2.3) 


A  second  solution  of  equation  (2.1)  is  then  given  by  equation  (2.2),  provided  that 
w  is  any  solution  of 

<fw  .  dw  .  c  Qdy  /o8\ 

where  Q  is  defined  by  equation  (2.3),  and  y  is  any  known  solution  of  the  original 
equation  (2.1). 
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Hennite’s  equation  of  integral  order.  Hennite’s  equation  of  integral  order, 
n,  is  (reference  3,  p.  59) 

^  -  2z  ^  +  2nM  -  0,  n  -  0, 1,  2,  3,  •  •  •  .  (3.1) 

Using  the  notation  of  section  2,  one  solution  of  this  equation  is  the  Hermite  poly¬ 
nomial  of  degree  n, 

y  =  HM  =  'g  (-1)*  (2s)""“  ,  n  =  0,  1,  2,  3,  •  •  •  ,  (3.2) 

where  [n/2]  is  the  greatest  integer  not  greater  than  n/2.  The  coefficients  of  the 
equation  are 

p  =  1,  9  =  —2z,  r  =  2n. 

Hence,  from  equation  (2.3), 

Q  =  s* ,  V  j  e’*  dz, 


and  a  second  solution  of  Hermite’s  equation  (3.1)  is 

u  =  Hniz)  j  e**  dz  +  w,  (3.3) 

where  w  is  any  solution  of  the  equation 

<fw  ^  dw  .  ^  ^  ,t  dHn 

dz'  dz  dz 

It  is  convenient  to  make  the  substitution 

w  =  Gn{z)e*' . 

Then  Gn{z)  is  to  be  any  solution  of  the  equation 

‘g!+2z^“  +  2(n+l)(?.  -  -2^-,  »- 0,  1,2,3,  .... 

The  standard  method  of  expansion  in  a  pow'er  series  leads  to  the  solution 

Q,h)  -  0 

Gn{z)  =  (-1)*+*  "ol"  Vv  i  -/  -v,  (2s)""**-‘ 

2-  (n  -  2fc  -  1):  ,-0  j\(n  -  j)\ 

k-ja 

n  -  1,2,3,  (3.4) 

Hence,  the  general  solution  of  Hermite’s  equation  of  integral  order,  n,  equation 
(3.1)  is 


u  =  AHn{z)  +  B  Hniz)  r  e‘*  di  +  (?,(z)e** 
_  •  Jo 


(3.5) 
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where  Gn(z)  is  given  by  equation  (3.4),  I/n(z)  by  equation  (3.2),  and  A  and  B 
are  arbitrary  constants. 

This  form  of  solution  is  well  adapted  to  numerical  computation,  since  the 
exponential  function  and  integral  are  tabulated  (reference  4). 

The  first  few  polynomials,  Gn(z)  are:  «  0,  Gi  »  —  1,  »  —2z,Gi^ 

-4x*  +  4,  (?«  -  -&*  +  202,  - 162^  +  722*  -  32,  G,  =  -322“  +  2242*  - 

2642,  Gi  -  -642*  +  6402^  -  13922*  +  384. 


The  modified  Hermite  equation.  Replacing  2  by  tz  and  n  by  2n  in  equation 

(3.1)  yields  the  modified  Hermite  equation  mentioned  in  the  introduction: 


d*u 

dP 


+  2z^  —  4nu 
dz 


0, 


n  -  0,  1,  2,  3,  •  •  •  .  (4.1) 


The  same  transformations  applied  to  equation  (3.5)  give  the  solution  of  equation 

(4.1): 

u(2)  -  AHuGz)  +  B  |^»^fc.(u)  c-‘*  dt  +  (?^.(t2)c-**  j  . 


E({uation  (3.4)  shows  that  Gtniiz)  is  pure  imaginary.  If,  then,  Gtniiz)  is  set  equal 
to  iKtn(z),  and  i  is  incorporated  into  the  arbitrary  constant,  B,  the  solution  of 
equation  (4.1)  can  written 

u(2)  -  AHtniiz)  +  B  [^//*.(t2)  £  e-‘*  dt  +  A■^.(2)e"'*  j  (4.2) 

where 


(22)* 


n  -  0,  1,  2,  3,  •  •  •  .  (4.3) 


K,  -  0, 


KUz) 


t  _  (2n  —  1;  —  1)1  ^ 

'  A'  _  01.  _  ^  i\(< 


(2n)! 


(2n  -2k-  1) !  jl(2n  -  j)  I 


(22)* 


n  -  1,2,3,  •••  .  (4.4) 


Again  the  solution  involves  tabulated  cxponenial  functions  and  int^rals. 

It  is  convenient  to  ax^ress  the  arbitrary  constants  .4  and  B  in  equation 

(4.2)  in  terms  of  the  initial  values.  This  is  easily  done  by  noting  that  for  ’ 
n  -  0,  1,  2,  3,  •  •  •  , 

HtM  “  (-1)"  (2n)I/n! 


[dH^Sz)/dz]^  »  0,  K^M  -  0, 


(2n)!' 
n!  .  ■ 


Hence,  from  equation  (4.2), 

lio  ■  u(0)  -  A(-l)"  (2n)I/n!,  n  -  0,  1,  2,  3,  •  •  •  , 

i4  ■  (du/dz)^  -  B(-l)"4-n!,  n  -  0,  1,  2,  3,  •  •  •  , 
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and  the  solution  (equation  (4.2))  of  the  modified  Hermite  equation  (4.1)  can  be 
written  in  the  form 


(2n)! 


+  ^  dt  +  /C,.(a)e-*’] ,  n  =  0,  1,  2,  3,  •  •  •  ,  (4.5) 

where  and  KtJji)  are  given  by  equations  (4.3)  and  (4.4).  Noting  that 

e"“  dt  -  (ir''V2)  -  c"‘*  dt, 

the  solution  (equation  (4.5))  can  be  put  in  the  form 

_  (-1)"  r,  /..N  '*  ,  4-(n!)*  ..  1 

*  4-n!  [  2  (2n)!  H 

-  [/f„(w)  J"  e-‘*  dt  - 


Since  Hi„{iz)  and  Ktn{z)  are  polynomials,  the  last  two  terms  vanish  at  2  =  <x>,z 
real. 

In  the  boundary-layer  problem  mentioned  in  the  introduction  it  is  required  to 
find  a  solution  which  vanishes  at  z  »  ».  For  a  solution  in  the  form  obtained 
above  this  condition  imposes  a  relation  between  ua  and  Uo  which  is 

2*"-"‘(n!)* 


Mo  -  — 


Mo. 


‘«(2n) ! 

When  this  is  satisfied,  the  solution  can  be  written 
(-1) 


m(2) 


(2n) 


^  Mo  Huiu)  /"  «■“  dt  -  A  KMz-'  .  (4.7) 


The  function  m(2)  defined  by  equation  (4.7)  is  a  solution  of  the  modified  Her¬ 
mite  equation  (4.1).  Since  it  vanishes  at  2  *  «  and  is  well-behaved  at  2  =  0,  it  is  a 
suitable  function  to  be  taken  as  the  standard  second  solution.  Then  the  general 
solution  of  equation  (4.1)  can  be  written  in  the  form 

m(2)  -  AHtn{iz)  +  BF,(2)  (4.8) 


where 


Laguerre's  equation  of  integral  order.  Laguerre’s  equation  of  integral  order  is 
(reference  3,  p.  58) 


s  ^  +  (1  -  »)  ^  4-  nu  -0, 
02*  dx 


n  -  0,  1,  2,  3, 


(5.1) 
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Using  the  notation  oi  section  2,  one  solution  is  the  Laguerre  polynomial  of  degree 

The  coefficients  of  the  differential  equation  are 

p  —  z,  q  =  1  —  z,  r  »=  n. 

Hence,  by  equation  (2.3), 

Q  =  J  (1  —  2~‘)  dz  ^  z  —  In  z, 
t>  *  y  e*  dz, 

and,  by  equations  (2.2)  and  (2.4),  a  second  solution  of  equation  (5.1)  is  given  by 
u  =  Lniz)  j  e*  z~^  dz  +  w  (5.3) 

where  w  is  any  solution  of  the  equation 

(fw  ,  \  dw  .  -  ,  dLn 

"5?  +nw~  -2e 

It  is  convenient  to  make  the  substitution 

w  =  e"Mn{z).  (5.4) 

Then  3/«(z)  is  to  be  any  solution  of  the  equation 

j  5^’  +  fe  +  1)  +  (n  +  IW.  -  -2^'. 

dz*  dz  dz 

The  standanl  method  of  expansion  in  series  gives  the  solution 

A/c  »  0 

MM  ~  E  (-!)•  ^  r  -nw  - --n,  ■ 

*-o  (fc!)*  0  +  l)(n  +  j  +  l)!(n  -  j  -  1)! 

n  =  1,  2,  3,  •••  .  (5.6) 

Thus,  from  equations  (5.2),  (5.3),  (5.4),  and  (5.6),  the  complete  solution  of 
Laguerre ’s  equation  of  integral  order,  n,  (equation  (5.1))  is 

M  -  ALniz)  +  B  ^Lniz)  y  e'  T*  dt  +  e*  A/,(z)  j  ,  n  =  0, 1,  2,  3,  •  •  •  ,  (5.7) 


where  A  and  B  are  arbitrary  constants,  L„(z)  is  the  Laguerre  polynomial,  given 
by  equation  (5.2),  and  A/„(z)  is  the  polynomial  given  by  equation  (5.6).  The 
exponential  function  and  integral  have  been  tabulated  (reference  4). 
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BEST  INTERPOLATION  FORMULAS 
Bt  Lxbot  F.  Mstsbs  and  Anthdb  Sabo* 


1.  Introduction.  Suppose  that  tabular  values  x(0),  z(l),  z(2),  •  •  •  of  a  fimction 
X  »  x(0  are  given.  Suppose  that  we  wish  to  approximate  x(u),  u  real  and  fixed, 
by  an  expression  of  the  form 

(1)  A  -  aox(0)  +  aix(l)  +  •  •  •  +  o*x(m). 

What  value  of  m  shall  we  use  and  what  coefficients  oo  “  ao(u),  Oi  ■«  ai(ti),  •  •  •  , 
o«  =  o«(u)? 

Conventional  practice  has  been  to  specify  that  the  approximation  be  exact: 
A  =  x(u)  whenever  x{t)  is  a  polynomial  in  t  of  d^ree  n  and  to  use  in  (1)  the 
n  +  1  entries  of  the  set  x(0),  x(l),  •  •  •  nearest  u.  Thus,  if  u  ^  (n  +  l)/2,  then 
m  =  n;  if  (n  +  l)/2  ^  u  ^  (n  +  3)/2,  then  m  =  n  +  1  and  oo  =  0;  and  so  on. 
We  shall  see  that  the  conventional  practice  is  not  always  best. 

If  the  approximation  (1)  is  exact  whenever  x(0  is  a  polynomial  of  degree  n,  then 
there  is  a  kernel  function  k  =  k(t,  u)  such  that 


(2) 


R[xl  *  x(u)  —  A  j  x^''*^\t)k{t,  u)  dt 


whenever  x(<)  has  a  continuous  (n+  l)th  derivative  x‘"'*’‘^(0,  where  iC  is  the  small¬ 
est  interval  containing  u  and  those  of  the  values  0, 1,  •  •  •  ,  m  for  which  the  corre¬ 
sponding  coefiScients  oo ,  oi  ,  •  •  •  ,  are  not  zero.  Indeed  k{t,  u),  for  each  u,  is 
a  broken  poljmomial  in  t  consisting  of  at  most  m  +  3  arcs;  k  is  defined  [2]  simply 
in  terms  of  /2[x]: 

(3)  k{t\  u)  »  R[}kf]  -  —R[<Pf], 


where 


I® 

l((  -  iT/nt’ 


|(f  -  tr/n\ 

lo 


if  t  ^  t\ 
if  t  >  t'. 


Let  Qm.n.u  be  the  class 'of  all  approximations  (1)  which  are  exact  for  degree  n, 
where  m,  n,  u  are  fixed.  The  class  is  not  empty  if  m  ^  n;  it  consists  of  one 

element  (the  conventional  formula)  ifm=“norifm<n  and  u  is  one  of  the 
integers  0, 1,  •  •  •  ,  m;  in  all  other  cases  Qm.n.u  is  empty.  (See  §4). 

Schwarz’s  inequality  applied  to  (2)  implies  that 


(4) 

where 


|BWI  SMUx“*‘Htfdt/\K\T. 

M  -  MM  -  n  K  i  *(1,  u)’  diy 


‘  The  authors  gratefully  acknowledge  financial  support  received  from  the  Office  of 
Naval  Research  under  contract  with  Queens  College. 
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is  the  modxdm  of  the  approximation  A  and  |  iiC  |  is  the  length  of  K.  Observe  that 
the  multiplier  of  M  in  (4)  is  the  root-mean-square  of  on  K.  We  suppose  that 
(4)  is  to  be  used  to  appraise  in  a  situation  in  which  we  have  no  knowledge, 
as  to  which  sets  K  are  such  that  the  root-mean-square  of  on  /C  is  small  or 
large.  In  such  a  situation  it  is  natural  to  say  that  that  A  c  Qm.n.u  is  best  which 
minimises  the  modulus  M.  We  adopt  this  criterion  [1].  Let  Am.n.u  be  the 
best  approximation  in  ,  or  one  of  the  best  if  there  are  several. 

Throughout  our  discussion  n  is  a  given,  non-negative  integer;  n  determines 
the  order  of  the  derivative  in  terms  of  which  we  choose  to  appraise  f2[x]. 

The  formula  .4 may  be  the  same  as  ;  this  will  be  the  case  when 

the  coefficient  o«+i  of  i4m+i,«,«  vanishes. 

Observe  that  there  is  no  initial  restriction  whatever  on  the  nature  of  the 
coefficients  oo ,  ■  *  ■  ,  as  functions  of  u.  It  turns  out  that  these  coefficients  in 
Am.n.u  are  broken  polynomials  in  u  of  degree  2n  -f-  1.  It  turns  out  also  that  the 
best  formulas  are  interpolatory :  Am,n.u  =  x(u)  if  u  is  an  integer  and  0  ^  u  ^  m. 

The  present  paper  is  a  report  of  results  already  established  and  of  surmises  as 
yet  unresolved. 

We  have  proved  the  following. 

For  n  ^  all  m,  the  conventional  practice  is  best.  Thus  vlii..o.ii  =  x(iit)  where 
io  is  an  integer  in  the  range  0  ^  lo  ^  m  nearest  u.  In  this  case  Af*  =  (m  —  to)*. 

For  n  =•  l,m  =  1,2,  S,  4,  the  conventional  practice  is  best: 

A„.i.u  =  (to  +  1  -  u)  x(to)  -i-  (u  -  to)x(to  -f  1), 


where  to  is  an  integer  and  0^to^M^to-|-l^wi,  oru<0,  to  =  0,  orw>m, 
it  m  —  1.  In  all  these  cases  =  (io  I  ~  w)*  («  —  Uif/S.  We  surmise  that 
these  assertions  are  true  for  all  m  ^  1 . 

For  n  =*  2,  m  =  3, 4,  5,  the  conventional  practice  is  not  best.  (For  n  =  2,  m  =  2, 
the  conventional  practice  is  best  since  consists  of  but  a  single  element.) 
The  approximation  ,  depending  on  the  value  of  u,  involves  I,  3,  4,  or  5 
but  never  2  or  6  consecutive  tabular  values.  The  approximations  A*,*.* ,  Ai,i,u , 
Ai,i,u  and  are,  in  effect,  given  in  §3  for  all  u.  We  surmise  that  Am,t.u  = 
■do.j.u  for  m  ^  4. 

Once  the  best  formulas  have  been  determined  their  use  is  direct.  If  one  were 
to  interpolate  extensively  one  could  tabulate  the  coefficients  oo  ,•••,<*«  for 
different  u. 

We  discuss  the  derivation  of  the  formulas  in  §4  and  their  transformation  under 
a  change  of  origin  and  scale  in  §5. 

Remark.  In  this  paper  we  minimize  the  modulus  M(u)  for  each  u.  A  different 
procedure,  which  might  be  called  best  graduation,  is  the  following.  Let  CtZ.n.q 
be  the  class  of  approximations  (1)  which  are  exact  for  all  u  whenever  x(t)  is  a 
polynomial  of  degree  n  and  in  which  the  coefficients  a,  =  a,(M)  are  polynomials 
in  tt  of  degree  q,  where  m  ^  n,  9  ^  n  ^  0.  For  each  A  in  there  is  a  modulus 
function  M(u).  One  might  say  that  that  A  c  is  best  which  minimizes 


M*(u)  du  or,  alternatively,  sup  M*(u),  0  ^  u  ^  m  [1,  last  paragraph]. 
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2.  The  preparatory  formulas.  For  an  approximation  A  c  Ctm.m.u  ,  we  define 
y  as  follows: 


«aua(  u,m) 

(5)  y  =  /  kit,  u)'  dt. 

vininC  tttO) 

There  is  a  unique  approximation  A  c  which  minimizes  J.  (See  §4.)  We 

denote  this  approximation  by  B^.n.u  ■  The  determination  of  the  approximation 
involves  the  prior  determination  of  &  finite  number  of  preparatory  approxi¬ 
mations,  viz. 


(6)  1  J  “  0,  1,  •  •  •  ,  Wl  P‘, 

p  =  n,  n  -I-  1,  •  •  •  ,  m, 

and  the  comparison  of  the  moduli  of  these  approximations.  The  arguments  u  —  j 
enter  here  because  of  the  possibility  of  shifting.  For  example,  applied 

to  x(l),  x(2),  x(3),  x(4)  is  an  approximation  in  .  In  the  case  of  At,i,u  the 
complete  set  (6)  consists  of  Bij,u  ,  B%,t,u  ,  Bt^t.u  ,  i  ,  Bt,i,u—i  >  -Sz.s.m— a  > 

We  have  proved  that  for  n  =  2,  m  ^  5,  0  ^  w  ^  m,  extrapolation  is  inferior 
to  interpolation;  that  is,  the  approximations  (6),  if  any,  with  u  —  j  n^ative 
never  carry  the  least  modulus.  Also,  that  forn  =  2,  m  ^  5,  u  <  0  or  u  >  m,  the 
conventional  practice  is  best. 

We  surmise  that  extrapolation  is  always  inferior  to  interpolation,  when  0  ^  u 
^  m.  We  surmise  also  that  when  extrapolation  is  necessary:  u  <  0  or  m  >  m, 
the  conventional  practice  is  always  best. 

The  approximations  Bm.n.u  are  interesting  in  themselves,  as  there  may  be 
situations  in  which  one  chooses  to  use  many  tabular  values  in  order  to  distribute 
tabulated  errors,  for  example. 

We  denote  the  modulus  of  B„,„,u  by  Mm.n.u  . 


3.  Best  formulas,  n  =  2.  Throughout  this  section,  n  =  2.  Table  1  gives  the 
values  of 

M  =  Ml,,t.u/6iu), 

where  * 

(7)  ®(m)  =  (u  -  Iu])‘  (1  -  u  -f  Iu))Vl20 

and  [u]  is  the  largest  integer  less  than  or  equal  to  u.  Since  0(u)  depends  on  v  —  [u] 
only,  d  is  the  same  for  all  the  u  —  j  in  (6).  Accordingly,  a  comparison  of  the 
values  of  p  for  (6)  is  equivalent  to  a  comparison  of  the  moduli. 

Table  1  is  based  on  the  expressions  for  given  below. 

^  The  entries  in  bold  face  type  correspond  to  the  approximation  A4.j,«  “  Ai,*.*  . 
Observe  that  the  approximation  ,  shifted  if  necessary,  is  either  best  or  close 
to  best  for  all  interior  u.  None  of  the  entries  for  u  2.4, 2.5  is  in  bold  face  type. 
This  is  because  the  entries  for  u  —  1.4,  1.5  and  m  «=  3  are  smaller. 

The  formula or  A ■,.«.«  ,  u  m/2,  can  be  derived  from  its  counterpart  for 
u  ^  m/2:  One  replaces  at  by  ,  t  —  0,  1,  •  •  •  ,  m,  and  u  by  m  —  u,  both  in 
the  coefficients  and  in  the  modulus.  Accordingly  we  need  consider  u  ^  mf2  only. 


BEST  INTERPOLATION  FORMULAS 


201 


Table  1  implies  that 


B4.1.U 


'•'It.S.o  I 


0  ^  u  ^  .5, 
.6  ^  M  g  1.6, 
1.7  g  M  ^  2.3. 


TABLE  1 


Values  of  m 


u 

2 

3 

4 

5 

0 

20.00 

22.90 

29.13 

36.09 

.1 

18.68 

20.90 

26.49 

32.80 

.2 

17.14 

18.88 

23.83 

29.49 

.3 

16.87 

16.87 

21.20 

26.21 

.4 

14.21 

14.90 

18.62 

22.99 

.5 

12.75 

12.98 

16.12 

19.88 

.6 

11.31 

11.14 

13.73 

16.91 

.7 

9.91 

9.39 

11.48 

14.11 

.8 

8.54 

7.76 

9.39 

11.52 

.9 

7.24 

6.26 

7.48 

9.16 

1.0 

6.00 

4.90 

5.78 

7.05 

1.1 

7.24 

5.63 

6.41 

7.80 

1.2 

8.54 

6.06 

6.88 

8.34 

1.3 

9.91 

6.43 

7.16 

8.64 

1.4 

11.31 

6.67 

7.24 

8.68 

1.5 

12.75 

6.76 

7.12 

8.49 

1.6 

14.21 

6.67 

6.81 

8.06 

1.7 

15.67 

6.43 

6.32 

7.43 

1.8 

17.14 

6.05 

6.70 

6.63 

1.9 

18.58 

5.53 

4.96 

5.70 

2.0 

20.00 

4.90 

4.16 

4.71 

2.1 

6.26 

4.96 

5.53 

2.2 

7.76 

6.70 

6.23 

2.3 

9.39 

6.32 

6.76 

2.4 

11.14 

6.81 

7.10 

2.5 

12.98 

7.12 

7.21 

For  2.4  ^  u,  the  best  formulas  are  obtained  by  shifting.  For  example,  for  2.4  ^ 
u  ^  3.4,  »  the  approximation  operating  on  j;(l),  x(2), 

i(3),  x(4). 

Central  Interpolation.  Suppose  that  one  wishes  to  interpolate  in  a  table,  away 
from  the  ends,  and  that  one  wishes  to  use  six  ordinates  or  fewer,  with  n  =  2. 
Table  1  implies  that,  given  u,  one  should  translate,  if  necessary,  so  as  to  use  the 
ti  given  in  Table  2,  depending  on  the  value  of  u  —  [u]. 

We  now  listB«,j,«  ,  0  ^  u  ^  m/2,  m  —  2, 3, 4;  and  ,  u  ^  m/2,  m  =  2,  3, 


202 


LEROY  F.  MEYERS  AND  ARTHUR  SARD 


4,  5.  We  write  x,  for  z(i).  The  function  0  is  defined  in  (7).  The  approximations 
,  a  ^  m/2,  m  ^  5,  which  are  omitted  are  never  beet. 

“  (u  —  1)(m  —  2)xo  —  2u(m  —  2)xi  +  w(u  —  l)xi ,  all  u; 

Mlt,u  -  2«(u)(u*  -  u*  -  7tt  +  10),  0  ^  w  ^  1, 

MU,u  =  (2  -  u)u\-  6m*  +  23m*  -  27m  +  10)/120,  m  S  0. 

132B,.,.,.  =  (m  -  1)(-  2m*  -  2m*  -  2m*  +  91m  -  132)x^ 

+  3m(2m*  -  71m  +  113)xi  +  3m(m  -  1)(-  2m*  -  2m*  -  2m  +  47)x, 
+  m(m  —  1)(2m*  H-  2m*  4-  2m  —  26)xi ,  0  ^  m  ^  1, 


TABLE  2 


--w 

TrunUted  a 

\  Value  of  m  such  that 

1  iftattH  * 

Correiponding 

M 

.1 

2.1 

1 

4 

4.96 

.2 

2.2 

4 

5.70 

.3 

2.3 

4 

6.32 

.4 

1.4 

3 

6.67 

.6 

1.6 

3 

6.75 

.6 

1.6 

3 

6.67 

.7 

1.7  i 

4 

6.32 

.8 

1.8 

4 

5.70 

.9 

1.9  1 

4 

4.96 

132B„.,  -  (m  -  1)(m  -  2)(4m*  -  18m*  -  2m  +  63)ak) 

4-  3(m  -  2)(-  4m*  +  22m*  -  16m*  -  43m  -  3)xi 
4-  3(m  -  1)(4m*  -  26m*  4-  34m*  4-  23m  +  6)x» 

(m  —  l)(w  —  2)(~  4m*  4"  18m*  -|-  2m  4“  3)xi ,  1  ^  m  ^  2; 

Mlt.u  =  9{u)i-  4m‘'-  8m*  -  12m*  +  356m*  -  168m*  -  1748m  +  2015)/88, 

0  ^  M  g  1, 

M\.t.u  =  «(m)(-  16m‘  4-  144m‘  -  308m*  -  312m*  +  1208m*  -  276m  -  9)/88, 

1  ^  M  ^  2, 

Mli  u  =  (3  -  m)m*(-  1584m*  4-  5343m*  -  5778m.4-  2015)/31680,  m  ^  O. 

I84OB4.*,*  =  (m  -1)(-  33m*  -  33m*  -  33m*  +  1326m  -  1840)xo 

4-  4m(28m*  -  829m  4-  126l)xi  4-  46m(m  -  1)(-3m*  -  3m*  -  3m  +  56)x, 
-f  4m(m  —  1)(18m*  4-  18m*  4-  18m  —  211)xt 

I-  m(m  -  1)(-  13m*  -  13m*  -  13m  4-  146)x4 ,  0  g  m  ^  1, 
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1840i#«.,..  -  (m  -  l)(w  -  2)(79tt*  -  323w*  -  7u  +  864)xo 

+  4(m  -  2)(-  74ii^  +  362m*  -  296m*  -  401m  -  51)x, 

+  46(m  -  1)(9m*  -  51m*  +  69m*  +  8m  +  12)x, 

+  4(m  -  1)(m  -  2)(-  64m*  +  218m*  -  38m  -f  41)x, 

+  (m  -  1)(m  -  2)(59m*  -  183m*  +  53m  -  36)x4 ,  1  ^  m  ^  2; 

Mli.u  =  9iu){-  33m‘  -  66m*  -  99m*  +  2586m*  -  1061m*  -  12068m 

+  13398)7460,  0  ^  M  ^  1, 

=  «(m)(-  217m‘  +  1658m‘  -  3351m*  -  1458m*  +  7935m* 

-  1808m  -  102)7460,  1  ^  m  ^  2 

Mli.u  =  (4  -  m)m*(-  11040m*  +  36473m*  -  38864m  +  13398)7220800, 

M  ^  0. 


MU  u  =  fl(M)(-  2944m*  -  5888m‘  -  8832m*  +  226000m*  -  90336m* 


-  1045232m  +  1152429)731928,  0  g  m  g  1, 

Mlt.u  =  »(w)(-  20668m‘  +  155072m‘  -  311344m*  -  113588m* 

+  679992m*  -  154744m  -  9523)/31928,  1  ^  m  ^  2, 

Mli,u  *  eiu)(-  31616m‘  +  474240m‘  -  2781708m*  +  8057080m* 

-  12052136m*  +  8947180m  -  2637083)731928,  2  ^  m  ^  3, 

Mli,u  -  (5  -  m)m*(-  957840m*  +  3152557m*  -  3350090m 

+  1152429)719156800,  m  d  0. 


In  the  above  formulas  the  end  coefficients  Oo ,  a»  do  not  vanish  in  their  range 
of  validity  except  when  the  displayed  linear  factors  vanish. 

4.  Derivations.  Consider  an  approximation  in  (im.n.u  .  For  convenience  we 
take  m  ^  1,  leaving  the  case  m  ~  0  to  be  treated  by  the  reader.  The  relations 
(3)  imply  that 


k(t\  u)  =  —<pt'iu),  if  /'  <  0, 

k{t',  u)  =  ^i'(m)  —  (1  -  -  (2  -  t'yot/nl 

—  •  •  •  —  (m  —  t'yam/nl,  if  0  ^  <  1, 


(8)  w) 


lA*'(w)  —  (2  —  t'yot/nl  —  •  •  •  —  (m  —  <')*a«/n!,  if  1  ^  <  2, 


k{e,  M) 
M) 


^«'(m)  -  (m  -  O  "<*••/«!» 


1. 


if  m  —  1  ^  <  m, 

]i  m  ^  t'. 
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Accordingly  the  integral  J  defined  in  (5)  is  the  following  function  of  Oi , 
(9)  </  *  a  —  2  S  /3<a<  -f"  S 


where 


y  0‘m  J 


yi.i  =  Ti.i  =  f  (t  -  0"0‘  -  0"  d</(n!)*  *  f'  s'is+j  —  i)*d8/in\)*  if  »  ^  j; 
Jo  Jo 

if  u  g  0, 

r  (i  _  <)-(«  -  /)-  dt/{n\y 

Jo 

=  f  s"(«  +  I  —  u)"ds/(n!)*  if  0  ^  M  ^  t, 
Jo 

f  (t  -  0"(u  -  0"  dt/{n\)'^ 

Jo 

=  f-  «"(»  +  u  —  t)"  ds/inl)*  if  t  ^  u; 
L  Jo 

«  =  (m  -  0*"df/(n!)*  =  |u|^-^V[n!*(2n  +  1)]. 

«min(ii,0) 


/8.-  =  [  Mu)ii  -  0"  df/n!  =  ] 
Jo  I 


Lemma.  The  quantities  a,  /3, ,  y.-.y  ore  independent  of  m. 

The  quantities  7,,y  are  independent  of  u. 

Define  \(y,  z)  as  (—  1)"/ (2n  +  1)!  times  the  sum  of  the  first  n  +  1  terms  of  the 
binomial  expansion  of  {y  —  Then  y.-.y  =  X(t,  j)  for  i  ^  j;  dt  =  0  for 

u  ^  0,  di  =  h(u,  i)  for  0  ^  u  ^  i,  di  =  X(t,  u)  for  i  ^  u. 

As  functions  of  u,  a  consists  of  two  polynomial  arcs  and  is  of  class  C*";  di  consists 
of  three  polynomial  arcs  and  is  of  class  C"  at  u  =  0,  of  class  C*"  atu  =  i. 

The  symmetric  matrix  ||  y.-.y  !|  is  positive  definite. 

For  example,  if  n  =  1,  Oy,.,  =  Oyy.,  =«  —  t*,  i  ^  j;  Qdi  =  —  u*  +  3u*i 

for  u  ^  i,  6/8,  *  3t*w  —  t*  for  i  ^  u. 

That  the  matrix  ||7i.;;|l  is  positive  definite  may  be  seen  as  follows:  The 


quadratic  term  in  (9)  is  what 


dt  would  equal  if  in  (8)  were 


replaced  by  zero. 

In  order  for  the  approximation  A  to  be  exact  for  polynomials  of  degree  n,  it 
is  necessary  and  sufficient  that  it  be  exact  for  the  n  +  1  polynomials:  z(0  » 
I,  t,  f,  •  •  •  ,  t*;  that  is,  that  the  coefficients  oo,  •  •  •  ,  o«  be  such  that 


(10)  Oo  +  Oi  +*••  +  «•»  “  1, 

(11)  ^  Oil"  =  u',  r  ■»  1,  •••  ,n  if  n  ^  1. 

We  think  of  (10)  as  merely  determining  oo  in  terms  of  Oi ,  •  •  •  ,am,  since  oo  does 
not  enter  into  (9). 


BEST  INTERPOLATION  FORMULAS 


205 


Thus  J  is  a  quadratic  function  of  Ui ,  •  •  •  ,  a«  subject  to  the  n  constraints 
(11).  The  coefficients  of  Bm.n.u  are  obtained  by  minimizing  J  subject  to  (11). 
One  may  show,  by  the  use  of  Lagrange’s  multipliers,  that  the  miniiniging  co¬ 
efficients  and  J  are  given  by  the  following  relations.  The  actual  calculation 
may  also  be  carried  through  directly.  We  use  a  matrix  notation: 

a -II  a,  II,  ^-11/3.11. 

i,;  =  1,  •  •  •  ,  m;  r  =  1,  •  ••  ,n, 

llt-'ll.  r-  II 7,.,- II, 


where  o,  /3,  v  each  consist  of  one  column,  H  consists  of  m  rows  and  n  columns, 
and  r  is  square  (m  X  m).  Since  H  ia  &  Vandermonde  matrix,  its  rank  is  maxi¬ 
mal.  The  case  m  <  n  is  easily  disposed  of:  Either  the  constraints  (11)  are  in¬ 
consistent  and  is  empty;  or  u  is  one  of  the  integers  0,  !,•••,  m  and 

Ctm.n.u  consists  of  the  single  element  A  —  x(u).  Hereafter  assume  m  ^  n.  Then 
H  is  of  rank  n.  Since  T  is  positive  definite,  the  symmetric  matrices 

A  =  r"‘,  E  =  (H’'a//)~‘ 

exist  and  are  positive  definite,  where  the  superscript  T  indicates  transposition. 
There  is  a  unique  minimizing  a: 

a  =  Aj8  -I-  AHEv  -  AHEH^Aff  ; 

and  the  minimal  J  is 


Jmin  =  a  -  /3'A^  +  (t>  -  H^AfifEiv  -  H^A0). 

Hence,  by  the  lemma,  Jmia  —  a  -|-  v^Ev  when  u  ^  0.  Hence,  also,  the  coeffi¬ 
cients  oo ,  *  ■  ‘  ,  a„  in  Bm.n.u  are  broken  polynomials  (of  degree  2n  -|-  1),  with 
transitions  at  most  at  m  =  0,  1,  •  •  •  ,  m;  and  are  of  class  C*"  on  0  ^  u  ^  m 
and  of  class  C"  for  all  u. 

The  square  modulus  of  Bm.n.u  is 

^{m  —  u)Jain  if  u  <  0  and  am  9^  0, 

Mrn.n.u  “  imJnin  if  0  ^  U  ^  ffl  and  Cham  ^  0, 

I  My„i„  if  m  <  M  and  Oo  9^  0. 


6.  Linear  transformation  of  the  f-axis.  Suppose  that 
(12)  t*  ^  bt  +  c,  b9^0, 

where  b  and  c  are  constants;  also  that  =  x{t);  m*  =  6u  -|-  c;  t*  =  bj  +  c 

and  a*  —  a*(M*)  =  a,(u),  j  =  0,  !,•••,  m;  /2*[x*]  —  x*(t**)  — 
^*x*it*);  and  that  K*  is  the  (directed)  image  of  K  under  (12).  Then 

«(x]  -  f2*[x*]  -  f  x*^’^'\l*)k*il*,  u*)  dt*, 

Jk* 

where  u*)  -  6’*ifc(/,  u);  since  x*‘"‘*-”(<*)  -  x‘"'*‘”(0/6"'^'.  Hence 
M**  -  I  a:*  I  f  «*)*  dt*  =  1 6 1  IK  1  f  k(t,  u)*  dt  h*"-*-*  = 

JjT*  Jx 


i 

I,: 


] 
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FORMULAS  FOR  NUMERICAL  INTEGRATION  OF  FIRST  AND 
SECOND  ORDER  DIFFERENTIAL  EQUATIONS  IN  THE 
COMPLEX  PLANE 

Bt  Herbert  E.  Salzer 

Although  the  literature  on  methods  of  stepwise  numerical  integration  of  dif¬ 
ferential  equations  in  one  or  more  real  variables  is  quite  voluminous,  with  detailed 
exp>oeition  of  many  formulas  and  processes,  there  has  not  yet  appeared  in  print 
the  simplest  procedure  for  stepwise  numerical  integration  of  first  or  second  order 

•  differential  equations  in  the  complex  plane,  save  for  the  obvious  and  uneconomical 
method  of  expressing  all  functions  and  relations  involving  z  =  x  +  iy  as  functions 
of  X  and  y,  and  treating  simultaneous  systems  of  equations  in  x  and  y.  Another 
theoretical  disadvantage  in  expressing  every  differential  equation  in  z  as  a  simul¬ 
taneous  real  system  in  x  and  y,  is  that  we  lose  the  advantage  of  a  closer  choice 
of  points  upon  which  to  base  the  approximating  polynomials.  Thus  suppose  that 
a  four-point  formula  is  required  when  the  integration  proceeds  stepwise  in  the 
real  direction,  as  a  function  of  x  only.  This  means  that  the  real  or  imaginary  part 
of  the  integrand  is  considered  as  a  polynomial  which  assumes  values  of  that  inte¬ 
grand  at  four  points  all  along  a  line  parallel  to  the  x-axis,  say  at  interval  h,  so  that 
the  first  point  will  be  3h  away  from  the  last  point  where  integration  is  performed. 
Now  3h  is  much  greater  than  the  furthest  distance  apart  of  four  points  at  the 
comers  of  a  square  of  side  h,  where  any  point  of  integration  is  less  than  3h/2  away 
from  the  other  three  points.  For  the  nine-point  configuration  given  below,  the 

'  greatest  distance  between  two  points  is  less  than  three-eighths  the  greatest 
distance  between  two  points  had  they  been  chosen  equidistant  along  a  straight 
line.  Furthermore,  there  are  many  cases  where  n  points  along  a  straight  line  will 
not  be  adequate  for  an  approximating  polynomial  for  the  integrand,  whereas  n 
points  all  taken  nearer  to  each  other  will  suffice.  Finally,  in  calculations  with 
analytic  functions  in  the  complex  plane,  it  is  generally  more  natural  and  expedi¬ 
ent  to  retain  2  as  the  variable,  rather  than  x  and  y.  In  particular,  the  essential 
property  of  analyticity  that  makes  it  suitable  for  computation,  is  that  the  func¬ 
tions  behave  as  polynomials  in  2.  Hence  there  follows  the  inevitably  natural 
suggestion  of  deriving  integration  formulas  based  upon  approximation  of  the 
function  to  be  integrated  as  a  polynomial  in  2 — not  the  Taylor  expansion  poly¬ 
nomial,  but  the  polynomial  which  assumes  given  functional  values  at  given 
points,  namely  the  I^igrangian  interpolation  poljmomial.  The  latter  usually 
possesses  about  the  same  accuracy  as  the  Taylor  expansion  polynomial  of  the 
same  degree. 

The  reason  for  tabulating  formulas  for  obtaining  a  function  from  the  values  of 
its  second  derivative,  as  well  as  the  single  integration  formulas,  is  the  overwhelm¬ 
ing  importance  of  second-order  differential  equations,  especially  linear  equations 
whose  solution  can  be  reduced  to  the  solution  of  d^y/dz*  +  4>iz)  V  “  0.  The  for- 

•  mulas  that  are  given  below  are  for  complex  integration  in  a  Cartesian  grid,  based 
upon  three  to  nine  points  (i.e.  assuming  the  integrand  to  behave  as  a  polynomial 
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in  z  which  may  range  from  the  second  through  the  eighth  degree  in  the  vicinity 
of  the  fixed  points).  The  choice  of  the  configurations  of  the  fixed  points  z>  was 
influenced  by  three  considerations:  I.  Convenience  of  an  L-shaped  comer,  which 
is  also  suggestive  of  initiation  of  the  integration  in  either  the  z-  or  y-direction, 
banning  from  a  comer  of  the  desired  region  in  the  z-plane.  II.  The  points  Zj 
should  be  as  close  to  each  other  as  possible.  Thus  in  the  five-  and  seven-point  cases, 
the  points  zy  were  not  chosen  to  lie  synunetrically  about  the  45“  ray,  even  though 
that  would  have  meant  a  lessening  in  the  labor  of  deriving  all  the  int^ration 
formulas,  in  order  to  obtain  that  slight  theoretical  advantage  of  closer  points. 
III.  The  configuration  should  be  such  that  as  little  mental  effort  as  possible  is 
required  to  picture  it  moved  one  space  to  the  right,  or  one  space  upward,  by  extra¬ 
polations.  The  configurations  of  points  that  were  decided  upon  for  the  various 
n-point  cases  are  as  follows: 


Three-Point  Four-Point  Five-Point  Six-Point 


Zi 


ZiZi+i 


ZiZl+i 


Zii 

ZiZi+i 


toil  ZoZi 


Z0Z1Z2  Z0Z1Z2 


Seven-Point 

iti 

ZiZi^iZf^i 

Z0Z1Z2 


Eight-Point 

ZiZi+iZf+i 

ZoZiZt 


Nine-Point 

ZiiZi+iiZt+ii 

ZfZi+iZj+i 

ioiiit 


Here  zy  *  Zo  -f  jh,  where  h  is  the  length  of  the  squares  comprising  the  grid.  If  the 
integrand  in  the  formulas  is  denoted  by  /(z),  the  indefinite  integral  j  f(z)dz  is 

denoted  by  F{z),  and  after  two  integrations,  ^ F(z)dz  is  denoted  by  G(z).  In  the 

integration  formulas,  /y ,  Fy  and  Gy  denote  /(zy),  F(zy)  and  G(zy)  respectively. 

The  n-point  formulas  for  Fy  and  Gy  were  obtained  by  integrating  once  and 
twice  respectively,  the  n-point  complex  Lagrangian  polynomial  which  equals 
fk  at  Zk  ,  the  n  points  of  the  configuration,  and  then  calculating  those  integrals 
for  z  =“  Zy .  All  n-point  formulas  are  given  exactly  for  polynomials  of  degree  n  —  1. 
In  the  single  integration,  the  arbitrary  constant  A'  is  introduced  (A'  to  distin¬ 
guish  it  from  the  A  occurring  in  the  double  integration),  while  in  the  double  integra¬ 
tion,  the  arbitrary  linear  term  Azy  -f  £  is  introduced.  The  constants  are  solved 
for  in  the  usual  manner.  Thus  for  the  single  integration,  the  formula  is  applied 
at  a  point  zy  where  the  single  integral  Fy  is  known,  to  determine  A'.  Similarly, 
to  determine  A  and  B  in  Azy  -f-  B,  apply  the  double  quadrature  formula  at  two 
different  points  zy  =  zy,  and  zy  =  Zy,  where  Fy,  and  Fy,  are  known,  and  solve  two 
linear  equations  for  A  and  B. 

In  the  formulas  for  Fy  and  Gy ,  if  the  coefficients  of  /*  are  denoted  by  a*  and 
bl  respectively,  the  reader  will  observe  that,  in  all  cases,  save  for  the  five-  and 
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seven-point  formulas  (the  configurations  of  whose  reference  points  zt  lack  sym¬ 
metry  about  the  45"  ray),  if  j  a  ji  +  ijx  ,k  ^  kx-\-  ikx ,  then 

(1)  and 

(2)  * 

Relations  (1)  and  (2)  were  helpful  in  reducing  the  amount  of  tedious  labor  in 
calculating  al  and  bl . 

To  prove  (1)  and  (2),  we  first  show  that  if  in  the  Lagrangian  polynomial  for 
fp  s  ,  the  coefficient  of  /*  s  is  denoted  by  dk  =  d*i+a,  ,  so  that  in  the 
Lf^angian  polynomial  for/.>  ss  the  coefficient  of  fa,  =  /*,+•*,  is  denoted  by 


By  definition, 


_  JF+»« 

Ukt+ik,  — .  Okt+ik,  • 


.p+i*  .  n'[(p  +  iq)  -  {pn  +  t9«)] 

ukt  +  ik*  —  ; - : — : — n 


n'm  +  ikx)  -  iPn  +  tqn)V 

where  the  product  11'  is  taken  for  all  points  p,  -f-  belonging  to  the  configura¬ 
tion,  except  for  ki  -|-  ikx .  In  11'  consider,  in  both  numerator  and  denominator, 
the  pairs  of  factors  associated  with  pn  +  iqn  and  -t-  fp,  ,  whenever  pn  ^  q» 
and  Pn  -f-  iqn  ^  fci  +  iki  .  The  existence  of  such  pairs  is  by  virtue  of  the  sym¬ 
metry  of  the  configuration  about  the  45“  ray.  Obviously, 

[(p  +  tq)  -  ipn  -f  t<y«)l[(p  iq)  -  iqn  +  tp«)] 

[(fci  +  iki)  -  (p,  +  +  iki)  -  iq»  +  tPn)] 

=  [(g  -  ip)  -  (g»  -  tp«)][(g  -  ip)  -  (p-  -  iq»)] 

[(fci  -  iki)  -  (g«  -  tp«)][(/:j  -  iki)  -  (p»  -  iqn)] ' 
Since  Q  R/S  T  =  Q  R/S  T,  the  right-hand  expression  is 

[(g  -b  ip)  -  iqn  -I-  tp«)][(g  +  ip)  -  (p«  +  tg«)] 

[{ki  -h  iki)  -  iqn  +  *P»)l((fc*  +  iki)  -  (p»  +  *9«)]  ‘ 

For  Pn  ^  qn  and  pn  +  iqn  =  fc*  +  iki ,  there  is  the  single  factor 

I(p  +iq)-  {ki  +  iki)]  „ .  .  .  _ . _ .  T,.  .  . 


[{ki  +  iki)  —  (ki  -I-  iki)] 


which  does  not  occur  in  a  pair.  This  is  equal  to 


fBi  [(g  +  ip)  -  {ki  -b  iki)] 

[(ki  +  iki)  -  {ki  +  tAi)]  ■ 

Finally,  whenever  pn  =  gi. ,  there  is  an  unpaired  factor  in  n'  (rf  the  form 
[(fci  +  rki)  -  (pn  +  tp«)] 

*  More  concisely,  ail  “  — H  ,  Generally,  if  el  is  the  coefficient  of  /«  in  the 

expression  for  the  m*^  integral  at  Zj  ,  then  cH  {i)^el  . 
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/pN  [(g  +  ip)  —  ipn  -h  tp«)) 

((A*  -{-  ik^  —  (Pn  +  *P»)] 

The  product  of  all  factors  of  the  type  (A),  (B)‘,  and  (C),  remembering  that 
QRS'-’^QRS"-,  yields  the  conjugate  of  ,  which  is  equivalent 
to  (3).  To  prove  (1),  consider  the  coefficient  of  in  Fp+i^  ,  which  is  o*,+ai . 
If  d*,+aj  »  which  is  a  function  of  the  complex  variable  P  =*  p  +  ig,  is  written  as 
dki+iki  (P)  where  P  is  now  considered  as  a  running  variable  of  integration,  then 

a*i+’a,  =  dP,  and  similarly  a;;|‘+Sk,  =  (P)  dP.  In 

the  latter  integral,  changing  the  variable  to  Q  by  letting  P  —  tQ,  one  obtains 
dkfUii  (tQ)dQ.  This  last  integral,  employing  (3),  is  equal  to 

0 

J (•»+»«  _ _ _  fP+it  _ : 

dk,+ikt(Q)  dQ  or  I  ■  dk,+ikt(Q)  dQ  = 

0  Jo 

which  is  equivalent  to  (1).  Ilepetition  of  this  preceding  argument  with  Oi.,+,*,(P) 
in  the  integrand,  instead  of  d*,4ai(P),  leads  to  (2). 

The  procedure  for  using  the  formulas  given  below  for  systematic  integration  in 
the  complex  plane,  is  quite  obvious  when  one  recalls  the  well-known  similar 
processes  for  real  variables.  One  commences  with  a  few  initial  values  of  the 
integral  together  with  the  first  or  second  derivatives,  for  a  comer  configuration 
of  points  Zj  (these  initial  values  are  always  obtainable  from  the  differential 
equation  and  series  expansions).  By  complex  extrapolation,  an  approximate  set 
of  values  for  the  first  or  second  derivatives  is  found  for  a  configuration  of  points 
Zf  which  has  the  same  shape  as  the  initial  configuration  of  points  zj ,  but  all 
moved  one  interval  h  in  either  the  x-  or  y-direction.  The  formulas  for  complex 
extrapolation  which  are  given  at  the  end,  are  for  just  certain  of  those  new  points 
z'i  which  will  suffice  (together  with  some  of  the  old  points  zj)  to  repeat  the  initial 
configuration  in  either  the  x-  or  y-direction,  so  that  the  process  can  proceed  sys¬ 
tematically  over  any  desired  portion  of  the  z-plane.  The  integration  formulas 
are  applied  at  all  points  of  the  new  configuration,  including  one  or  two  of  those 
points  which  overlap  with 'the  earlier  configuration,  and  where  the  single  or  double 
integral  is  known.  This  overlapping  is  necessary  for  the  determination  of  the 
constants  A\or  A  and  B.  To  check  the  correctness  or  adequacy  of  the  answers, 
the  process  is  iterated,  using  newer  and  more  accurate  first  or  second  derivatives 
that  can  be  had  from  the  newly  obtained  single  or  double  integral  and  from  the 
differential  equation.  If  the  second  set  of  new  values  of  the  integral,  obtained  by 
the  quadrature  formulas  and  by  solving  for  the  constants  from  those  over¬ 
lapping  values  that  were  used  previously,  should  agree  with  the  first  new  set, 
their  correctness  may  be  assumed  and  no  further  iteration  is  necessary.  Then 
the  process  of  extrapolation  for  the  derivatives,  quadrature,  solving  for  constants, 
(including  iteration  of  the  entire  integration  process  until  two  successive  sets  of 
answers  agree)  is  performed  on  the  next  configuration  of  points  z"  ,  and  so  forth, 

‘  A  factor  of  the  type  (B)  does  not  occur  when  ki  kt . 


'f" 

FIRST  AND  SECOND  ORDER  DIFFERENTIAL  EQUATIONS  211 

until  the  end  of  the  row  is  reached,  and  we  are  ready  to  begin  the  next  row  in  a 
similar  fashion. 

For  double  integration  using  the  three-point  formula,  the  user  will  have  to 
slightly  modify  or  complicate  the  process  in  order  to  solve  for  both  A  and  B, 
since  a  translation  of  one  step  of  the  three-point  configuration  leads  to  only  one 
overlapping  point.  One  modification  would  be  to  employ  both  the  Z/-8haped 
configuration  and  an  inverted  L-shaped  configuration,  namely  F,  both  at  the 
same  time.  Since  this  or  something  equivalent,  will  almost  certainly  involve  more 
work  than  the  use  of  the  four-point  formula  for  s}rstematic  double  integration, 
one  can  say  that  the  three-point  formulas  for  double  quadrature  are  generally 
useless  (they  are  tabulated  here  for  the  sake  of  completeness,  occupying  only  a 
few  lines). 

The  user  of  these  formulas  should  be  reminded  emphatically  (to  avoid  error) 
that  for  each  separate  configuration  of  points  zj ,  the  constants  of  inflation 
A\  or  A  and  B,  will  always  differ  from  corresponding  constants  in  earlier  con¬ 
figurations,  so  that  on  each  occasion,  they  must  be  solved  for  as  above  described. 

The  procedure  for  integration  can  also  be  varied  in  the  following  obvious  way: 

Extrapolate  for  approximate  new  values  of  the  integral  in  the  new  configuration  j| 

of  points  2/ ,  and  obtain  the  approximate  values  of  the  derivatives  from  the 
differential  equation,  instead  of  extrapolating  directly  for  the  derivatives.  In¬ 
cidentally,  it  is  not  necessary  to  proceed  at  steps  of  only  one  shift  of  the  configura¬ 
tion  of  points  Zj  to  the  configuration  of  points  z'j  whenever  seven,  eight,  or  nine 
points  are  involved.  Speeding  up  the  process  to  two  shifts  of  the  configuration  in 
‘  one  step,  is  possible  by  “continued  extrapolation”  for  the  derivatives,  namely 
,  extrapolation  based  upon  softie  values  that  were  themselves  obtained  by  extra¬ 
polation.  The  accuracy  in  continued  extrapolation,  if  Lagrangian,  is  identical  with 
the  accuracy  obtained  by  extrapolating  directly  from  the  originally  unextra¬ 
polated  values. 

The  advantage  in  complex  int^ration  by  this  method  lies  in  its  absolute 
simplicity  and  the  identical  character  of  successive  stages  in  the  process,  regard¬ 
less  of  the  special  form  of  the  differential  equation.  Thus  these  formulas  are  by 
nature  especially  suited  to  automatic  computing  machinery,  whether  operated 
by  punch  cards  or  electronically.  It  is  conceivable  that  in  a  number  of  instances, 
a  set  of  machine  instructions  can  be  drawn  up  so  that  the  operator  may  have  only 
to  introduce  the  initial  values,  in  order  to  end  up  with  a  completed  table  in  the 
2-plane. 

FORMULAS  FOR  COMPLEX  INTEGRATION 
Tkree-Potn 
Single  Integration 

12  Ft/h  -  0  -I-  A' 

12  F,/A  -  (6  -I-  2»)/.  +  (6  -  i)/,  -1-  (1  -  *•)/,  -I-  A- 
12  Fi/h  -  (2  -I-  W)/,  +  (-1  +  i)fi  -f-  (-1  -I-  «)/<  +  A’ 

Double  Integration 

24  Ot/h*  "  0  Att  +  B 

24  Oi/k*  -  (8  -I-  2t)/,  -1-  (3  -  i)fi  -1-  (1  -  »)/,  +  Atx  +  B 
24  Oi/k*  -  (-8  -I-  2»)/,  -I-  (-1  -  »)/i  +  (-3  -  i)fi  -^Ati  +  B 
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Four-Point 
Single  Integration 

24  Ft/h  -  0  +  A' 

24  F,/h  -  (9  +  &i)f,  +  (9  -  «)/,  +  (3  +  i)fi  +  (3  -  t)/i+<  +  A' 

24  Ft/h  -  (6  +  9t)/.  +  (1  +  3t)/,  +  (-6  +  9*)/<  +  (-1  +  3t)/,^.<  +  A' 

24  f.+i/A  -  (8  +  8t)/.  +  (4  +  4t)/,  +  (4  +  4»)/<  +  (8  +  8i)/,+<  +  A' 

Double  Integration 

120  Ot/h*  -  0  +  Azo  +  B 

120  0,/A*  -  (33  +  13i)/,  +  (12  -  12*)/,  +  (8  +  2i)/,  +  (7  -  3t)/,+,  +  Azi  +  B 
120  O./A*  -  (-33  +  13*)/.  +  (-8  +  2*)/,  +  (-12  -  12*)/,  +  (-7  -  3*)/,+.  -h  Azt  +  B 
120  0,*./A*  -  56*/.  4-  (4  +  20*)/,  +  (-4  +  20*)/,  +  24*/, +,  +  A*,+i  +  B 

Five-Point 
Single  Integration 

600  Ft/h  -  0  +  A' 

600  F./A  -  (195  +  95t  V.  +  (285  -  185*)/,  +  (6  +  18*)/,  +  (39  +  37*)/,  +  (75  +  35t)/,+i  +  A' 

600  Ft/h  -  (240  +  40*)/.  +  (720  +  80*)/,  +  (192  -  24*)/,  +  (48  -  16*)/,  -  80*/,^,  +  A' 

600  Fi/h  -  (155  +  195*)/.  +  (85  4-  135*)/,  4-  (-18  4-  6*)/,  4-  (-137  4-  189t)/< 

4-  (-85  4-  75*)/,+,  4-  A' 

600  F,+./A  -  (200  4-  140*')/.  4-  (220  4-  100*)/,  4-  (-12  +  24*)/,  4-  (52  4-  76*)/, 

4-  (140  4-  260*)/,+,  4-  A' 

Double  Integration 

1200  Gt/h*  ~  0  +  Az,  -\-  B 

1200  (7,/A*  -  (295  4-  105*)/,  4-  (170  -  190*)/,  4-  (9  4-  17*)/,  4-  (46  4-  38*)/, 

4-  (80  4-  30*)/,+,  4-  Az,  4-  B 

1200  Gi/h*  -  (720  4-  240*)/,  4-  (1280  -  320*)/,  4-  (112  4-  16*)/,  4-  (128  4-  64*)/, 

4-  160/,+,  4"  Az,  4-  B 

1200  C./A*  -  (-305  4-  165*)/,  4-  (-150  4-  70*)/,  4-  (-3  -  19*)/,  4-  (-82  -  126*)/, 

4-  (-60  -  90*)/,+,  4-  Az,  4-  B 

1200  G,+</A*  -  (60  4-  500*)/,  4-  (160  4-  320*)/,  4-  (-36  4-  12*)/,  4-  (-64  4-  128*)/, 

4-  (-120  4-  240*)/,+,  4-  Az,+,  4-  B 

Six-Point 
Single  Integration 

480  Ft/h  -  0  4-  A' 

480  F,/A  -  (139  4-  95t)  ft  ^-*(184  -  160*)/,  4-  (8  4-  7*)/,  4-  (48  4-  72*)/,  4-  (94  -  10*)/,+, 

4-  (7  -  4*)/,.  4-  A' 

480  Ft/h  -  (208  4-  80*)/,  4-  (612  4-  128*)/,  4-  (144  -  32*)/,  4-  128/,  4-  (-32-160*)/,+< 

-  16*/„  4-  A' 

480  Fi/h  -  (95  4-  139*)/,  4-  (72  4-  48*)/,  4-  (-4  4-  7*)/,  4-  (-160  4-  184*)/, 

4-  (-10  4-  94*)/,+,  4-  (7  4-  8t)/„  4-  A' 

480  F,+,/A  -  (124  4-  124*)/,  4-  (128  4-  32*)/,  4-  12*/,  4-  (32  4-  128*)/,  4-  (184  4-  184*)/, +< 

4*  lifti  4-  A' 

480  Fti/h  -  (80  4-  208*)/,  4-  128*/,  -  16/,  4-  (128  4-  512*)/,  4-  (-160  -  32*)/,+, 

4-  (-32  4-  144*)/,,  4-  A' 

Double  Integration 

3360  G,/A*  -  0  4-  Az,  4-  B 

3360  0,/A*  -  (773  4-  375*)/.  4-  (304  -  552*)/,  4-  (33  4-  18*)/,  4-  (216  4-  256*)/, 

4-  (330  -  78*)/,+,  4-  (24  -  19*)/,,  4-  Az,  4-  B 
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3360  Gt/h*  - 
3360  Oi/h*  - 
3360 

3360  Gti/h*  . 

3360  F,/h  - 
3360  Fi/h  - 

3360  Ft/h  - 

3360  FJh  - 

3360  Fi^i/h 

3360  Ft+i/h 

3360  Fti/k  - 

6720  G,/h*  - 
6720  0,/A*  - 

6720  Gt/h*  - 

6720  Gi/h*  - 

6720  C,+</A* 

6720  Ou.7A> 

6720  0,</A*  . 


6720  Fo/A  - 
6720  F,/A  - 

6720  F,/A  - 

6720  Fi/h  - 


■  (1952  +  960t  )/,  +  (3072  -  768t)/,  +  (304  -  48t)/,  +  (768  +  612t)/i 

+  (676  -  676*)/, +<  +  (48  -  80t)/,<  +  Azt  +  B 

■  (-773  +  376t)/,  +  (-216  +  266i)/,  +  (-24  -  19t)/,  +  (-304  -  562»)/< 

+  (-330  -  78»)/,+<  +  (-33  +  18»)/,<  +  Azt  +  B 

-  1296t/,  +  (480  +  544i)/,  +  (-40  +  48*)/,  +  (-480  +  544*)/,  +  880t/,+i 

+  (40  +  48t)/,<  +  Azi^i  +  B 

-  (-1952  +  960t)/,  +  (-768  +  612»)/,  +  (-48  -  80»)/,  +  (-3072  -  768i)/j 

+  (-676  -  576t)/,+<  +  (-304  -  48i)/„  +  Azu  +  B 

Seven-Point 
Single  Integration 

0  + 

(836  +  589i)/«  +  (1164  -  1548t)/,  +  (123  -  40i)/t  +  (24  +  548t)/< 

+  (1058  +  510i)/,+<  +  (116  -  80t)/^i  +  (40  +  210/,,  +  A' 
(1040  +  688t)  /«  +  (2496  +  320t)/,  +  (960  -  528t)/,  +  (384  +  704t)/< 

+  (1696  -  800»)/.+i  4-  (64  -  3Mi)ft^i  +  80/«  +  A‘ 
(687  +  817»)/,  +  (860  +  68*)/,  +  (79  +  80»)/,  +  (-1272  +  1012i)/< 

+  (-470  +  1238i)/,+<  +  (116  +  80i)/^,^  +  66i/,<  +  A’ 

-  (780  +  692i)/,  +  (1072  -  304i)/,  +  (132  +  40i)/,  +  (-128  +  72(h)/i 

+  (1288  +  2168*)/, +<  +  176/*,.,  +  (40  +  44*)/,,  +  A' 

-  (831  +  833*)/,  +  (1116  +  388i)/,  +  (143  +  224*)/,  +  (8  +  1044»)/, 

+  (3466  +  438*)/,+,  +  (1076  +  368*)/*,.,  +  (80  +  66*)/,,  -\-A' 

■  (912  +  1200*)/,  +  (1216  +  1088*)/,  +  (32  +  272*)/,  +  (1152  +  2752*)/, 

+  (-3040  +  96*)/,+,  +  (64  +  384*)/,+,  +  (-336  +  928*)/,.  -\-A' 

* 

Double  Integration 

‘  0  +  i4*#  4  B 

<  (1383  4  699*)/,  4-  (384  -  1532*)/,  +  (118  -  73*)/,  +  (110  +  626*)/, 

+  (1210  4  374*)/,+,  +  (106  -  110*)/,+,  +  (49  +  16*)/,,  +  Az,  4  ^ 

.  (3264  4  1920*)/,  4  (4864  -  2816*)/,  4  (672  -  644*)/,  4  (612  4  1792*)/, 

4  (3712  4  128*)/,+,  4  (256  -  512*)/,+,  4  (160  4  32*)/,,  4  ^z,  4  B 

■  (-1386  4  807*)/,  4  (-224  4  948*)/,  4  (-104  4  69*)/,  4(-282  -  1206*)/, 

4  (-1190-706*)/,+,  4  (-110  4  106*)/,+,  4  (-66  -  18*)/,,  4  ^z,  4  B 

-  (96  4  2304*)/,  4  (1728  4  704*)/,  4  (112  4  192*)/,  4  (-1152  4  512*)/, 
4  (-960  4  2720*)/,+,  4  (192  4  192*)/,+,  4  (-16  4  96*)/,,  4  Az,+,  4  B 

-  (1683  4  3819*)  /,  4  (3866  4  708*)/,  4  (372  4  421*)/,  4  (-1338  4  2266*)/, 

4  (4482  4  5526*)/,+,  4  (930  4  490t)/u<  4  (96  4  210*)/,,  4  ^2,+,  4  B 

-  (-  3392  4  2304*)/,  4  (-1280  4  2816*)/,  4  (-416  4  160*)/, 

4  (-4864  -  1536*)/,  4  (-2432  -  3712*)/,+,  4  (-612  4  266*)/,+, 

4  (-544  -  288*)/,,  4  i4z«  4  B 


Eight-Point 
Single  Integration 

0  4^' 

(1421  4  1197*)/,  4  (1562  -  3288*)/,  4  (112  -  195*)/,  4  (-680  4  1402*)/, 
4  (4606  4  830*)/,+,  4  (-36  -  390*)/,+,  4  (-36  4  176*)/,, 
4  (-230  4  288*)/,+,,  4  A' 

(1568  4  1568*)/,  4  (3264  4  704*)/,  4  (1568  -  1216*)/,  4  (-576  4  2496*)/, 
4  (8512  -  3520*)/,+,  4  (-576  -  1088*)/,+,  4  352*/,, 
4  (-320  4  704*)/,+,,  4  .4' 

(1197  4  1421*)/,  4  (1402  -  680*)/,  4  (176  -  35*)/,  4  (-3288  4  1662*)/, 
4  (830  4  4606*)/,+,  4  (288  -  230*)/^,  4  (-195  4  112,)/„ 
<  4  (-390  -  36*)/,+,,  4  A' 
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6720  Fijh  -  (1288  +  1288t)/,  +  (1424  -  1168i)/i  +  (176  -  104t)/f  +  (-1168  +  1424t)/, 
+  (5296  +  5296i)  /,+<  +  (176  -  368i)/,+.  +  (-104  +  176i)/,. 
+  (-368  +  176t)/,+«  +  A' 

6720  -  (1197  +  1421»)/,  +  (1082  -  424i)/,  +  (176  +  93»)/,  +  (-1624  +  1818i)/< 

+  (11682  +  3326»)/,+<  +  (1932  +  26t)/,+<  +  (-196  +  240»)/„ 
+  (-710  +  220»)/,+«  + A' 

6720  Fu/h  -  (1668  +  1668i)/«  +  (2496  -  676i)/,  +  352/,  +  (704  +  3264i)/< 

+  (-3620  +  8612i)/,+<  +  (704  -  320i)  /,+<  +  (-1216  +  1568t)/„ 
-f-  (-1088  -  576i)/.+,.  +  A' 

6720  Fi^u/h  -  (1421  +  1197i)/.  +  (1818  -  1624i)/,  +  (240  -  195t)/,  +  (-424  +  1082i)/i 
+  (3328  +  11582t)/,+<  +  (220  -  710t)/,+.-  +  (93  +  176t  )/,j 
+  (26  +  1932t )/,+,<  4-  A' 

Double  Integration 

100800  G,/A*  -  0  +  Aro  +  • 

100800  Gx/h}  -  (18691  +  lllOli)/#  +  (-1018  -  23186»)/,  +  (435  -  1814t)/, 

+  (-3896  4-  13292i)/,  4-  (38690  -  660t)/,^.^  4-  (-1080  -  3088i)/^K 
4-  (16  4-  1576i)/k  4-  (- 1438  4-  267(h)/, +«  +  An  +  B 
100800  C,/A*  -  (41792  4-  31232»)/o  4-  (49024  -  42112*)/,  4-  (5280  -  10528*)/, 

4-  (-11392  4-  41344*)/<  4-  (127360  -  22400*)/,+,  4-  (-5760  -  12416*)/,,, 
4-  (32  4-  5280*)/,,  4-  (-4736  4-  9600*)/,+,,  4-  A*,  4-  B 
100800  Gi/h*  -  (-18691  4-  11101t)/»  4-  (3896  4-  13292*)/,  4-  (-16  4-  1575*)/, 

4-  (1018  -  23186*)/,  4-  (-38690  -  550*)/,+,  4-  (1438  +  2670*)/^^, 

4-  (-435  -  1814*)/,,  4-  (1080  -  3088*)/,+,,  4-  Az,  4-  B 
100800  G,+,A‘  -  31232*/o  4-  (24928  -  864*)/,  4-  (2624  4-  496*)/,  4-  (-24928  -  864,)y, 

4-  74080*/, +<  4-  (4768  -  1888*)/,^,  4-  (-2624  4-  496*)/,, 

4-  (-4768  -  1888*)/,+,,  4-  Az,+,  4-  B 
100800  -  (186914-  51363*)/,  4-  (44100  -  13700*)/,  4-  (5264  4-  77*)/, 

4-  (-45654  4-  22778*)/,  4-  (132770  4-  142110*)/,+,  4-  (13318  -  5126;)/,,, 
4-  (-4813  4-  3466*)/,,  4-  (-12476  4-  632*)/,+,,  4-  Az^i  4-  B 
100800  Gti/h*  -  (-41792  4-  31232*)/,  4-  (11392  4-  41344*)/,  4-  (-32  4-  5280*)/, 

4-  (-49024  -  42112*)/,  4-  (-127360  -  22400*)/,+,  4-  (4736  -|-  9600*)/^., 

4-  (-5280  -  10528*)/,,  4-  (5760  -  12416*)/,+,,  4-  Az„  4-  B 
100800  G,+„/A*  -  (-18691  4-  51363*)/,  4-  (45654  4-  22778*)/,  4-  (4813  4-  3466*)/, 

4-  (-44100  -  13700*)/,  4-  (-132770  4-  142110*)/,+,  4-  (12476  4-  632*)/^, 
4-  (-5264  4-  77*)/,,  4-  (-13318  -  6126*)/,+,,  4-  Az,+„  4-  B 

,  Nine-Point 

,  Single  Integration 

201600  F»/h  -  0  4-  A' 

201600  Fi/h  -  (37891  4=  33795*)/,  +  (27904  -  107100*)/,  4-  (-1379  -  7965*)/, 

4-  (-39356  4-  33600*)/,  4-  (232960  4-  67200*)/,+,  4-  (-20036  -  20160*)/,+, 
4-  (-5789  4-  3166*)/,,  4-  (-25856  -  420*)/,+,,  4-  (-4739  -  2116»)/,+„  4-  A' 
201600  Fi/h  -  (36512  4-  41760*)/,  4-  55808/,  4-  (36512  -  41760*)/,  4-  (-59392  4-  53760*)/, 
4-  465920/,+,  4-  (-69392  -  63760* )/^^,  4-  (-10528  4-  5280*)/,,  -  51711^/,+„ 
4-  (-10528  -  5280t)/,+„  4-  A' 

201600  Fi/h  »  (33796  4-  37891*)/,  4-  (33600  -  39356*)/,  4-  (3166  -  5789*)/, 

4-  (-107100  4-  27904*)/,  4-  (67200  4-  232960*)/,+,  4-  (-420  -  25866*)/,+, 
4-  (-7966  -  1379*)/,,  4-  (-20160  -  20036*)/,+,,  4-  (-2116  -  4739*)/,+,, 
4"  A' 

201600  F,+./5  -  (34936  4-  34936*)/,  4-  (27904  -  49866*)/,  4-  (1676  -  6824*)/, 

4-  (-49866  4-  27904*)/,  4-  (232960  4-  232960*)/,+,  4-  (-9536  -  26866*)/,,, 
4-  (-6824  4-  1576*)/,i  4-  (-25866  -  9636t)/,+«  4-  (-3704  -  3704t)/„„ 
4-  A' 
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201800  Fui/h  -  (33347  +  35071t)/,  +  (22208  -  39356t)/i  +  (2717  -  38e9t)/, 

+  (-58072  +  27904i)/,  +  (398720  +  232980i)/,+<  +  (47708  -  25858t)/,*4 
+  (-8413  +  541»)/«  +  (-31652  -  20038t)/,+«  +  (-2563  -  6660i)/,^« 
+  A‘ 

201600  FtJh  -  (41760  +  36512*)/,  +  (53760  -  &Xmi)h  +  (5280  -  10528*)/,  +  55808*/< 
+  465920*/, +<  -  51712*/„.,  +  (-41760  +  36512*)/,,  +  (-53760  -  50392*)/,+,< 
+  (-5280  -  10528t)/„.,<  +  A' 

201600  -  (35971  +  33347*)/,  +  (27904  -  58972*)/,  +  (541  -  8413*)/, 

+  (-39356  -I-  22208,)/,  +  (232960  +  398720*)/,+,  +  (-20036  -  31552*)/,+, 
+  (-3869  +  2717*)/,*  +  (-25856  +  47708*)/,+,,  +  (-6659  -  2663t)/,+„ 
+  A' 

201600  Ft^ti/h  -  (31232  +  31232*)/,  +  (2048  -  59392*)/,  +  (-5248  -  5248*)/, 

+  (-59392  +  2048*)/,  +  (466920  +  466920*)/,+,  +  (-69392  +  2048*)/,+, 
+  (-5248  -  5248*)/„  +  (2048  -  69392*)/,+,,  +  (31232  +  31232*)/,+„  +  A' 

Double  Integration 

201600  QJK*  -  0  +  .42,  +  B 

201600  Qx/h*  -  (34363  +  21699*)/,  +  (-14112  -  48384*)/,  -H  (-2149  -  4131*)/, 

+  (-19868  4-  24672*)/,  +  (137760  +  8960*)/,+,  +  (-14236  -  8188*)/,+, 
+  (-2987  +  2647*)/,,  +  (-14962  +  3328*)/,+,,  +  (-3019  -  508*)/,+„ 
+  Azi  +  B 

201600  Qt/h*  -  (73024  +  69328*)/,  +  (66808  -  96768*)/,  -  24192i/,  +  (-65024  +  70144*)/, 
+  (466920  +  17920*)/,+,  +  (-63760  -  37376*)/^*  +  (-10496  +  7424*)/,, 
+  (-61712  +  6666t)/,+«  +  (-10660  -  3136»)/h»<  +  Azt+B 
201600  Gi/h*  -  (-34363  +  21699*)/,  +  (19868  +  24672*)/,  +  (2987  +  2647*)/, 

+  (14112  -  48384*)/,  +  (-137760  +  8960*)/,+,  +  (14962  +  3328*)/,+, 

+  (2149  -  4131*)/,,  +  (14236  -  8188*)/,+,,  +  (3019  -  503t)/,+„  +  At,  +  B 
201600  (?,+,/*«  -  67776*/,  +  (49866  -  20480*)/,  +  (6248  -  3696*)/,  +  (-49866  -  20480*)/, 
+  241920*/,+,  ^  (9636  -  22628»)/h<  +  (-6248  -  3696*)/,, 

+  (-9636  -  22S28i)f,^u  -  4688*/^,*  +  .4*,+,  +  B 
201600  0,+,/A*  -  (34251  +  93193*)/,  +  (75676  -  65532*)/,  +  (7397  -  9379*)/, 

+  (-103832  +  7424*)/,  +  (328160  +  474880*)/,+,  +  (14112  -  48384*)/,+, 
+  (-12757  -  2801»)/„  +  (-37476  -  36868*)/,+,,  +  (-3131  -  9633*)/,+„ 
+  Azt+i  +  B 

201600  0,,/A*  -  (-73024  +  59328*)/,  +  (66024  +  70144*)/,  +  (10496  +  7424*)/, 

+  (-55808  -  96768*)/,  +  (-465920  +  17920*)/,+,  +  (61712  +  6666*)/,+, 
-  24192*/,,  +  (53760  -  37376*)/,+,,  +  (10660  -  3136*)/h,<  +  Azu  +  B 
201600  0,+,,/A*  -  (-34261  +  93193*)/,  +  (103832  +  7424*)/,  -f  (12767  -  2601*)/, 

+  (-75676  -  66632*)/,  +  (-328160  +  474880*)/,+,  +  (37476  -  36868* )/u, 
+  (-7397  -  9379t)/„  +  (-14112  -  48384*)/,+,,  +  (3131  -  9633t)/,+„ 
+  .42,+,,  +  B 

201600  Ohk/A*  -  124928*/,  +  (120832  -  56296*)/,+  (10496  -  10496*)/, 

+  (-120832  -  56296*)/,  +  931840*/,+,  +  (-2048  -  59392*)/^* 

+  (-10496  -  10496*)/,,  +  (2048  -  69392»)/,+„  +  Az^t  +  B 

FORMULAS  FOR  COMPLEX  EXTRAPOLATION 
Three-Point 

/,-(-!-  2*)/,  +  (3  +  *)/,  +  (-1  +  *■)/, 

/*+<  "  /•  +  */l  ~  *  Ji 

hi  -  (-1  +  2*)/,  +  (-1  -  *•)/,  +  (3  -  *•)/, 

Four-Point 

/*  -  (2  -  *•)/,  +  (2  +  4*)/,  -  2*/,  +  (-3  -  *•)/,  +, 

/*+,  —  2*/,  +  (—3  +  »)/*  +  (2  +  *)/,  +  (2  —  4»)/i+i 
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/i+i.  -  -2i/.  +  (2  -  »)/,  +  (-3  -  i)  /.  +  (2  +  4t)/H* 
hi  -  (2  +  i)h  +  2ty.  +  (2  -  4t)/,  +  (-3  +  i)h^t 

Five-Point 

h  "  ~5/»  ~  15i/i  +  (6  +  3t)/t  +  (—3  +  3»)/i  +  (3  +  9t)/i+< 

/*+•  */•+(!  +  3i)/i  +  (— j  +  ft)/i  +  («  ~  §»)/<  +  (— 1  —  3t)/i+< 

/i.ffii  ™  (—2  —  i)h  —  Sifi  +/j  -T-  (—3  +  i)fi  +  (6  + 

hi  -  (3  -  i)h  +  (4  +  ii)h  +  (-i  +  Ti)h  +  (l  -  ¥<)/<  +  (-6  +  2i)/,+< 

Six-Point 

h  -  (-5  -  ¥*■)/.  +  (12  -  2\i)h  +  (V  +  Vt)/t  +  (-15  -  3i)/<+  (3  +  24»)/,+< 

+  (-5  +  !*•)/.* 

/t+.  “  (i  +  *)/•  +  (— 1  +  3t)/i  +  (— j  +  {»■)/»  -f  (2  +  i)fi  —  5ifi+i  +  (♦  —  «»)/*< 
h+ti  “  (i  —  i)h  +  (2  —  *)/i  +  (4  +  lO/t  +  (— 1  —  3t)/<  +  5ih+i  +  (—4  ~  4*)/*» 
hi  -  (-5  +  Tt)/*  +  (-16  +  3*)/,  +  (-5  -  ^)h  +  (12  +  21»)/4  +  (3  -  24*)/, 4.*  + 

(V  -  ^i)hi 

Seven-Point 

/•-(¥-  ii)h  +  (21  +  12*)/,  +  (*  +  12*)/,  -f  (9  -  6*)/,  +  (-27  -21*)/,4., 

+  (  —  9  +  ^)fn-i  —  i*/li 

fei-i  -  (“I  +  ^■)/.  +  (-18  -  »*)/i  +  (“i  -  «)/*  +  (-8  +  6i)fi  +  (30  +  16*)/, 4-* 

+  (6  —  12t)/,4.i  +  \ifu 

/t4.*«  -  (1  +  2*)/,  +  8*/,  +  (-1  +  2i)h  -f  (4  +  4i)fi  -  20*/, 4.,  +  (-4  +  4i)ft^i  +  /,. 

/,4..<  -  (-i  -  7»)/.  +  (-1  -  2*)/,  -  ii/,  +  (-2  -*•)/,  +  (5  +  «)/,4.,  -  ife^i  -  kfu 

hi  -  (7  +  9*)/.  +  (6  +  30,)/,  +  (-3  +  6»)/,  +  (33  +  9*)/,  -)■  (-42  -  54*)/, 4., 

4-  (-6  +  9*)/,+,  +  (6  -  9*)/„ 

Eight-Point 

/,  -  (4  +  6*)/,  4-  (9  +  33*)/,  4-  (-3  4-  15*)/,  4-  (12  4-  18*)/<  4-  (-12  -  96t)/,4.< 

4-  (-  18  4-  12t)/,4-<  4-  (3  4-  3»)/w  4-  (6  4-  9i)h^u 
h^i  -  (-?  -  ii)h  4-  (-3  -  21*)/,  -  Vt/*  +  (-5  -  15*)/,  4-  75*/, 4.,  4-  (15  -  15»)/,4-< 

4-  (-|  -  3t)/«  4-  (-3  -  9*)/,4.„ 
/»4-*<  "  — /•  ~  4fi  —  h  ~  ^fi  4-  20/14.,  —  V«+<  —  /«<  —  4/i+*«' 

/,44,  -  (-i  4-  i»)/.  +  (-5  4-  15*)/,  4=  (-1  4-  3*)/,  4-  (-3  4-  21*)/,  -  75t/,4., 

4-  (-3  4-  9t)/,4..-  4-  ^hi  4-  (15  4-  15*)/, 4.,, 
hi  -  (4  -  6*)/.  4-  (12  -  18*)/,  4-  (3  -  3*)/,  4-  (9  -  33*)/,  4-  (-12  4-  96*)/, 4.,  4-  (6  -  9i)f*^ 

4-  (-3  -  15*)/«  4-  (-18  -  12*)/, 4„ 

Nine-Point 

h  -  (“i  4-  ^)/.  4-  (-21  4-' 27*)/,  4-  (“V  4-  V»)/*  +  (-18  4-  12*)/,  4-  (138  -  66*)/,4., 
4-  (—48  4-  6*)/^^,  4-  (— f  4-  I*)/*,  4-  (—24  4-  3t)/,4.,<  4-  ~  f*)/*n< 

h^i  -  (!  -  \i)h  +  (12  -  6*)/,  4-  (^  -  Y*)/.  +  10/i  -  75/,^,  4-  30/^,  4-  ($  4-  |*)/.. 

4-  (12  4*  6»)/,4.„  4-  (x  ^)/*+»» 
/*,.„  -  (“T  -  h)h  +  (-24  -  3*)/,  4-  (-V  +  J*)/*  -f  (-18  -  12*)/,  4-  (138  4-  66*)/,+, 

4-  (-48  -  6»)/„.,  4-  (“I  -  it)/„4-  (-21  -  27i)h^ti  4-  (“V  “  ¥»)/*+«< 

furti  -  (“i  4-  ^•)/.  4-  (-18  4-  12*)/,  4-  (-7  4-  ^)/,  4-  (-24  4-  3*)/*  4-  (138  -  66*)/,+. 

4-  (-21  4-  27*)/,+,  4-  (->r  -  ii)hi  4-  (-48  4-  6*)/,+,,  4-  ("V  4-  Tt)/*+«* 

•/■+,,  -  (i  4-  ^•)/.  4-  W,  4=  (7  -  h)h  4-  (12  4-  6*)/,  -  75/,+,  4-  (12  -  6»)  /,+,  4-  (-*^  4-  V»)/*< 

4-  30/,+, <  4-  (V  ~  ■^ )/*+*• 

/„  -  (-7  -  li)h  4-  (-18  -  12*)/,  4-  (-7  -  li)h  +  (-21  -  27*)/,  4-  (138  4-  66*)/,+, 

4-  (—24  —  3*')/,+,  4-  (~V  ~  V^)/*<  4-  (—48  —  6*)/,+,,  4-  (~^  4-  ■ft)/»+*< 

Computation  Laboratobt,  National  Burbau  op  Standards 
(Received  November  1,  1948) 


NUMERICAL  QUADRATURE  OF  ANALYTIC  AND  HARMONIC 

FUNCTIONS 

By  Garrett  Birkhoft  and  David  Young 

1.  The  Five  Point  Formula.  We  discuss  below  a  new  formula  for  performing 
numerical  quadrature  of  real  harmonic  and  complex  analytic  functions/ 

Let  /(z)  be  an  analytic  function  in  the  circle  0:  |  z'  —  zo  |  <  Ai  >  |  li  |.  Let  the 
desired  integral  be  (see  Fig.  1): 

(1.1)  I^rf{z)dz 

•'*1 

where  z*  =  Zo  -f  (0*  *^  (^  =  1>  2,  3,  4).* 

Theorem  1:  If  F(z)  is  any  complex  polynomial  of  the  fifth  degree  or  less: 

(1.2)  7,  -  r  F(z)  dz  -  AA[24F„  +  4(Fi  +  F,)  -  (Ft  +  F*)] 
where  F,  «■  F(z<). 

Proof:  In  the  first  place  it  is  obvious  that  7i  must  be  a  linear  fimction  of  the 
Fi .  By  S3rmmetry  we  may  write: 

(1.3)  1 1  =  aFo  +  b(Fi  +  Ft)  -f  c(F*  +  F«). 

If  F(z)  =  (z  —  zo)*,  formula  (1.3)  is  exact  for  all  odd  k,  for  any  values  of  a,  b,  c. 
It  is  exact  for  A;  »  0,  2,  4  if  and  only  if : 

o  d-  26  2c  “  26,  6  —  c  6/3,  6  ^  c  *  6/6  j 

that  is,  if  and  only  if  a  =  f^6,  6  =  -^6,  c  =  —  t^6.  By  using  the  linearity  of 

(1.3)  we  now  get  (1.2)  for  any  complex  polynomial  of  the  form 

F(z)  »2*-o  o*(2  —  2o)* 

Hence,  if  we  choose  F(z)  as  the  polynomial  approximation  to  /(z)  such  that 

F*-/(z*)  -/*  6-0,1, 2,3, 4 

we  have 

(1.4)  r  f(z)  dz  ~  r  F(z)  dz  -  VY6[24fo  +  4(/i  +  /,)  -  (/,  +  ft)]. 

Jaz 

Formula  (1.4)  may  be  called  the  “five  point  formula”  for  complex  quadrature. 

'  This  formula  was  reported  in  a  paper  by  Mr.  Young,  “On  the  Use  of  Conformal  Mapping 
to  Compute  Flows  with  Free  Streamlines” — Proceedings  of  the  Symposium  on  Conformal 
Mapping,  Institute  of  Numerical  Analysis,  held  at  Los  Angeles  in  June,  1949.  Other  formulas 
are  given  in  H.  E.  Salzer,  “Formulas  for  Numerical  Integration  of  First  and  Second  Order 
Differential  Equations  in  the  Complex  Plane”,  J.  Math.  I%ys.  S9,  207.  This  work  was 
done  under  Navy  Contracts  Nfiori-76,  Project  22  and  N6ori-07634. 

*  In  most  practical  cases  h  is  chosen  real  or  purely  imaginary. 
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Since  the  coefficients  of  the/<  in  (1.4)  are  real,  the  formula  is  equally  applicable 
to  the  real  part  ci  f  or  in  general  to  any  harmonic  functiim.  This  is  discussed 
further  in  §4. 

2.  Error  Estimate.  By  the  use  of  Taylor’s  theorem  for  analytic  fimctions,  a 
first  estimate  of  the  error  in  (1.4)  can  be  readily  obtained. 

Since /(r)  is  analytic  in|s  —  so|^hi>|^|we  may  write  the  Ta^or  expan¬ 
sion  of/(z)  absolutely  and  uniformly  convergent  in  the  closed  region  |  s  —  z«  |  < 

l^|: 

(2.1)  /(«)  -  mioc,(z  —  ZoY,  where  c,  =■  /‘'’(2«)/rl 


Integrating  term  by  term' we  get 


(2.2) 


/ 


/  («  —  ZoY  dz 

J  f  Q— 4 


2»+ 


On|the  other  hand,  using  (1.4)  to  integrate  /  we  getl 

/i  -  tV{24c  +  4  En*  c,W  4-  (-h)l  -  E-i  cAiihY  +  (-lA)  I 
-  ^h[24;c  +  Eta  CflSA**  -  2(-l)•;i*^} 

(2.3)  Ii~Hhco  +  Ela  A  [8  -  2(-l)'] 
since  even  powers  of  k  vanish. 
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(2.4) 


(2.5) 


(2.6) 


r  r_  V-  .  2  1 

L - - - 


h- 1 


h- 1 


r(*o)  ^7  _^ /’•”(*.) 


1890 


81 


AA*  + 


h'r\z^)L  .  1890 /•‘■’W  ..1  .  \ 

"18^ r+  8if-(z„)  ■^‘*7 


A7”(2o) 

1890 


[1  +  0^(20)] 


where  the  series  for  G(so)  is  obviously  absolutely  convergent. 
Asymptotically  for  small  h  we  have,  therefore, 

(2.7)  i/i-/i~rtWir(2.)iAr. 


Finally,  we  note  the  following  strict  inequality: 

(2.7a)  |/._/|<JAC|/.<(,)|niax 


where  z  takes  on  all  values  in  the  square  with  vertices  zi ,  zi ,  zt ,  Z4 .  The  proof 
will  be  included  in  a  later  paper. 

The  error  estimated  by  formula  (2.7)  is  about  four  tenths  as  large  as  the 
corresponding  error  for  the  extended  Simpson’s  rule:* 

/■»0+* 

^  /#  -  /  /(z)  dz  YijyA{114/(zo)  +  34(/(zb  +  h) 

(2.8) 


+  /(zo  -  h)]  -  [/(zo  +  2h)  +  /(zo  -  2h)]] 


(2.9)  I  /,  _  /  I  <  I  I  !/»*({)  I;  ^0  <  ^ ^ 


The  five  point  formula  is  also  better  for  integrating  near  singularities  /(z) 
since  the  points  are  spaced  nearer  to  zo . 

The  five  point  formula  is  also  seen  to  be  more  accurate,  in  theory,  than  Simp¬ 
son’s  first  rule:* 


(2.10) 


^»o+* 

/a  *  /  /(z)  dz  ~  ■J^[/(zo  —  h)  +  4/(zo)  +  /(zo  +  ^)] 

Jtt-K 


3.  Numerical  Calculations.  The  estimates  of  the  previous  section  regarding 
the  relative  accuracy  of  the  five  point  formula,  the  extended  Simpson’s  rule, 

*  Formula  (2.8)  ia  given  in  Scarborough,  Numerical  Mathematical  AnalyeiM  (Johns 
Hopkins  Press,  1930),  p.  124.  The  error  estimate  (2.9)  can  readily  be  derived  by  using  the 
methods  of  L.  Ford,  IXfferential  Equatioru,  p.  128. 

*  Scarborough,  lac.  eit. 
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and  the  ordinary  Simpson’s  rule  were  verified  numerically  for  some  particular 
cases.  The  real  parts  of  the  functions  l/«,  1/z*,  1/log  z,  1/z  log  z  were  inte¬ 
grated  numerically  from  z  —  .4  to  z  »  .6  using  each  formula  and  the  results 
were  compared  with  the  exact  values.  It  was  found  that  the  five  point  formula 
with  A  -B  .1  was  approximately  as  accurate  as  Simpson’s  first  rule  with  h  —  .05. 
The  error  in  the  extended  Simpson’s  rule  was  about  2  or  3  times  that  of  the 
five  point  formula,  as  expected. 

The  following  general  criteria  may  be  given  on  the  choice  of  integration  rule 
to  be  used. 

(i)  The  five  point  formula  is  preferable  to  Simpson’s  first  rule  when  the 
integrand,  /(z),  is  difficult  to  evaluate,  and  is  preferable  to  the  extended 
Simpson’s  rule  near  singularities  of  /(z). 

(ii)  When  /(z)  is  relatively  easy  to  calculate  the  use  of  the  simpler  Simpson’s 
first  rule  with  a  finer  mesh  may  be  indicated. 

(iii)  When  /(z)  is  fairly  difficult  to  evaluate  on  a  straight  path  F  over  which 
the  integral  is  desired  (for  real  values  of  z  for  example)  but  is  much  more 

^  difficult  to  evaluate  for  values  of  z  not  on  F,  the  extended  Simpson’s 
rule  may  be  preferable. 

4.  Numerical  quadrature  of  harmonic  functions.  The  five-point  formula  (1.4) 
can  also  be  used  advantageously  to  integrate  real  harmonic  functions.  Indeed, 
since  the  coefficients  of  (1.4)  are  real,  and  any  harmonic  function  is  the  real 
part  of  a  complex  analytic  function,  the  error  estimates  of  §2  apply  without 
change. 

With  this  interpretation  we  obtain  an  interesting  comparison  with  Simpson’s 
Rule  (2.10).  By  numerical  comparison  of  coefficients,  we  have  clearly 

(4.1)  /x  "  /z  —  R#  ,  where 

(4.2)  "  (A  +  /*  +  /«  +  /<  “  4/t)i 

where  /  is  a  real  harmonic  or  analytic  complex  function.  In  words,  the  five-point 
formula  differs  from  Simpson’s  Rule  by  A/15  times  the  “residual”  of  /(x,  y), 
in  the  usual  sense  of  the  word.* 

It  follows  that,  if  /  (z,j/)  is  obtained  by  making  the  residual  vanish  identically, 
as  is  usual  in  numerical  “solutions”  of  the  Laplace  equation  by  difference  equa¬ 
tion  methods,  Simpson’s  rule  and  our  five-point  formula  give  identical  results! 

To  look  at  the  matter  another  way,  since  /j  —  /j  is  by  (2.7)  the  principal 
correction  term  for  Simpson’s  Rule,  for  functions  which  are  actually  harmonic, 
the  error  committed  in  making  five-point  residuals  (4.2)  vanish  is  equivalent  to 
neglecting  this  correction  term.  Hence,  as  long  as  the  condition  /2o  0  is  used, 

there  is  presumably  no  gain  in  using  any  formula  for  numerical  quadrature 
more  elaborate  than  Simpson’s  rule  (2.10). 

*  R.  V.  Southwell,  Relaxation  Method*  in  Theoretical  Phyeics,  (Oxford  University  Press, 
1946). 
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It  may  be  hoped  that,  if  (4.1)  is  used  to  compute  I,  with  functions  which 
are  actually  harmonic,  the  smallness  of  R%  will  reliably  indicate  the  accuracy  of 
Ii .  The  argument  then  is,  that  since  Simpson’s  Rule  and  the  five-point  formula 
agree  well,  both  are  accurate — and  the  five-point  formula  decidedly  more 
accurate  (cf.  §3)  than  their  difference. 

Harvard  University 

(Received  January  8,  1950) 
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A  STUDY  OF  THE  NUMERICAL  SOLUTION  OF  PARTIAL 
DIFFERENTIAL  EQUATIONS* 

Bt  George  G.  O’Brien,  Morton  A.  Htman  and  Sidney  Kaplan 

One  of  the  most  common  and  useful  methods  employed  in  the  numerical  in¬ 
tegration  of  partial  differential  equations  involves  the  replacement  of  the  differ¬ 
ential  equation  by  an  equivalent  difference  equation.  This  technique  has  become 
particularly  important  in  recent  years  because  of  the  development  of  modem 
high-speed  computing  machines. 

In  the  present  paper  we  shall  show  that  the  accuracy  of  a  finita 
solution  to  a  partial  differential  problem  is  conveniently  discu88i||^  tlllBM  of 
the  “convergence”  and  “stability”  of  the  difference  scheme.  Cwoptetpifllii* 
richs,  and  Lewy  (reference  1)  discussed  the  convergence  of  diffeMftdMHhitions 
for  the  basic  types  of  linear  partial  differential  equations;  fov*  Equations  of 
parabolic  or  hyperbolic  character,  they  found  the  important  result  that  the 
“mesh-ratio”  must  satisfy  certain  inequalities.  J.  von  Neumann  obtained  the 
same  inequalities  from  a  study  of  error-growth  (stability  of  the  difference 
scheme).  The  partly  heuristic  technique  of  stability  analysis  developed  by  von 
Neumann  was  applied  by  him  to  a  wide  variety  of  difference  and  differential 
equation  problems  during  World  War  II.  This  method  has  been  very  briefly 
mentioned  in  the  literature  (references  2,  3,  4)  but  a  detailed  discussion  has 
not  yet  been  published.  With  the  kind  permission  of  Professor  von  Neumann, 
we  have  made  such  a  discussion  part  of  the  present  paper. 

We  b^in  with  terminology  and  definitions.  Let  D  represent  the  exact  aoltUion 
of  the  partial  differential  equation,  A  represent  the  exact  solution  of  the  partial 
difference  equation,  and  N  represent  the  numerical  solution  of  the  partial  differ¬ 
ence  equation.  We  call  {D  —  A)  the  tmncation  error;  it  arises  because  of  the 
finite  distance  between  points  of  the  difference  mesh.  To  find  the  conditions 
under  which  A  — >  D  is  the  problem  of  convergence.  We  call  (A  —  N)  the  numeri¬ 
cal  error.  If  a  faultless  computer  working  to  an  infinite  number  of  decimal 
places  were  employed,  the  numerical  error  would  be  zero.  Although  (A  —  N) 
may  consist  of  several  kinds  of  errors,  we  usually  consider  it  limited  to  round¬ 
off  errors.  To  find  the  conditions  under  which  (A  —  iV)  is  small  throughout  the 
entire  region  of  integration  is  the  problem  of  stability. 

Whether  a  given  finite-difference  scheme  satisfies  the  criteria  for  convergence 
and  stability  (we  say,  for  short,  that  the  difference-scheme  is  convergent/ 
divergent  and  stable/unstable)  depends  upon  the  form  of  the  A-equation  and 
upon  the  initial  and  boundary  conditions.  If  the  A-equation  is  linear,  stability 
(and  usually  convergence  also)  will  not  depend  on  the  initial  and  boundary 
conditions.  Now  for  most  problems,  D  and  A  are  either  unavailable  or  can  only 
be  obtained  with  much  greater  labor  than  is  involved  in  finding  N.  The  prin- 

*  SpoDEored  in  part  by  the  Office  of  Naval  Research.  This  paper  is  an  amalgamation  of 
two  papers,  presented  to  the  American  Mathematical  Society  in  February  and  December 
1949. 
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cipal  problem  in  the  numerical  solution  of  partial  differential  equations  is  to 
determine  N  such  that  (D  —  N)  is  smaller  than  some  preassigned  allowable 
error  throughout  the  whole  region  considered.  We  can  assert  that 

(Z>  -  AT)  =  (D  -  A)  +  (A  -  N) 

is  mall  for  a  numerical  calculation  over  a  fine  mesh  using  a  stable,  convergent 
difference  scheme.  Sometimes,  for  convenience  or  from  necessity,  a  convergent 
but  unstable  difference  scheme  is  used;  then  provision  must  be  made  for  con> 
trolling  the  error-growth  (see  reference  9,  where  the  numerical  solution  of 
dhptic  problems  is  discussed;  here  the  governing  difference  equations  are  in- 
hMHlIlMinstable) . 

.  la  tMi  pilftKJtre  shall  be  interested,  for  the  most  part,  in  partial  differential 
equilft^(iiS#i|Mfebolic  or  hyperbolic  type,  for  which  the  data  is  naturally  given 
on  an'^iMMai^e  (or  surface)  from  which  the  solution  is  stepped-off.  Many 
remarks  will  apply,  however,  to  elliptic  problems.  We  shall  mostly  discuss 
equations  of  the  second  order  in  two  independent  variables,  but  extensions  to 
equations  of  higher  order  and/or  with  more  independent  variables  will  be 
obvious,  though  algebraically  more  complex.  In  the  first  part  of  this  paper,  we 
shall  give  a  method  for  determining  the  stability  of  partial  difference  equations 
and  shall  discuss  “implicit”  difference  schemes.  In  the  second  part,  we  shall 
work  with  a  simple  parabolic  problem  and  investigate  directly  the  magnitudes 
of  the  truncation  error  and  the  numerical  error  for  various  methods  of  numerical 
solution;  in  particular,  when  (D  —  N)  ia  large,  we  shall  ask  whether  lack  of 
convergence  or  lack  of  stability  is  chiefly  responsible  for  the  discrepancy.  We  shall 
find  that  very  often  in  such  cases,  the  truncation  error  overshadows  the  numeri¬ 
cal  error,  contrary  to  what  is  generally  thought. 

In  studying  the  effect  of  round-off  errors  fed  into  the  calculation  (the  problem 
of  stability),  we  may  ask: 

(a)  Does  the  over-all  error  due  to  all  round-offs 

/grow  \  p  strong  f 

\not  grow/  "  \stabuity  / 

$ 

(b)  Does  a  single,  general,  round-off  error 

)  ?  This  we  tenn  weak  (‘“^“*5''). 

\not  grow/  \stability  / 

We  mean  “growth”  during  the  uninterrupted  stepping-ahead  of  the  solution, 
where  no  use  is  made  of  special  devices  applied  from  time  to  time  to  limit  the 
error  gro^vth  (see  end  of  second  paragraph  above).  What  we  need  to  know  in  our 
numerical  work  is  whether  a  given  difference  equation  is  strongly  stable  or 
strongly  unstable.  It  is  much  easier,  however,  to  demonstrate  weak  stability 
or  instability.  The  gap  between  the  two  types  of  stability  is  closed  by  the  fol¬ 
lowing 

Am,mptwn:  W<»k  implies  strong  (^^Uity). 
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In»the  following  text,  then,  whenever  we  refer  to  the  stability  or  instability  of 
a  difference  scheme  we  shall  mean  the  weak  form.  We  intend  to  examine  rather 
closely  in  another  paper  the  validity  of  this  Assumption;  for  the  present  we 
note  that  it  is  true  for  all  those  calculations  we  hdve  seen  where  care  was  taken 
that  the  round-off  errors  should  be  random.* 

It  is  important  to  note  that  the  over-all  error  may  be  considered  as  the  sum 
of  the  individual  errors  fed  in  (modified  from  step  to  step  by  the  numerical 
process)  because  the  variational  equation  which  governs  error  propagation  is 
always  linear  and  solutions  may  be  superposed.  For  studying  weak  stability, 
we  may  adopt  either  of  two  procedures: 

(i)  Consider  a  unit  error  introduced  at  an  arbitrary  mesh  point  and  follow 
its  progress; 

(ii)  Make  a  Fourier  expansion  of  a  line  of  errors  and  follow  the  progress  of 
the  general  term  of  the  expansion. 

The  first  procedure  occurs  occasionally  in  the  literature  but,  to  our  knowledge, 
has  not  been  developed  in  any  systematic  way;  such  a  development  has  now 
been  completed  by  R.  P,  Ekldy  (reference  6).  The  second  procedure  was  de¬ 
veloped  and  used  by  J.  von  Neumann  during  World  War  II,  but  has  never 
been  published  by  him.  With  his  permission,  we  present  below  some  of  Professor 
von  Neumann’s  results. 

We  begin  with  the  simple  heat  equation 

d^ldt  *=  3*^/da:*,  (1) 

which  we  replace  with  the  difference  equation 

<PiX¥\  ~  *”  2^/.*  +  <Pi-\,k  in\ 

M  “  (Ax)*  ’ 

where 

•Pijt  ®  <p(ar>  0>  <py+i,*+i  ^  f  etc.; 

X  *  jAx,  t  —  kAt. 

In  numerical  work,  we  re-write  (2)  as 

<Pj.k+i  —  <Pj.k  +  At/ Ax'  —  2<pj,k  +  (2') 

which  enables  us  to  compute  tp  step-wise,  line  by  line,  starting  from  given  initial 
values  at  A:  **  0  (conditions  along  certain  boundaries  must  also  be  prescribed). 
If  A/  is  of  the  same  order  of  magnitude  as  Ax',  the  error  in  the  formula  intro¬ 
duced  by  this  replacement  is  of  the  order  (Ax)*  (see  par.  21).  Let  the  exact 
solution  of  the  difference  equation  (A)  be  <p(x,  t)  and  call  the  solution  actually 

*  As  pointed  out  by  Huskey  and  Hartree  (reference  5),  round-off  errors  may  be  non- 
random  in  certain  regions  of  integration.  They  observe  that  randomness  may  be  regained  by 
carrying  extra  figures  in  calculating  those  regions.  For  general  purposes,  the  assumption 
of  random  round-off  errors  is  probably  a  good  one. 
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obtained  from  numerical  calculations  (N)  <p(x,  t)  +  S(x,  t),  where  S(x,  t)  is^he 
error  at  the  point  {x,  t)  due  to  the  accumulation  of  round-off  errors. 
Since  ^(x,  t)  -|-  j(x,  t)  must  also  satisfy  (2): 


~  ~h  i)i.k  ^  (y  +  ~  2(y  S)j.k  +  (y  4- 

A/  (Ax)* 

Substracting  (2)  from  (3),  we  find  that  5  must  satisfy 

i/.k+i  “  8y.*  ^>+1.*  ~  2iy.*  +  ^y-i.* 


M 


(Ax)* 


(3) 


(4) 


It  will  be  observed  that  the  variational  equation  (4)  is  the  same  as  the  differ¬ 
ence  equation  (2)  whose  solution  is  A.*  This  is  important  in  that  it  indicates 
that  6  and  the  transient  part  of  A  have  usually  the  same  growth  properties — 
i.e.,  S  and  (trans  A)  increase  or  decrease  together  with  t.  We  say  “usually”  rather 
than  “invariably”,  because  one  must  consider  the  effect  of  initial  and  boundary 
conditions,  which  influence  (trans  A)  but  not  the  error  j. 

If  we  start  with  a  nonlinear  differential  equation,  or  an  equation  with  variable 
coefficients,  we  will  still  get  a  linear  variational  equation  but  its  coefficients 
will  depend  on  x,  t,  and  (in  the  nonlinear  case)  A.  The  method  of  analysis  which 
we  give  below  (von  Neumann’s  method)  assumes  constant  coefficients.  Follow¬ 
ing  him,  we  circumvent  the  difficulty  of  non-constant  coefficients  by  appl3ring 
the  method  successively  to  a  sequence  of  overlapping  small  regions — each 
region  being  so  small  that  we  may,  with  negligible  error,  assume  the  coefficients 
of  the  variational  equation  to  be  constant  throughout  the  region;  such  a  pro¬ 
cedure,  while  it  has  worked  well,  is  of  course  heuristic. 

Consider  the  numerical  solution  of  (2).  At  each  line  of  computation  a  group 
of  errors  is  introduced  which  propagates  forward  in  accordance  with  (4).  Re¬ 
calling  ii,  of  par.  7,  we  restrict  attention  to  a  single  line  of  errors  at  f  »  0.  Call 
this  line  of  errors  E{x)  and  make  a  harmonic  decomposition  of  it: 


E(x)  - 


(5) 


This  sum  (6)  must  reduce  to  the  correct  error  value  at  each  of  the  mesh  points 
on  the  line.  The  frequencies  |  |  and  the  number  of  terms  are  somewhat  arbi¬ 

trary,  but  certain  convenient  choices  can  be  made,  which  are  the  same  for 
every  line.  For  example,  if  the  interval  of  interest  in  the  x-direction  has  length 
L  =  JIf  Ax  (M  the  number  of  subdivisions),  it  is  convenient  to  have  just  as  many 
terms  as  there  are  error-introducing  mesh  points  (usually  M  +  1)  with  |  /3  1  * 
0,  a,  2u,  *  ■  ■  ;  <a)  being  the  fundamental  frequency,  with  period  2L.  Such  a  choice 
for  the  harmonic  decomposition  (5)  allows  the  use  of  various  elegant  properties 
of  finite  trigonometric  sums,  in  particular  the  orthogonality  property: 


jir-i 

1-4 


\N,  r  -  «i 
[O,  r  7^  «j 
(r,  s  -  0, 1,  2,  •  •  •,  N  -  1) 

*  This  will  alwa}^  happen  when  the  original  differential  equation  is  linear. 
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with  appropriate  modifications  if  one  uses  the  real  harmonic  form.  If  the  bound* 
ary  values  are  rigidly  fixed  so  that  they  can  introduce  no  error,  the  frequencies 
occurring  can  be  taken  as  =»  1,  2,  •  •  •  ,  Af  —  1).  If  there  are  no  bound¬ 

aries,  one  conveniently  uses  all  frequencies  between  |  /3  j  =*  0  and  |  jS  |  =  t/Ax; 
the  finite  sum  (5)  becomes  an  integral  over  this  range  of  0.  Because  of  super¬ 
position,  we  need  only  consider  the  single  error  term  e^,  where  ^  is  any  member 
of  the  sequence  {/3n}<  To  allow  for  all  possible  subdivisions  we  must  let  /3  be 
any  real  number.  We  now  seek  a  solution  of  (4)  which  reduces  to  when  <  0. 

There  is  one,  and  only  one,  such  solution;  it  is 

where  a  —  a(fi)  is  generally  complex.  Indeed,  solutions  of  the  form 


can  be  found  for  any  linear  homogeneous  partial  difference  equation  with  con¬ 
stant  coefficients  and  independent  variables  x,  t;  for  an  equation  of  the  iV’th 
order  in  t,  there  are  N  a’s  for  each  /3.  The  functions  form  a  basic  set  of 

solutions  for  such  an  equation  in  the  sense  that  any  solution  can  be  built  up 
from  members  of  the  set  (in  general,  it  is  necessary  to  add  on  at  each  line  t  =■ 
kAt  a  new  linear  combination  of  basic  solutions).  The  power  and  simplicity  of 
von  Neumann’s  method  for  error  analysis  hinges  on  this  fact.  In  order  that 
the  original  error,  e^,  shall  not  grow  as  t  increases,  it  is  necessary  and  sufficient 
that  I  I  <  1  (we  repeat  that  /9  here  is  to  have  all  real  values,  since  in  a  gen¬ 
eral  calculation  all  error  frequencies  can  enter). 

Let  us  now  substitute  into  (4).  On  setting  r  *  A// (Ax)*  and  ^  a* 
and  simplifying  slightly,  we  get 

(  -  1  =  -2-1-  e-^^) 

=■  2r(cos  /3Ax  —  1)  =»  —  4r  sin*03Ax/2). 

The  condition  that  |  |  ^  1  yields 

—  1  ^  1  —  4r  8in*03Ax/2)  ^  1. 

The  right  inequality  is  satisfied  trivially;  the  left  inequality  will  be  satisfied  for 
all  /3  if,  and  only  if, 

r  ^  i. 

Thus  r  ~  §  separates  the  region  of  stability,  where  errors  decay,  from  the  region 
of  instability,  where  some  errors  grow.* 

*  In  some  cases  does  not  take  on  all  values  and  the  limit  of  stability  r,  is  >).  Thus  if 
there  is  only  a  finite  number,  3f,  of  subdivisions  in  the  z-direction,  sin*0SAz/2)  ^sin*[(Af  — 
l)v/2Jf],  and  the  condition  is 

r  ^  r.  -  i  sin*[(M  -  l)»/2ilfj. 

If  Af  —  10,  for  example,  r  ^  0.513,  and  as  3f  is  taken  larger  r.  — »  i.  To  cover  all  cases,  in¬ 
cluding  those  involving  very  small  Az  and  problems  unbounded  in  z,  we  must  use  r  ^  i. 
When  speaking  of  the  “largest  stable  value”  of  the  mesh-ratio  we  shall  mean  that  value 
of  the  mesh-ratio  r  which  assures  non-growth  for  all  frequencies  |  ^  |  . 
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We  can  also  apply  von  Neumann’s  method  to  calculate  the  region  of  stability 
of  hyperbolic  partial  differential  equations.  Using  as  our  example 

d'ip/dt*  -  dV^x*,  (6) 

we  take  as  the  approximating  difference  equation : 

_  (Pi+l.k  ~  ^i.k  +  (n\ 

(A<)»  ”  (Ax)*  *  ^  ’ 

Replacing  by  setting  r  s  At/ Ax  ,  {  =  c“^‘,  we  get: 

f  +  l/{  -  2  -  4r*  8in*03Ax/2),  (8) 

or 

^  -  2/l{  +  1  »  0, 

where 


A  a  1  —  2r*  8in*03Ax/2). 

The  roots  of  the  quadratic  are 

A  +  y/A*  -  1,  ^  =  A  -  \/A'  -  1,  (80 

where  from  (8)  we  see  that  =«  l/f* .  If  A  >  1,  |  |  >  1 ;  if  A  <  —  1,  |  {,  |  >  1 ; 

if  1  A  I  ^  1,  Ui  I  “  I  it  1  *  1.  Thus,  for  stability,  —1  ^A  ^  1,  or— 1  ^ 
1  —  2r*  8in*08Ax/2)  ^  1.  The  right  side  of  the  inequality  is  trivial;  the  left 
side  is  satisfied  for  all  $  if,  and  only  if,  r  ^  1.  This,  then,  is  the  criterion  for 
stability.  Courant,  Friedrichs,  and  Lewy  (reference  1)  encountered  this  condi¬ 
tion  in  their  study  of  convergence  and  gave  the  following  interpretation.  The 
region  of  influence  of  a  single  point  (say  x  ~  0,  f  »  0)  for  the  difference  equation 
is  bounded  by  the  lines  <  =  ±rx.  This  triangular  region  must  enclose  the  corre¬ 
sponding  region  of  influence  of  the  point  for  the  differential  equation,  otherwise 
convergence  of  A  to  Z>  as  Ax,  Af  — »  0  is  clearly  impossible  (since  some  points 
would  never  be  influenced  that  clearly  must  be  influenced  in  the  limit).  Thus 
r  ^  1  is  a  necessary  condition  for  convergence;  reference  1  proved  that  it  is 
also  sufficient. 

There  is  one  special  case  which  we  note  in  connection  with  the  above  analysis, 
i.e.,  where  /S  *  0.  In  this  case,  =*  6  =  1  and  the  two  solutions  of  (7), 
and  ,  are  linearly  dependent.  In  this  case  the  two  linearly  independent 
solutions  are  1  and  t,  and  the  general  solution  for  =  0  is  a  -|-  bf,  where  a,  b, 
are  determined  by  the  amplitudes  of  the  /3  ^  0  error  waves  on  the  first  two  lines 
of  computation.  If  b  ^  0  we  will  have  linear  instability  (as  contrasted  with  the 
usual  ex|X)nential  instability).*  Linear  instability  is  not  serious  for  two  reasons: 

*  The  frequency  ^  —  0  enters  only  if  the  boundary  points  are  in  error  (other¬ 
wise,  0  <  1  P  [  <  r/Ax;  see  par.  10).  However,  for  a  very  small  0,  the  behavior  of  the  solu¬ 
tion  near  (  —  0  is  closely  the  same  as  for  0  0.  For  small  0,  the  amplitude  of  e<**  (a  com¬ 

bination  of  two  amplitudes)  oscillates  slowly  and  almost  linearly  (except  near  the  extrema) 
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(a)  The  amplitude  of  the  wave  with  frequency  /3  =*  0  on  any  line  is  the  con¬ 
stant  component  of  the  error  wave  on  that  line;  if  we  assume  that  the 
errors  on  any  line  are  random,  this  amplitude  is  either  zero  or  very  small; 

(b)  An  initial  error  (linearly  unstable)  grows  the  same  bounded  amount 
between  t  =  0  and  t  =  t\,  {h  finite)  regardless  of  A/. 

We  have  given  a  concise  (but,  we  hope,  lucid)  account  of  von  Neumann's 
technique  of  stability  analysis.  It  is  clear  that  the  technique  can  be  extended 
to  linear  equations  with  constant  coefficients  of  higher  order  than  the  second, 
with  more  than  two  independent  variables — and  to  systems  of  equations  (in 
the  case  of  systems,  several  new  ideas  enter;  these,  however,  are  easily  dis¬ 
covered).  For  linear  equations  with  variable  coefficients,  we  may  seek  a  basic 
set  of  solutions  analogous  to  ;  however,  it  is  generally  simpler  to  follow 

the  procedure  suggested  in  par.  9  for  non-linear  equations  and  consider  a  suc¬ 
cession  of  small  sub-regions  in  each  of  which  the  linear  variational  equation  has, 
to  a  good  approximation,  constant  coefficients  (we  may  calculate  several  sub- 
regions  without  changing  our  computing  set-up,  if  we  can  find  somehow  and  use 
the  strictest  stability  criterion  among  those  for  the  sub-regions  traversed). 
Finally,  we  remark  that  such  stability  analysis  can  be  used  to  test  the  con¬ 
vergence  of  iterative  schemes  (such  as  are  used  in  solving  elliptic  problems) 
since  successive  iterations  can  be  regarded  as  “time  steps”  and  the  error  at 
any  point  as  a  transient  which  does  or  does  not  “damp  out”.  For  example,  the 
simplest  iteration  scheme  for  solving  the  two-dimensional  Laplace’s  equation 
has  for  its  basic  formula 


„(»+») 

Wr.# 


where  n  is  the  number  of  the  iteration  cycle.  This  formula  is  easily  seen  to  be 
equivalent,  for  r  s  A</Ai*  =  At/ Ay*  =»  J  to  the  “heat  equation”: 

^  —  2uZ$  +  Ur^-t  —  2Ur^  "H  Ur,,+l 

At  Ax*  Ay* 

where  x  =  rAx,  y  =  sAy,  t  =  nAt.  Many  iteration  schemes  cannot,  as  here,  be 
conveniently  expressed  in  terms  of  a  partial  difference  equation  involving  the 
“time”;  still,  whenever  there  is  a  fixed  procedure,  the  trend  of  the  errors  from 
cycle  to  cycle  can  always  be  studied  by  the  stability  techniques  we  have  de¬ 
scribed. 

We  have  shown  that  the  stability  criteria  for  the  difference  equations  (2)  and 
(6)  are  At /Ax'  ^  J  and  Af/Ax  <  1,  respectively.  Having  chosen  a  Ax  suitable 
for  our  purposes,  we  are  immediately  restricted  in  our  choice  of  At.  It  often  hap¬ 
pens  that  the  At  thus  forced  upon  us  is  inconveniently  small;  we  would  like 
to  find  some  way  whereby  we  could  use  larger  A^’s  without  sacrificing  stability.  A 
way  of  doing  this  in  some  cases  is  to  “turn  around”  an  unstable  difference  repre¬ 
sentation.  Thus  the  difference  equation  (2),  represented  schematically  as 


between  ±<S ;  here  5  is  a  large  positive  number  unless  the  initial  error  amplitudes  for  fre¬ 
quency  I  /}  I  are  very  small.  Remarks  (a)  and  (b)  are  pertinent  to  this  almost-linear  in¬ 
stability. 
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we  get  decay  of  errors  (i.e.,  stability)  for  all  r  ^  0,  since  the  “growth  factor” 
for  frequency  /S  is  {  *  1/[1  +  4r  sin*03Aa:/2)].  It  should  be  noted  that  the  corre¬ 
sponding  difference  equation, 

~  <Pi.k  _  —  2ipj,k+i  + 

At  “  (Ax)* 


is  an  implicit  relation  for  the  unknown  functional  values  on  line  (k  +  1) ;  that 
is,  these  unknowns  occur  simultaneously  in  the  equations  rather  than  singly 
as  would  be  most  convenient  for  computation.* 

The  use  of  implicit  formulas  is  really  the  key  to  the  problem  of  chosing  At 
at  the  computer’s  convenience  while  retaining  stability.  D.  R.  Hartree  and 
later  English  investigators  (references  8  and  3)  have  used  implicit  formulas  for 
solving  parabolic  problems.  Von  Neumann  pointed  out  the  stability  advantages 
of  such  formulas,  and  has  applied  the  implicit  principle  widely  to  both  parabolic 
and  hyperbolic  problems.  Let  us  follow  him  and  replace  the  heat  equation  (1) 
by  the  difference  equation 


~  y>.*  ^  1 
At  2 


fPi+l.k+l  ~  +  <Pi-l.k+l 

(Ax)» 


(9) 


(Ax)» 

As  before,  we  replace  fpijk  by  e^e*‘  and  set  {  —  r  =  At/ (Ax)*.  Then 


i  -  1  7  ir[(i  +  l)(-4  sin*(|8Ax/2))l 
or 


€  -  1  -  2r(f  -I-  1)  sin*(/3Ax/2). 


Solving  for  we  obtain 


1  —  2r  sin*  (fiAx/2) 

1  -|-  2r  sin*  (fiAx/2)  ’ 


It  is  clear  that,  for  any  r  and  any  |  {  |  ^  1 ;  hence  (9)  is  always  stable.  Von 
Neumann  replaces  the  wave  equation  (6)  by  the  difference  equation 

o(<?>+L*-l  —  2^y.*_i  -f- 

-H  (1  —  2a){fPi^\,h  —  2ipj,h  -|-  V/-1.*) 

~~  2\p/.*  +  _  1  +  aiipi+i.k+i  —  2ipj.k+i  4- 

(At)*  “  (Ax)* 

where  a  is  any  real  number  ^0.  As  before,  setting 

f  -  r  -  At/ Ax,  A  -  r*  sin*08Ax/2), 


(10) 


*  To  amplify  thia  remark,  we  consider  the  previous  lattice.  Each  value  on  line  k  }rields 
an  equation  in  terms  of  the  three  points  on  line  (k  +  1)  nearest  to  it.  The  totality  of 
equations,  one  for  each  point  on  line  k,  constitutes  a  simultaneous  algebraic  system, 
which  we  solve  for  the  unknown  values  on  line  (k  +  1). 


232 


O.  O.  o’brIKN,  M.  a.  HTMAN  and  8.  KAPLAN 


we  easily  obtain 

{  +  1/f  -  2  -  -4A[att  +  W  +  (1  -  2a)]. 

Solving  for  (f  +  l/{),  we  obtain  {+!/{-  2B,  where  B  -  1  —  [2.4/(l  +  4^o)]. 
We  know  from  a  previous  calculation  (par.  12)  that  |  |  ^  1,  I  I  ^  1  if  and 

only  if  -1  ^  B  ^  1.  Thus  -1^1-  2.4/(l  +  4.4o)  g  1  or 

1  ^  A/il  -f  4^a)  ^  0. 

Since  A  and  a  are  1^0,  the  right  inequality  is  trivial.  The  left  inequality,  1  + 
4Aa  ^  A,  yields  the  two  inequalities 


A  ^ 


The  second  inequality  is  trivial  since  ^4  «  r*  8in*(/3Ax/2)  ^  0  always.  Letting 
8in*(/9Ax/2)  take  on  its  largest  possible  value,  we  obtain  from  the  first  ineqiiality 


r  *  Af/Ax  ^  l/V  1  —  4o, 


a  <  J. 


For  stability,  the  mesh-ratio  At/ Ax  must  satisfy  the  above  condition.  If  a  ^ 
one  may  choose  At/ Ax  as  he  pleases.  Note  that  if  a  —  0,  equation  (10)  reduces 
to  equation  (7)  and  At/ Ax  ^  1  as  before.  Von  Neumann  has  suggested  the 
possibility  of  changing  a  from  time  to  time  during  the  calculation  for  greater 
convenience  in  computing  certain  regions.  Note  that  if  /3  =*  0,  then  A  =  0, 
B  ~  1,  and 

=  {*  =  1. 

Thus  linear  instability  is  possible  for  the  implicit  relation  (10)  as  well  as  for 
the  simple  equation  (7).  Indeed,  any  difference  representation  for  the  wave 
equation  (5)  is  subject  to  linear  instability. 

Consider  the  system  of  linear  algebraic  equations  obtained  by  insisting  that 
the  condition  (10)  be  satisfied  at  every  point  of  the  line  k;  the  unknown  quanti¬ 
ties  are  the  values  (pjjt+i  at  the  points  of  the  line  (k  +  1).  This  system  of  alge¬ 
braic  equations  may  be  solved  either  directly  or  by  successive  approximations. 
In  a  direct  solution,  advantage  may  be  taken  of  the  simple  and  repetitive  nature 
of  the  coefficient  matrix;  von  Neumann  has  suggested  that  a  “Green’s  function” 
be  found — this  would  correspond  to  inverting  the  coefficient  matrix  once  and 
for  all. 

There  is,  of  course,  more  than  one  difference  representation  for  a  particular 
differential  equation;  however,  not  every  such  representation  is  stable.  For 
example,  instead  of  replacing  the  heat  equation  (1)  by  the  difference  representa¬ 
tion  (2)  we  could  replace  it  by  ’  * 

~  _  <Pi+l.k  —  2<pJ,k  + 

2At  (Ax)*  ^  ' 

This  form  was  used  by  L.  F.  Richardson  in  1910  (his  paper,  reference  7,  is  now  a 
classical  reference  in  the  numerical  solution  of  partial  differential  equations). 


Using  this  equation  we  computed  Table  II,  column  4,  and  Table  IV,  columns 
2  and  3.  In  using  equation  (2)  we  have  purposely  chosen  a  difference  representa¬ 
tion  with  a  large  error  of  approximation.  Before  comparing  these  numerical 

^  Richardson’s  solution  is  slightly  different  in  form  because  he  uses  the  accessory  con¬ 
ditions  pix,  0)  -  1,  — 0J5  <  X  <  0.6;  ^(—0.6,  i)  -  ^(-1-0.5,  f)  ~  0,  (  ^  0.  Due  to  a  t3T>o- 
graphical  error  the  factor  4/t  is  missing  from  his  expression. 


Physically,  this  problem  represents  the  cooling  of  a  finite  bar  with  unit  diffusivity 
— X  being  distance  in  centimeters  and  t  time  in  seconds,  say.  Since  Richardson 
carried  his  numerical  work  only  as  far  as  f  =  0.005  seconds,  Plate  1  shows  how 
easy  it  was  for  him,  without  a  knowledge  of  stability,  to  conclude  incorrectly 
that  (11)  was  a  satisfactory  difference  scheme  (see  also  Table  I,  columns  2 
and  4). 

We  now  compare  Richardson’s  numerical  results  with  those  obtained  from 
equation  (2).  Using  the  same  mesh  size  as  did  Richardson,  namely:  Af  =  0.001, 
Ax  =*  0.1,  we  have  the  stable  mesh-ratio  r  =  0.1.  Equation  (2)  becomes 


We  shall  see  (par.  21)  that  the  enor  committed  in  the  replacement  of  the  t- 
derivative  is  very  small,  smaller  than  the  error  involved  in  the  replacement  (2). 
Nevertheless  the  difference  equation  (11)  is  completely  unstable  for  all  choices 
of  Ax  and  Af(>0). 

Replacing  by  €“*6*^  in  (11)  we  easily  obtain 


«  -  (1/^)  =  -8rsin*(^Ax/2), 


where  (  and  r  have  the  same  meanings  as  before.  It  is  clear  that  the  roots  of 
this  equation  are  negative  reciprocals.  The  sum  of  the  roots  is  {  -H  (— 1/f). 
Unless  ^  =  0,  {  —  1/f  <  0  and  either  {  or  — 1/{  is  <  —  1.  Since  /8  must  be 
assumed  to  be  any  real  number,  we  conclude  that  Richardson’s  representation 
is  unstable  no  matter  how  the  mesh-ratio  r  is  chosen. 

Referring  back  to  a  remark  made  in  par.  8,  we  see  that  the  error  growth  just 
found  for  the  difference  equation  (11)  usually  implies  a  similar  growth  of  the 
transient  portion  of  the  solution  of  that  equation.  One  might  anticipate,  there¬ 
fore,  that  the  solution  of  (11),  for  the  given  initial  and  boimdary  conditions, 
would  oscillate  with  increasing  amplitude  about  the  solution  of  (1).  That  this 
expectation  is  borne  out  may  be  seen  from  Plate  1,  which  is  a  graphical  com¬ 
parison  of  the  numerical  solution  of  (11)  with  the  exact  solution  of  (1),  the  latter 
being 


^(x,  0  -■  (4/t)  m  *  e  sin  (mrx). 


f  The  initial  and  boundary  conditions  imposed  are  <p{x,  0)  =  1, 


»(130 


™  0.1(^py+i,*  -|-  <pj-i,k)  +  0.8^^^  . 
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v>(0,  t)  =  ^(1, 0  =  0,  <  ^  0. 
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results  with  Richardson’s,  let  us  compare  the  errors  of  approximation  in  the 
two  difference  equations.  To  do  this  apply  Taylor’s  formula  with  a  remainder: 


a^(x,  Oax 

4. 

aV(x, 

1) 

(Ax)‘ 

ax 

ax* 

2! 

aV(x. 

1\ 

(Ax)* 

+ 

ax* 

3! 

a^(x,  t)Ax 

-4- 

aV(x, 

0 

(Ax)* 

dx 

ax* 

2! 

+ 

aV(x, 

ax* 

0 

(Ax)‘ 

3! 

+ 

dip{x,  t)At 

+ 

aV(x, 

(Ad* 

dt 

a^* 

2! 

difiix,  t)At 
dt 

+ 

aV(x, 

dO 

0 

(AO* 

2! 

+ 

dx^  41 


4! 


di? 


dfi  3! 


or 


where 


(15) 


,(x,  t  +  M)-  r(f,  0  + 


X  —  ^<^i<x<^i<x  +  Ax;  f  —  A<  <  {|  <  f  <  ^4, 

f  +  A/. 

The  right  sides  of  the  equations  in  question  (equations  11  and  2)  are  the  same 
and,  from  (15) 

tpix  +  Ax,  0  —  2^(x,  0  -|-  <p(x  —  Ax,  0 


(Ax)* 

3V(x,  t)  ,  (Ax)' 
dx*  24 


TaVfi.O  .  aV(€».  01 

I  dx*  ^  dx* 


The  error  of  approximation  to  the  right  side  of  Af>/dt  •»  t^ipjdx  is  therefore  of 
the  order  (Ax)^  The  left  side  of  (11)  is 

v»(x,  <  +  Af)  -  v>(x,  i  -  td)  _  ay(x,  0  (A<)TaV(x,{,)  dVxjO] 

2Af  “  dl  12  L  af*  a«*  J' 

The  left  side  of  (2)  is 

»(x,  <  +  A<)  —  v>(x,  <)  ^  a»>(x,  t)  ,  M  aV(x,  {i) 

Ai  “  dt  .  2'  a<»  ’ 

We  see  that  the  errors  of  approximation  of  the  left  sides  of  (11)  and  (2)  are, 
respectively,  of  the  order  (A^)*  and  At.  Hence  the  solution  of  Richardson’s 


mniERICAL  SOLUTION  OF  PAKTIAL  DIFFERENTIAL  EQUATIONS 


235 


equation  (11)  might  be  expected  to  better  represent  D  than  the  solution  of  (2). 
Due  to  stability  considerations,  we  have  seen  that  such  is  not  the  case.  Table  I 
gives  D  as  well  as  A  and  N  for  the  two  difference  equations.  In  this,  and  in 
all  subsequent  tables  and  graphs,  x  =  0.4  cm. 

Little  has  been  done  toward  comparing  extensively  numerical  solutions  of 
partial  differential  equations  with  the  exact  solutions.  This  is  probably  due,  at 
least  in  part,  to  the  tremendous  numerical  calculations  involved.  However, 
with  modem  computing  machines  this  work  is  considerably  lessened.  We  have 
studied  in  considerable  detail  the  simple  heat  equation  (1),  making  use  of  an 
I.B.M.  tabulator  fit  404  and  desk  computing  machines  to  do  the  necessary 
long  computations.  It  has  permitted  us  to  compare  numerical  solutions  of  the 
difference  equation,  using  various  mesh-ratios  and  mesh-sizes, 

(a)  with  one  another; 

(b)  with  the  exact  solution  (13)  of  the  differential  equation; 

(c)  with  the  exact  solution  of  the  difference  equation  for  initial  and  boundary 
conditions  (13'))  namely: 


here 


AfAx  -  1, 


M  —  1,  M  evenl 
-2,  M  odd  y 


X  -  jAx, 


t  =  kAt. 


We  turn  aside  briefly  to  renjark  that  formula  (17),  like  formula  (18)  follow¬ 
ing,  is  obtained  by  separating  variables  in  the  difference  equation,  then  imposing 
the  boimdary  conditions  and  the  initial  conditions  (i.e.,  the  value  of  the  de¬ 
pendent  variable  at  every  interior  mesh  point  of  the  line  k  —  0 — or  of  the  lines 
k  0,  1).  Both  (17)  and  (18)  can  be  put  into  convenient  matrix  form  (see 
also  reference  9);  (17)  is  written 


CF 


where 


•fiik 


C~\\C, 


sm 


vjm 

M 


Fmk  II;  Fmk 


We  note  that  *  ®  > 

M 


2 

irm  r 

m  odd 

0, 

m  even 

.  rjm  .  vim  1^/2)  J  “  ^ 
2.  sm  4;r  sm  , 


,1^1  Jlf  “  Af 


0,  j  ^  1) 


0-,Z=l,2,  .••,Af-l). 
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This  orthogonality  property  (see  par.  10)  is  basic  in  the  theory  of  finite  Fourier 
series  (or  “trigonometric  interpolation”),  used  for  expanding  fimctions  defined 
at  a  finite  number  of  equidistant  mesh  points;  most  of  the  elegant  Fourier 
series  theory  (or  more  generally,  orthc^onal  function  theory)  carries  over  with 
appropriate  modihcations  in  form,  such  as  replacing  infinite  series  and  integrals 
by  finite  sums.  We  note  finally  that  the  solution  of  (2)  with  accessory  condi¬ 
tions  (13')  can  be  written  in  other  forms  (involving  infinite  series,  integrals, 
etc.),  but  all  forms  give  the  same  values  at  the  mesh  points  (i.e.,  the  solution 
is  unique  on  the  mesh).  It  seems  to  us  that  the  form  (17)  is  the  simplest  and 
most  elegant. 

Returning  to  our  numerical  study  of  equation  (1),  we  first  compare  D,  given 
by  (13),  with  the  numerical  solution  based  on  equation  (2).  We  have  kept  Ax 
fixed  and  let  Af  vary  to  give  different  values  of  r.  In  Plate  2  the  values  of  r  are 
stable  values.  We  make  the  following  observations: 

(i)  At  r  <  4  all  solutions  are  quite  close  to  the  true  solution,  r  ^  0.45  being 
very  nearly  as  good  as  r  *=  0.1  in  spite  of  the  fact  that  not’ only  is  r  4.5 
times  as  large  but  also  A/  is  4.5  times  as  large.  The  fact  that  the  curve 
representing  r  »=  0.45  is  better,  over  a  portion  of  the  graph,  than  r  =»  0.1, 
and  better,  over  the  entire  graph,  than  r  =  0.3,  is  of  no  special  signifi¬ 
cance  since  the  total  time  interval  is  only  one-tenth  of  a  second.  We 
would  expect  r  =  0.3  to  give  results  closer  to  the  true  than  r  =■  0.45  and 
an  inspection  of  Plate  2  indicates  that  this  will  happen  if  we  extend  the 
time  interval.  However,  since  all  of  the  curves  are  close  to  D,  for  the 
sake  of  speed  it  behooves  us  to  choose  r  close  to  the  limiting  stable  value. 

(ii)  We  get  decidedly  poorer  results  using  r  =  0.5. 

(iii)  The  gradual  way  in  which  N{r  —  0.1)  approaches  D  ns  t  increases  is 
due  to  the  nature  of  the  heat  equation  (i.e.,  both  A  and  Z>  go  to  0  as  f 
goes  to  »)  and  to  the  fact  that  the  accumulation  of  round-off  errors  is 
so  trivial  that  A  and  N  are  numerically  equivalent  (see  Table  I,  col¬ 
umn  5). 

The  data  from  which  Plate  2  is  plotted  are  given  in  Table  II,  columns  2,  4,  5, 
and  6,  and  Table  III,  column  2. 

In  Plate  3  we  compare  t>  with  numerical  solutions,  as  above,  using  r  >=  0.45, 
0.5,  and  the  unstable  values  0.55  and  0.7.*  We  note  that: 

(i)  A  value  of  r  close  to,  but  less  than,  0.5  gives  excellent  results  for  this  mesh 
size. 

(ii)  When  r  is  chosen  even  slightly  larger  than  0.513,  e.g.  r  »  0.55,  the  results 
oscillate  with  rapidly  increasing  amplitude. 

(iii)  A  further  slight  increase  in  the  value  of  r,  e.g.  r  »  0.7,  causes  a  tremen¬ 
dous  increase  in  the  amplitude  of  the  oscillations. 

The  data  for  Plate  3  are  found  in  Table  II,  column  2, 6,  and  7,  and  Table  III. 

*  Because  not  all  error  frequencies  |  \  can  be  present,  the  largest  r  for  which  stability 

is  guaranteed  is  0.513.  However,  in  accordance  with  our  convention  (footnote  to  par.  11) 
we  call  0.5  the  largest  stable  mesh-ratio  since  r  0.5  guarantees  nongrowth  of  an  error 
for  any  frequency. 
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Let  us  now  consider  the  results  obtained  by  fixing  r  and  vaiying  the  mesh  size. 
We  choose  0.1  and  0.3  as  the  values  for  r  and  find  that,  in  all  cases  and  in  a  reg¬ 
ular  manner,  a  finer  mesh  gives  results  very  much  closer  to  the  solution  of  the  dif¬ 
ferential  equation;  that  is,  we  have  convergence  as  well  as  stability  (see  Plates  4 
and  5;  Table  II,  columns  4  and  5,  and  Table  IV).  We  note  also  that  the  curves, 
after  a  relatively  large  early  separation,  gradually  get  closer  to  the  true  solution 
D.  This  has  already  begun  to  show  up  in  the  last  column  of  Table  I.  Since  we  are 
dealing  with  a  bar  that  is  gradually  cooling  to  zero  degrees  this  fact  is  not  totally 
unexpected  in  spite  of  the  accumulation  of  round-off  errors. 

Thus  far  we  have  compared  N  with  D.  We  wiU  now  include  in  our  compari¬ 
son  the  exact  solution  of  th  difference  equation.  A,  given  by  formula  (17).  Con¬ 
sider  first,  the  numerical  solution  with  r  0.1,  Ax  «  0.1  (Table  II,  column  4) 
and  the  exact  difference  solution  at  r  —  0.1  (Table  V,  column  2).  The  remark¬ 
able  agreement  indicates  that,  not  only  does  a  numerical  error  damp  out  when 
the  mesh-ratio  is  0.1,  but  also  that  the  damping  out  is  so  rapid,  that,  coupled 
with  the  probability  of  many  cancellations,  the  step-by-step  accumulation  of 
errors  in  the  algorithm  is  very  small.  This  experimentally  supports  the  assump¬ 
tion  that  weak  stability  implies  strong  stability  (see  par.  6). 

Finally,  we  consider  another  interesting  question:  how  would  the  numerical 
solution  N  compare  with  the  exact  solution  A  of  the  difference  equation  if  the 
largest  stable  value  (i.e.,  r  =  0.5)  or  an  unstable  value  (e.g.,  r  =  0.55)  were 
used?  We  might  expect,  especially  in  the  unstable  case,  that  N  would  diverge- 
quickly  from  A;  such  is  not  the  result.  The  values  of  N  are  so  nearly  equal  to 
the  corresponding  values  of  A  that  we  have  been  able  to  join  the  A-points  ob¬ 
taining  envelopes  to  the  iV-curves  (as  seen  in  Plate  6).*  The  brief  tabulation 
below,  taken  from  Tables  II,  III,  and  V,  show  at  a  glance  the  remarkable  simi¬ 
larity  between  A  and  N  in  the  unstable  as  well  as  the  stable  case. 


I(ms) 

rm  J 

A 

N 

l(*M) 

f- J5 

A 

20 

0.9375 

0.9375 

22 

0.9083 

30 

0.8504 

0.8504 

38.5 

0.8824 

0.8824 

45 

0.78126 

0.78125 

55 

0.5756 

0.5753 

60 

0.6409 

0.6409 

71.5 

0.7609 

0.7609 

85 

0.5245 

0.5245 

88 

0.2287 

0.2287 

100 

0.4292 

0.4292 

104.5 

0.8218 

0.8218 

The  most  important  fact  that  the  previous  discussion  brings  out  is  that  the 
error  in  the  numerical  solution  (D-N),  even  in  the  unstable  case,  is  not  due  to 
accumulation  of  numerical  errors  but  almost  entirely  due  to  the  fact  that  A 
diverges  from  D  as  was  remarked  in  par.  5.  This  is  also  clear  as  regards  a  numeri- 


*  Because  of  the  quantity  (1  —  2.2  Bm*(vm/2M))  M*t/r  in  equation  (17)  we  get  a  point 
on  the  curve  for  all  values  of  t  tor  which  AfH/r  is  an  integer.  The  odd  integers  give  a  series 
of  points  which  give  the  lower  envelope  and  the  even  integers  give  points  from  which  we 
draw  the  upper  envelope. 
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cal  solution  of  Richardson’s  difference  equation  (11);  see  Table  I,  columns  6  and 
7.  Here  the  exact  solution  of  (11)  is: 

A,(x,0  -  sinirx/lO  [(1.26275) (.990259)*  +  (-1)*(.000000128073)(1.009837)*1 

+  sin  3tx/10  [(.392497)(.920950)‘  +  (-1)*(.0000251924)(1.085836)*] 

+  sin  5tx/10  [(.199841)(.819804)‘  +  (-1)*(.000159060)(1.219804)*] 

-I-  sin  7tx/10  [(.101628) (.731653)*  +  (-1)*(.000276714)(1.366767)*] 

+  sin  9tx/10  [(.0315333)(.683225)*  +  (-1)*(.000143606)(1.463647)*]  (18) 

The  derivation  of  this  formula  deserves  some  comment.  The  general  solution 
of  (11)  satisfying  the  boundary  conditions  is  (we  use  the  most  convenient  form 
for  nine  equally-spaced  interior  points — see  par.  10) 

(S  “  2  sin  (Zxx/10)[Pi{?i 

j-i.i.”- 

where  0  <  *  —  1/fcj  <  1.  The  Pi  and  Qi  are  determined  from  initial  condi¬ 

tions.  Noting  that  (11)  is  a  difference  equation  of  the  second  order,  we  need  to 
know  the  solution  S  on  the  two  lines  k  >  0,1.  The  values  on  A;  »  0  are  given  to 
us,  but  we  choose  values  on  k  ’=  1  according  to  some  reasonable  scheme.  Adopt¬ 
ing  Richardson’s  scheme,  we  arrive  at  (18)  which,  as  we  have  seen,  does  not 
converge.  While  following  Richardson,  since  we  discuss  his  numerical  results, 
we  note  that  the  values  on  X;  1  can  be  so  chosen  that  all  the  Q'a  vanish  (i.e., 
we  can  eliminate  that  part  of  S  which  grows);  then 

• 

Ai  sin  (Ixx/lO)  Pifu 

is  the  solution.  We  remark  without  giving  proof  here,  that  As  converges  to 
D  as  Ax,  A/  — » 0,  for  all  r  s  A^/Ax*.  To  solve  (1)  by  seeking  to  find  As  numeri¬ 
cally  would  seem  to  have  several  advantages:  no  annoying  restrictions  on  At 
(see  par.  15)  and  probably  rather  rapid  convergence  (as  measured  by  the  trunca¬ 
tion  error  for  meshes  of  increasing  fineness).  However,  because  the  numerical 
determination  of  As  is  inherently  unstable  (the  Q’s  arising  from  the  errors  being, 
in  general,  not  zero)  one  of  several  special  devices  must  be  used  to  limit  the  error 
growth  (see  reference  9,  where  an  explicit  discussion  is  given  of  error  growth 
during  the  stepping-ahead  solution  of  the  inherently  unstable  Laplace’s  differen¬ 
tial  equation,  for  which  all  convergent  difference  schemes  are  unstable). 

It  should  be  noted  that  nearly  all  the  numerical  results  exhibited  at  x  —  0.4 
were  also  computed  at  x  =  0.3  and  x  =  0.5  and  are  in  the  hands  of  the  authors. 
Since  nothing  essentially  different  or  unexpected  occurred  for  these  values,  we 
have  presented,  consistently,  only  values  at  x  *  0.4  cm. 

In  conclusion,  let  us  briefly  sununarize  the  contents  of  this  paper.  It  has  been 


NUMERICAL  SOLUTION  OV  PARTIAL  DIFTERENTUL  EQUATIONS  239 

pointed  out  that  in  order  to  be  useful  (i.e.,  give  an  answer  close  to  the  true 
answer),  a  finite  difference  scheme  for  solving  a  partial  differential  problem  should 
be  both  convergent  and  stable,  where  convergence  and  stability  are  precisely  defined.*" 
We  have  presented  von  Neumann’s  method  of  stability  analysis  and  pointed  out 
the  advantages  of  implicit  difference  representations.  We  have  shown  that  the 
exact  solution.  A,  of  the  approximating  difference  equation  may  differ  consider¬ 
ably  in  its  behavior  from  the  exact  solution,  D,  of  the  differential  equation  (ini¬ 
tial  and  boundary  conditions  being  the  same).  It  is  suggested  that  in  many  cases 
deviations  observed  between  D  and  N  (the  numerical  solution  of  the  difference 
equation)  are  due  primarily  to  this  difference  in  behavior  of  D  and  A  and  not 
to  the  accumulation  and  growth  of  round-off  errors  throughout  the  numerical 
calculation,  as  is  generally  thought.  There  are  difference  representations  which 
are  divergent  and  unstable  for  any  mesh-size  and  any  mesh-ratio.  We  have 
chosen  as  our  principal  example  to  solve  numerically  the  one-dimensional  heat 
equation  dip/dt  *  d^tpldx'  with  simple  initial  and  boundary  conditions.  We 
study  the  effect  on  A(a:,  t)  and  N{x,  t)  of  varying:  the  mesh-size  Ax,  At]  the 
mesh-ratio  At /{Ax)']  and  the  difference  representation.  Our  detailed  calcula¬ 
tions  confirm  theoretical  statements  regarding  convergence  and  stability  for 
this  parabolic  problem. 
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Mm 
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ES 

10 

.9953 

.9872 

.9870 

.9919 
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.0034 

15 
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.99a 
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-.0016 

am 

20 

.9518 

.7491 

.7390 
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.2027 

.0101 

25 

.9192 

2.3771 

2.5504 
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-1.4579 

-.1733 

.0069 

30 

.8832 

-9.7547 

-10.8768 

.8766 

10.6379 

1.1221 

In  all  the  Tables  and  Plates,  the  following  terminology  is  used: 

!>  ■  exact  solution  of  differential  equation  (1) 

A  •  exact  solution  of  difference  equation  (2) 

N  ■  nuiasrical  solution  of  difference  equation  (2) 

and  Nr  are,  respectively,  the  exact  and  numerical  solutions 
of  ffiohardson'e  difference  equation  vU). 
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t(ffi^) 

D 

R 
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1.0000 

1.0000 

1.0000 

1.0000 

1.0000 

1 

1.0000 

1.0000 

2 

1.0000 

1.0000 

3 

.9999 

1.0000 

4 

'  .9994 

0.9999 

1.0000 

.9990 

0.9996 

1.0000 

6 

.9975 

0.9989 

1.0000 
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0.9979 

1.0000 
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.9936 

0.9964 

9 

.9940 

0.9944 

1.0000 

10 

0.9953 

.9870 

0.9919 

1.0000 

U 

.9909 
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12 

.9763 

0.9856 

0.9919 

13 

.9898 

0.9818 

U 

.9585 

0.9775 

1.0000 

15 

0.9785 

.9957 

0.9729 

0.9789 

1.0000 

16 

.9267 

0.9679 

17 

1.0193- 

0.9627 

18 

.8652 

0.9571 

0.9623 

19 

1.0845 

0.9513 

20 

0.9518 

.7390. 

0.9452 

jj^lB 

21 

■  SB 

0.9389 

0.9432 

1.0000 

25 

0.9192 

0.9123 

.9375 

27 

K 

0.8982 

0.9005 

28 

HI».4469 

0.8911 

0.7599 

30 

0.8832 

-10.8768 

0.8766 

0.8779 

0.8594 

35 

0.8461 

0.8398 

0.8594 

1.14U 

36 

0.8324 

0.8322 

40 

0.8088 

0.8029 

0.7812 

42 

0.7883 

0.7869 

0.1717 

45 

0.7721 

0.7666 

0.7647 

0.7812 

48 

0.7453 

0.7430 

49 

0.7382 

1.8908 

50 

0.7363 

0.7312 

0.7080 

54 

0.7038 

0.7009 
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Tabl«  IV 


N(AK  •.05) 


0,807323 

0.777957 

0.749174 

0.735048 


0.1 

I  N(/iX  -.2) 


r  -  0.3 


1.000000 

1.000000 

0.999997 

0.999970 

0.999928 

1.000000 

1.000000 

0.999540 

0.996469 

0.997905 

0.996420 

0.993243 

0.990000 

0.988919 

0.963508 

0.977110 

0.972354 

0.969842 
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0.961820 

0.953154 

0.950140 

0.943944 

0.934278 

0.926210 

0.924235 

0.896113 

0.866812 

0.837052 

0.899205 

0.871039 

0.842331 

O.8I3525 

N(^X-.05} 


1.000000 


0.999934 

0.999299 

0.997613 

0.994666 


0.990450 

0.985059 

0.978621 

0.971275 


0.963153 

0.954373 

0.9450a 

0.935251 


0.925064 


•,2) 


1.000000 


1.000000 


0.910000 


0.811000 


0.719200 
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t(aa)  ^(r^.5)  A(r-0.55) 


10.0 

0.9919 

1.0000 

11.0 

1.0000 

1$.0 

1.0000 

16.5 

1.0000 

20.0 
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22.0 

0.9083 

25.0 

0.9375 

27.5 

0.9451 

30.0 

0.8766 

0.85% 
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0.7975 

35.0 

0.8594 

38.5 

0.8824 

40.0 

0.8029 

0.7812 
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0.6856 
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0.7812 

49.5 

0.8273 

50.0 

0.7312 

0.7080 

55.0 

0.7080 

0.5756 

60.0 

0.6642 

0.6409 

60.5 

0.7857 

65.0 

0.6409 

66.0 

0.4650 

70.0 

0.6026 

0.5798 

71.5 

0.7609 

75.0 

0.5798 

77.0 

0.3509 

80«0 

0.5464 

0.5245 

82.5 

0.7560 

85.0 

0.5245 

88.0 

0.2287 

90.0 

0.4954 

0.4745 

93.5 

0.7746 

95.0 

0.4745 

99.0 

0.0928 

100.0 

0.4490 

0.4292 

104.5 

0.8218 

105.0 

0.4292 

110.0 

-0^0640 
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THE  GENERAL  CONSISTENCY  RELATIONS  FOR  SHOCK  WAVES* 

Bt  W.  F,  Bkown 


1.  Introduction.  In  a  series  of  papers  [l]-[4]  T.  Y.  Thomas  has  derived  a 
set  of  relations  between  the  curvatures  of  the  shock,  the  curvatures  of  the 
stream  lines  behind  it,  and  their  derivatives.  These  he  has  called  The  consistency 
relations  for  shock  waves.  All  of  this  work  was  done  under  the  assumption  of 
imiform  flow  of  an  ideal  gas  before^the  shock. 


It  is  the  purpose  of  this  report  to  derive  similar  results  imder  the  assumption 
of  non-uniform  rotational  flow  of  an  ideal  gas  before  a  curved  shock  (fig.  1). 
The  other  assumptions  that  were  made  by  Thomas  will  be  used  here;  they  are 
viscosity  and  thermal  conductivity  zero.  Some  interesting  results  about  shocks 
attached  to  solid  boundaries  will  be  found  by  examination  of  the  First  general 
consistency  relation  for  shock  waves,  which  is  a  generalization  of  a  set  of  equations 
foimd  by  Lin  and  Rubinov  [5]. 

2.  First  derivatives  behind  the  shock.  Since  considerable  use  will  be  made  of 
some  of  the  equations  from  our  references,  a  new  notation  will  now  be  introduced 
to  simplify  our  work.  The' symbol  [t(j)]  will  mean  equation  j  from  reference  t, 
e.g.,  [1(2)]  denotes  equation  2  from  [Ij.  Whenever  we  use  an  equation  from 
another  paper,  it  will  be  clear  that  it  is  applicable  to  non-uniform  rotational 
flow  of  an  ideal  gas. 

In  the  following  work  we  shall  denote  by  91 ,  ,  pi ,  pi  and  M,  the  velocity, 

velocity  components,  density,  pressure  and  Mach  number  of  the  flow  in  front 
of  the  shock  and  correspondingly  by  q,  Ua  ,  p,p  and  Aft ,  the  values  of  the  quanti¬ 
ties  behind  the  shock. 

In  [1]  the  first  derivatives  behind  the  shock  are  found  in  terms  of  certain 
invariants  A,j  and  a< .  These  invariants  are  given  by  equations  [1(12)],  [1(16)] 
and  certain  relations,  namely,  Ci  »  C*;  at  *  —  pw»,# .  The  explicit  form  of 
AZ,  B*  and  C*  are  needed  in  equations  [1(12)],  [1(16)]  and  Ui  —  C*;  we  find 

*  Prepared  under  Navy  Contract  N6onr-180,  Task  Order  No.  5,  with  Indiana  University. 

252 


GENERAL  CONSISTENCY  RELATIONS  FOR  SHOCK  WAVES 


253 


rT 


these  from  equations  [1(7)]  •  *  ■  [1(9)].  Since  all  of  these  results  are  applicable  to 
non-uniform  rotational  flow,  we  shall  now  make  use  cd  them  with  a  slight  nota- 
tional  change.  We  shall  denote  the  invariants  given  by  equations  [1(12)]  and 
[1(16)]  by  An  and  the  other  invariants  by  ii . 

Now  following  the  above  procedure  we  first  take  the  derivative  of  the  right 
hand  sides  of  equations  [1(1)]  ■  *  ■  [1(3)]  along  the  shock  line.  Then  substitute 
these  derivatives  into  equations  [1(7)]  *  •  *  [1(9)]  to  get 

(1)  Al  -  - {L,E  +  F.}  -h  A. 

(7  +  l)piRu 

(2)  B*  —  — -r—  +  2UinPl^\^  (1  —  7)pi.4X^}  B 

7  "T  1 

(3)  C*  -  27P,  +  iy-  Dp.uJ.  +  «1.J|XVZ}  -1-  C 

where 

L«  “  “  (7  +  1)  [^*<«]  ~  E  »  -|-  piUiyjiX.^p^ 

F  =*  —  piUinUiyjt\^y*)v“  -|-  (7  -H  l)piMi»«i«,/jX^ 

(4) 

X  *  (7  +  1)  (p  +  Pi)  +  2pi  —  [(7  —  l)p  —  2pi]mJ, 

Y  -  27p;  Z  *=  Mi»(4p?  —  2[p]) 

and  Amy  B  and  C  are  given  respectively  by  the  right  hand  sides  of  equations 
[1(19)];  [1(20)]  and  [1(21)];  also  we  have  used 


duin 

ds 


dUla  a 

ds 


+ 


—  UtK 


in  the  derivation  of  the  above  relations. 

It  is  to  be  noted  that  X  is  the  unit  tangent  vector  to  the  shock  line  and  that  it  is 
so  directed  that  the  perpendicular  vectors  X,  v  form  a  right  handed  system. 
Also  s  denotes  arc  length  along  the  shock  line,  chosen  to  increase  algebraically 
in  the  direction  specified  by  the  above  vector  X.  The  curvature  of  the  shock  is 
denoted  by  k.  Also  uu  “  «!«>'“;  ««  “  «■>’“  and  Ut  =■  uiaX*. 

By  putting  the  above  values  of  Aj  and  B*  into  equations  [1(12)]  and  [1(16)1 
the  invariants  An  are  found  to  be 

(6)  iCii  1 ^ - {L«X“F  -f-  F«X*}  -H  An 

(7  -1-  l)piwu 

(6)  iCn  —  (4piMuMi,,pX^i'"  -H  2ui«pi,pX^  -h  (1  —  7)p>.pX^}  -h  Am 

(7)  iiii  “  y — - {Lmu“ E  -j-  F«u*}  Aji 

(7  +  l)PlWli. 

(8)  iCn  *  *  ^  “  {—(Am  +  Aji)tti  +  Aa 

pMn  “  7P 
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where  the  An  are  invariants  for  uniform  flow,  and  hence  are  given  by  equations 
[1(25)1  ’  *  ‘  (1(28)].  No  attempt  will  be  made  to  calculate  ,  for  it  will  be  enough 
to  note  that  these  invariants  have  the  same  general  form  as  the  An  m.  their 
dependence  on  the  derivatives  of  quantities  in  front  of  the  shock  line  and  on  the 
corresponding  invariants  for  uniform  flow. 

Our  assumption  of  non-uniform  rotational  flow  before  the  shock  changes 
the  invariants  by  adding  a  term  which  is  homogeneous  in  first  derivatives  of 
quantities  in  front  of  the  shock.  These  added  parts  will  be  called  An  and  a, 
so  that 

Aij  “  Aij  Afj  f  Oj  *  dj  Ai . 

Now  the  An  can  be  written  in  a  more  compact  fashion.  To  do  this  we  find  the 
first  derivatives  of  quantities  before  the  shock  in  terms  of  where  is  the 
curvature  of  the  stream  line  of  the  incoming  flow.  For  this  certain  derivatives 
will  be  needed.  These  will  be  gotten  by  simply  replacing  quantities  behind  the 
shock  by  quantities  in  front  and  &>  by  9  in  the  expressions  for  derivatives  which 
have  been  found  before  [6].  After  this  change  the  derivatives  in  question  are 

dp\  dqi  dpi  Pi  qi  dq\  , , -  v  dpi  t  dB 

37  “"to  Si"'  "“57“ 

(»)  •  -  -oulK':  ^  -  jiK'  +  Ap, : 

where  a  is  the  arc  length  along  a  stream  line  in  the  incoming  flow,  M  is  the 
Mach  number  of  this  flow,  and  Api  is  equal  to  the  rotation  of  the  flow;  it  can 
be  shown  that  A  is  constant  along  stream  lines  [7].  Let  us  note  that  since  0  is 
measured  from  the  axis  to  the  stream  line  in  front  of  the  shock,  will  be 
negative  for  the  flow  under  consideration  (see  fig.  1). 

Obviously  the  following  derivatives  along  the  shock  may  be  expressed  as 

*  +  I*" + 

(>«)  /  /  / 

!!?!_  _(^«!sina  +  ^c«.Y  + 

,  di  \dn  ^  da  }'  da  \dn  ^  da  / 

From  (10)  with  use  of  (9)  and  some  manipulation  we  arrive  at  the  result  that 

(11)  ^  W 

(12)  ^  ^ 

(13)  ^  »  K*  |-(1  -1-  r)gi  sin  a  +  cos  a\ 

da  (  PiQi  da  ) 

,  X  ddi  ,,i  —  1  dpi  ,  'I 

(14)  3-  -  K  < - r~  ^  sm  a  —  cos  o  > 

ds  i  piqi  dB  ) 
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where  we  have  taken 

dpxida  -  (dpi/d«)  (dfl/diT)  -  {dvxldff)K' 

and  have  defined 

(15)  r  -  Avxl(ixK\ 

Our  definition  of  T  tells  us  that  it  is  zero  when  the  incoming  flow  is  irrotational 
and  that  it  is  dimensionless.  An  explicit  form  of  A  is  found  by  solving  [6(69)]. 
The  result  is 

where  S  is  the  enthropy  and  t  is  the  gas  constant.  Replacing  A  in  (15)  by  its 
above  value,  it  is  found  that 

In  our  calculations  we  shall  make  use  of  the  relations 

dun/ds  »  dqi/ds;  duu/ds  =»  qidO/ds 

which  are  valid  only  at  the  origin  of  our  coordinate  axes.  Because  our  axes 
have  been  chosen  so  that  the  incoming  flow  is  tangent  to  the  axis  at  the 

*  vertex,  the  first  of  the  above  two  relations  follows  immediately.  The  seccmd  is 

*  found  by  considering  a  set  of  coordinate  axes  in  which  the  incoming  flow  makes 
an  angle  6  with  the  x^  axis.  Then  it  is  seen  that 

duit/ds  =»  qi  cos  d{d0/ds)  +  sin  didqi/ds). 

Putting  *  0  we  get  our  result. 

Using  (8),  (11)  *  ■  *  (13)  and  the  above  relations  we  find,  after  some  calculation, 
the  invariants  to  be  given  by 

All  *  An  “  ulnStiK^ 

Alt  =  qUnBitK^",  An  =  qUtUnBnK}. 

In  these  equations  the  are  dimensionless  expressions,  which  can  be  written 
in  the  form 

Bii  -  [1/(7  +  1)]  [Cii  +  rz)o}. 

The  Cij  and  Da  are  likewise  dimaisionless  and  are  given  by 
Cii  -  -2ag-S\\  +  {M'  -  2)a’}. 

Cu  -  he[2{2&g'  -  2  -  M')  A-  fg{2e  +  4(Af*  -  2)  -|-  (7  -  l)a’)]  +  (7  “  l)db 

Cn  -  [d'S's  -  6«]  [Og*  -  a-  gf(2  -  Af*)]  -|-  [(7  +  !)<**  -  2a*^]  [a  +  gf] 

+  -  U]  [o  -  flf] 
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Cti  “  dddcCu  —  dCii  ~  bdc  Cti 

Dn  -  -ag;  D»  -  2a6e[(l  -  y-^)M'  -  2] 

Dn  -  <J(t  +  1)  -f  [6«  -  +  aM\y  -  1)  [4«  -  a'M'i] 

Dn  “  dddeDii  —  dDn  —  bde*Dn 

in  which,  to  simplify  our  equations,  we  have  defined  a  *  *  •  has  follows 

«);  c  “  —  “  —  coe  (a  —  w) 

V 

,  J_  1  ^ 

Pi  Ji  dd  yM*  Pi  d$ 
g  ■■  COB  a 


Also  the  reciprocals  of  a  *  *  ■  A,  3f  are  denoted  by  use  of  a  bar,  i.e.,  d  »  1/a,  etc. 
As  previously  mentioned  the  ii  shall  not  be  calculated,  but  it  is  evident  that 
they  have  the  same  form  as  the  An  .  From  the  above  equations,  we  find  that  the 
A,i  are  proportional  to  with  the  factors  of  proportionality  depending  on  a, 
(d/dd)  In  Pi ,  F  and  quantities  in  front  of  the  shock.  By  using  the  value  of  An 
from  [1]  and  the  above  values  for  An  it  can  be  stated  that 

An  “ 

where  the  Pn  fimctions  of  a,  d  In  pi/dO,  F,  gi ,  pi ,  pi  while  the  Pn  depend 
(mly  on  a,  9i ,  Pi ,  Pi . 

If  our  flow  in  front  is  uniform  then  the  above  equations  reduce  to 

An  -  Pipe  -  An 

because  /iC*  »  0  for  this  flow. 

The  above  expressions  for  An  plus  equations  [1(14)],  [1(17)]  and  [1(18)]  tell 
us  that  the  first  derivatives  behind  the  shock  will  be  such  that  each  will  be 
composed  of  two  terms,  one  homogeneous  in  tc,  the  other  in  The  part  homo* 
gmeous  in  K  is  exactly  the  first  derivative  behind  the  shock  for  the  uniform  flow. 

8.  Relation  between  curvatures  of  shock  and  stream  lines.  In  equation  [1(34)], 
which  is  valid  for  non-uniform  flows,  we  replace  An  and  An  by  iiu  and  iin 
respectively  and  get 

K  -  -(Au/vUn)  -f  iAn/v*Un) 

where  v  is  the  magnitude  of  the  velocity  vector  behind  the  shock.  Now  putting 
the  values  of  iln  and  An  found  in  section  2  into  this  equatiem,  we  obtain 

(16)  K  ~  Gok+ 


U|»  ,  Un  .  / 

o  —  —  — sm  a;  o  —  —  —  sm  (a  — 


“  (uVe*)  -  1  *  M'g^be  -  ht?  ’ 

_  P  _  2(3f*  sin*  a  —  1)  j-  i . 

*  “  ^  “  (7  -  l)iP  sin*  a  -f-  2  ’ 


Pi  7+1 


(Af*  sin*  a  —  1)  +  1 
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where  Go  is  given  in  [1]  and 

(17)  Uo  -  [1/(7  +  1)]  {B«(l  -  c'd)  -  Bnb'cW  +  -  1)]K^ 

Equation  (16)  gives  us  the  first  general  oonsistenqj  relation  which  shall  be  ex¬ 
amined  more  closely  in  another  section. 

For  use  in  later  work  we  note  that  Uo  can  be  written  in  the  form 

Uo  -  {F‘”(M,  a)f  -I-  a)  -  F‘*’(Af,  a)r}/C‘ 

where  the  are  dimensionless  quantities.  Since 

Uo  -  -(Au/vUn)  -1-  (An/v*Un) 

it  is  sero  when  the  flow  is  uniform.  When  the  flow  in  front  the  shock  is  uniform 
the  first  general  consistency  relation  reduces  to  first  consistency  relations  for 
imiform  flows  before  a  shock  [2]. 


I' 


4.  Explicit  form  of  the  derivatives  of  p.  In  this  section  the  explicit  form  (rf  the 
derivative  of  the  pressure  along  a  stream  line  behind  the  shock  and  also  the 
derivative  of  the  pressure  along  the  shock  shall  be  found.  The  arc  length  measured 
in  the  direction  of  the  flow  along  the  stream  lines  behind  the  shock  shall  be 
denoted  by  o.  For  this  we  shall  make  use  of  the  explicit  form  of  dun/ds.  Obviously 

dut/ds  —  —  [(duj/dx*)  sin  a  +  (dwi/d**)  cos  a]. 


To  find  the  explicit  form  of  the  derivatives  needed  in  the  above  equation,  is 
replaced  by  A  a  in  (1(14)].  These  values  are  then  substituted  into  the  above 
equation  and  then  expanded;  the  final  result  is  found  to  be 

(18)  duo/ds  - 

where 

—  5uS*(a  +  g)  MR* «  “  Sti[a*eg/ (7  +  1)]  (cos  «  —  sin  w) 

0^'^  —  BuoS^iia  +  g)  sin*  <a  +  fijiO*6“*cip(cos  w  —  sin  «) 

and 

Bu  -  e  -  1;  Bu  -  (1  -  i)  B„  +  4/(7  +  1). 


The  derivation  of  the  following  relations 


d(i) 

d$ 


dui/ds  >■  qidu/ds) 


holding  behind  the  shock  is  similar  to  the  derivation  of  the  analogous  relations 
which  hold  before  the  shock  and  which  have  been  given  above.  Now  from  these 
two  equations  and  equations  (18)  and  (16)  we  get 


(19)  dp/do  -  -h 
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where 

^(„  _  ‘  CSC  a  +  qUo  cot  a] 

(?«)  -  (^*.-  ‘  [j.Gf"’  caca  +  qOo  cot  a] . 

Now  if  we  let  a  =  ir/2  and  «  =  0,  equation  (19)  reduces  to 


(20) 


dp  /dpi  __  ~  1 

d<r  /  da  1  —  M\ 


which  is  the  same  result  that  has  been  found  by  Tsien  [8].  By  use  of  the  explicit 
form  of  p/pi ,  equation  (20),  and  the  following  relation  for  normal  shocks 


1  -  Ml 


(y  +  l)(ilf*  -  1) 
2yM*  -  (t  -  1)  ’ 


it  is  seen  that  we  may  write 


The  derivative  of  p*  along  the  shock  is  found  very  simply,  for  obviously 

dp/ds  *  p.«X*. 

The  explicit  form  of  p.«  is  gotten  by  replacing  Aa  by  in  equation  [1(18)].  ^ 
We  thus  find  , 

(21)  dp/ds  »= 

By  using  the  previously  found  form  of  Au  ,  we  obtain 


dp/ds  -  —p{qUnBiiK^  +  UnUtBuic] 
where  Bu  “  4/(7  +  1). 


6.  Extension  to  derivatives  of  high  order.  To  derive  the  general  consistency 
relations  we  shall,  in  the  main,  follow  the  method  used  in  [2].  This  involved  first 
finding  the  second  derivatives  behind  the  shock  from  which  K(i)  is  then  found 
with  K(i)  defined  to  be  dK/da;  and  finally,  using  the  fact  that  this  method  was 
extensible  to  higher  derivatives,  K(n)  was  found. 

In  our  work  we  shall  need  the  form  of  dAi//ds  and  d&i/ds.  First  of  all  it 
is  seen  that 

dAij  dAij  ^  dAij  ^  d&i  ^  ddi  da,- 

ds  ds  ds  *  ds  ds  ds‘ 

A  form  of  A^  which  will  be  useful  is 

Aif  - 


GENERAL  CONSISTENCY  RELATIONS  FOR  SHOCK  WAVES 


259 


where  the  in  this  equation  are  functions  of  a  and  quantities  in  front  of  the 
shock;  also  we  have  taken 

R  =  R(o)  =  d  In  p\ld<T’,  N  =  iV(o)  =  ^Pi/gi . 

For  later  use  we  put 

-  ((T/ds-)  (dlnpi/da) 

=  ((T/ds")  (Apx/g,) 

KU  -  (d7d«“)  {K^). 

Looking  at  An  in  the  above  equation  it  is  seen  that  the  derivatives  of  An  and  d 
will  be  homogeneous  polynomials  in  K},  iCji) ,  k,  R,  iE(i) ,  N  and  N(i)  with 
coefficient  depending  on  quantities  in  front  but  not  their  derivatives.  Now  we 
must  examine  dA^/ds  and  daijds;  these  break  up  into  one  part  which  is  the 
same  as  that  for  the  xmiform  flow  before  the  shock,  and  another  which  is  a 
homogeneous  polynomial  in  K^,  k,  R  and  N.  It  is  finally  seen  that  dAn/ds  and 
d&itds  consists  of  two  terms,  one  the  same  as  the  derivatives  of  the  invariants 
under  the  assumption  of  uniform  flow  before  the  shock.  The  other  term  is  a 
homc^eneous  polynomial  in  K^,  K^l) ,  k,  R,  R(i) ,  N  and  N(i)  • 

We  shall  replace  An  and  and  their  derivatives  by  An  and  di  and  their 
derivatives,  in  the  equations  from  [2].  This  process  is  obviously  legitimate. 

Now  the  second  derivatives  are  found  by  solving  the  system  of  linear  equations 
given  by  [2(26)]  ■  ■  *  [2(28)]  and  [2(32)]  ■  *  •  [2(34)].  Notice  that  in  these  equations 
the  coefficients  of  the  unknowns,  the  second  derivatives,  are  not  changed  by 
using  the  assumption  of  non-uniform  incoming  flow.  But  the  other  terms  are 
changed,  since  they  contain  first  derivatives  of  quantities  behind  the  shock,  and 
derivatives  of  the  invariants.  To  find  how  they  are  changed  we  look  at  [2(47)], 
[2(48)],  [2(61)]  •  •  •  [2(63)]  and  reconsider  our  discussion  of  dAn/da  and  ddi/da. 
It  is  now  evident  that  the  terms  which  are  changed  are  changed  simply  by 
adding  onto  their  values  for  the  uniform  flow  in  front  of  the  shock  a  homogeneous 
polynomial  in  /iC(i) ,  k,  R,  R(i)  ,  JV  and  N(i) .  In  consequence  of  this  the 
second  derivatives  of  quantities  behind  the  shock  are  found  to  be  the  second 
derivatives  for  the  uniform  incoming  flow  plus  a  homogeneous  polynomial  in 
,  Xji) ,  K,  R,  R(t) ,  N  and  JV (d  . 

Now  by  taking  the  derivative  of  [1(33)]  along  any  stream  line  behind  the 
shock,  we  get 

„  UajyWaUflUy  .  lim  J  IPm  Ufi  .7  3tZ«^  litf  1*7  tt, 

*<“ - p —  +  — - ? - • 

From  the  form  of  the  first  and  second  derivatives,  it  follows  that 
(22)  K(i)  =  Cr(i)K(i)  -f-  -|-  Ui 

where  Gi  and  Hi  are  given  in  [2]  and  [6]  respectively  and  Ui’ib  &  homogeneous 
polynomial  in  jCji) ,  k,  R,  Rid  ,  N  and  iV’(i)  with  dimensionless  coefficients 
depending  on  M  and  a.  This  equation  is  our  second  general  consistency  relation. 
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To  get  our  nth  general  consistency  relation,  we  extend  the  above  argument 
and  obtain 

(23)  K(n)  ™  GnlC{n)  + 

where  Gn  is  given  in  [4]  and  the  general  form  of  Hn  in  [2].  Here  Un  is  a  homo¬ 
geneous  polynomial  in  /iCli)  •  •  •  /C},)  ;  k  •  •  •  k(»_i)  ;  iZ  •  •  •  ft(,)  and  N  •••  N(n) 
with  dimensionless  coefficients  depending  only  on  M  and  a.  Note  that  at  least 
one  of  the  quantities  /C*  •  •  •  iiTl,)  ;  i?  •  •  •  R(n)  or  N  •  •  •  N,  occurs  in  each  term 
off/,. 

When  the  flow  is  uniform  in  front  of  the  shock,  all  the  terms  in  Un  are  zero, 
so  equation  (23)  reduces  to  the  one  foimd  previously  for  the  uniform  case. 

To  see  that  the  coefficients  in  Un  depend  only  on  M  and  a  we  use  the  following 
aigument.  Since  K{n)  has  dimension  Un  has  dimension  l/L""*"'.  It  is 

easily  seen  that  iC},)  ; «(,) ,  R(n)  and  N{n)  have  dimension  n  «■  0, 1, 2  •  •  •  . 

Now  from  the  way  Un  was  derived  the  coefficients  in  this  polynomial  have  zero 
dimension.  Because  of  equations  [1(1)]  *  ■  ■  (1(3)],  we  see  that  these  dimensionless 
quantities  are  rational  functions  t(qi ,  pi ,  pi ,  a).  We  know  that  pi  =■  yM'pifqi . 

Put  this  value  in  (  and  get  t{pi ,  M*,  a).  Since  M*  and  a  have  no  dimension, 
t  must  not  depend  on  pi ,  if  it  is  to  have  zero  dimension. 

6.  Conditions  for  normal  shocks.  In  this  section  smne  interesting  results  will 
be  derived  from  (16),  for  shocks  attached  to  a  solid  boundary  with  continuously 
turning  tangent,  but  possibly  a  discontinuity  in  curvature  (fig.  2). 

0 

J> 


It  is  known  in  this  case  that  a  —  r/2,  [9].  Replacing  a  by  this  value  in  (16) 
we  get 

K  ^  2Af*  _  T  +  3\ 

(7-  l)JIP-|-2r  2  / 

-  r(2(.  -  DAf  - 


(24) 
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This  shows  that  for  a  given  Mach  number,  the  ratio  of  the  curvatures  must 
have  a  definitely  determined  value,  in  order  that  a  normal  shock  be  formed. 
When  K  *  K^,  which  is  the  case  of  the  most  importance  physically,  the  relation 
(24)  becomes 


(25) 


2M* 

(7  -  l)Af»  +  2 


If  the  flow  in  front  is  irrotational,  then  F  **  0  and  equation  (24)  reduces  to 


K 


2M'  /  , 

(7  -  l)M'  +  2\ 


4-') 


K\ 


A  number  of  other  authors  [5]  and  [8]  have  gotten  this  result  by  different  methods, 
but  the  above  method  is  considered  to  be  more  general. 

Let  us  now  investigate  the  case  of  a  normal  shock  where  k  becomes  infinite. 
Now  if  a  — » ir/2,  we  see  from  the  graphs  of  G*  in  [9]  that  Go  — » O'*".  So  if  a  — ♦  t/2 
and  K—*  00  then  Go*  ^  0.  If  in  equation  (16)  a  —*  ■^12  and  then  equation 

(16)  reduces  to  the  following  relation 


(26) 


2M* 


(7  -  1)AP  +  2 


jjvf*  _  1^1  -h  r{2(7  -  DM*  -  4} 


/  (7 -DM* 

\(7  -  DM* +  2/^ 


-  a:  ^0. 


When  the  incoming  flow  is  irrotational,  i.e.  F  »  0,  equation  (26)  reduces  to 


2M* 

(7-  1)M*  +  2\ 


Lin  and  Rubinov  obtained  this  result  by  the  use  of  a  limit  process  [5]. 

7.  Stability.  In  [3]  it  was  shown  that  if  a  is  in  the  shock  region  [/3(M)  ^  a  ^  90°] 
then  the  shock  is  unstable.  /3(M)  is  the  angle  at  which  the  Mach  number  behind 
the  shock  becomes  unity.  The  method  used  in  [3]  is  essentially  the  following. 
If  a  is  in  the  region  \0{M)  ^  a  ^  90°]  but  all  the  consistency  relations  are 
satisfied,  one  makes  a  small  change  in  the  obstacle  behind  the  shock;  now  since  a 
is  in  the  singular  shock  r^on  [/3(M)  <  a  ^  90°],  the  new  angle  a  associated 
with  the  new  obstacle  will  give  us  one  of  the  G<  =■  0.  If  the  consistency  relations 
are  still  satisfied,  then  by  a  further  slight  change  in  the  tth  consistency 
relation  will  not  be  satisfied  and  no  shock  can  exist.  In  this  way  the  shock  was 
said  to  be  unstable. 

The  General  Consistency  Relations  differ  from  the  consistency  relations  for 
uniform  flow  only  by  Un  .  Obviously  Un  will  not  affect  the  argument  used  in  [3]. 
So  by  applying  the  above  argument  from  [3]  to  the  General  Consistency  Relations 
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we  see  that  if  a  is  in  the  shock  region  [/)(M)  ^  a  ^  90°]  for  non-uniform  rotational 
flow,  the  associated  shock  will  be  unstable. 

In  [9]  it  has  been  shown  that  we  must  associate  only  a  «  t/2  with  w  »  0.  This 
was  done  by  using  only  the  shock  conditions  given  by  equations  [9(2)]  •  •  •  [9(4)], 
and  the  fact  that  the  shock  is  a  compression  shock,  i.e.  p/pi  >  1.  Under  our 
assumptions,  i.e.  non-uniform  rotational  flow  of  an  ideal  gas  with  viscosity  and 
thermal  conductivity  sero,  the  shock  conditions  are  still  given  by  equation 
[9(2)]  •  *  •  [9(4)];  also  we  shall  limit  our  attention  to  compression  shocks.  Hence 
we  must  associate  only  a  —  t/2  with  w  —  0.  In  other  words  if,  in  a  non-uniform 
flow  of  an  ideal  gas  with  viscosity  and  thermal  conductivity  aero,  a  shock  is 
attached  to  a  solid  boundary  with  continuously  turning  tangent,  it  .is  a  normal 
shock.  Now  from  the  discussion  of  instability  of  shocks,  we  see  that  since  a  »  r/2 
is  in  the  singular  shock  region,  the  normal  shocks  here  considered  are  unstable. 
This  is  not  to  be  interpreted  as  meaning  that  normal  shocks  can  not  occur, 
since  such  in  fact  has  not  been  proved,  but  merely  that  their  occurrence  is 
unlikely  when  extraneous  conditions  are  not  present  which  tend  to  exert  a 
stabilising  influence.  Such  conditions  may  be  expected  to  arise,  e.g.,  if  the  other 
extremity  of  the  shock  line  is  attached  to  a  solid  boundary  at  which  the  shock 
angle  does  not  lie  in  the  singular  interval,  or  in  the  case  of  the  reflection  of 
shocks  at  the  sonic  line  in  transonic  flow.  Also  under  certain  circumstances  it 
may  be  impossible  to  neglect  the  effect  of  the  boundary  layer  in  consequence  of 
which  influences  of  a  stabilising  nature  may  be  introduced.  Actually  normal 
and  even  oblique  shocks  have  been  observed  in  flows  around  curved  boundaries 
with  continuously  turning  tangent,  which  appears  to  indicate  the  influence  on  the 
shock  of  the  above  or  other  factors  outside  the  immediate  neighborhood  of  the 
boundary  [10]. 

Indiana  Univkrsitt 

(Received  January  13,  1960) 
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STEADY,  PLANE,  ROTATIONAL  PRANDTL-MEYER  FLOW 
OF  A  POLYTROPIC  GAS* 

Bt  M.  H.  Mabtin 

Introduction.  It  is  well  known  that  in  classical  Prandtl-Meyer  comer  flow 
of  a  polytropic  gas  the  hodograph  of  the  flow  is  an  arc  of  an  epicycloid.*  If  the 
maximum  speed  be  taken  as  unity,  the  epicycloid  is  generated  by  rolling  a  circle 
of  radius  «  *  (1  —  c)/2  upon  the  sonic  circle  of  radius  r  —  c,  where  c  is  the 
critical  speed.  The  flow  is  isoenergetic,  isentropic  and  therefore  irrotational. 

In  this  paper  we  investigate  isoenergetic,  Prandtl-Meyer  flows  of  a  pol3rtropic 
gas  which  are  not  isentropic  (i.e.,  aniaentropic  flows),  a  Prandtl-Meyer  flow  being, 
by  definition,  a  flow  in  the  physical  plane  whose  hodograph  is  a  single  arc  in  the 
hodograph  plane. 

Many  properties  of  isentropic  flows  are  not  shared  by  anisentropic  flows.  For 
isentropic  flows  p  kp*,  and  k  is  constant  over  the  field  of  flow.  Consequently  in 
isentropic  flows  the  isobars  (p  »  const.)  and  isopycnics  (p  »  const.)  coincide. 
As  a  glance  at  Figures  7  and  8  in  this  paper  verifies,  this  need  not  be  the  case  for 
anisentropic  flows.  In  addition,  for  isoenergetic,  isentropic  flow,  the  density 
always  remains  between  finite  bounds,  since  it  is  never  negative  and  cannot 
exceed  the  stagnation  density. 

Po  “  [C(y  —  k  «  const.  C  *  Bernoulli  constant. 

In  anisentropic  flows  k  A;(^)  and  it  is  possible  for  k  to  tend  to  zero  as  ^  varies. 
Consequently  we  can  no  longer  always  expect  a  finite  density  over  a  field  of 
isoenergetic,  anisentropic  flow,  and  this  is  confirmed  by  the  examples  at  the 
end  of  the  paper. 

In  an  earlier  paper*  it  is  shown  that  the  distribution  of  entropy  S(\k)  from 
streamline  to  stream  line  cannot  be  taken  arbitrarily  for  Prandtl-Meyer  flows 
of  a  polytropic  gas,  but  is  restricted  to  two  special  forms,  corresponding  to 
which  the  entropic  equation  of  state  becomes  respectively 

p  -  A(^  -  i^o)*''V,  p  “  (A  =  const.), 

the  second  form  replacing  the  first  when  X  »  0.  The  place  of  the  epicycloid  in  the 
hodograph  plane  in  classical  theory  is  taken  by  a  family  of  roulettes  depending 
on  the  parameter  X.  These  roulettes  are  all  generated  by  a  point  lying  at  a 
distance  t  from  the  center  of  a  circle  of  radius  a  as  this  circle  roUs  externally  or 
internally  upon  a  circle  of  radius  r.  Here  r,  a,  t  are  certain  fimctions  of  X  defined 
in  the  text  by  (29),  (19).  Representative  members  of  this  family  are  shown 
in  Figure  3. 

*  This  work  was  carried  out  under  Contract  §  N7  onr-39705  aponaored  by  the  Office  of 
Naval  Research. 

>  See,  for  example,  Courant,  R.,  and  Friedricks,  K.  O.,  Superaonie  Flow  and  Shock  Waoca, 
Interacienee  Publishera  (1948),  pp.  258-278. 

*  Martin,  M.  H.,  Steady,  plane,  rotational  Prandtl-Meyer  Jlowa.  Naval  Ordnance  Labora¬ 
tory  Memorandum  10346,  and  J.  of  Math,  and  Phys.  vol.  20  (1950)  pp.  76-80. 
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In  the  physical  plane,  we  meet  rotational  flows  first  discovered  by  Prim,*  and 
the  latter  part  of  the  paper  is  devoted  to  a  detailed  examination  of  the  form 
of  the  stream  lines,  isobars,  and  isopycnics,  as  well  as  their  behavior  as  the 
values  of  the  parameters  p,  p  are  varied. 


1.  Fundamental  principles.  A  flow  is  said  to  be  general  in  a  region  of  the 
physical  plane  provided  in  this  region:  (a)  the  isobars  and  streamlines  do  not 
coincide,  (b)  the  isobars  and  isoclines  {6  »  const.)  do  not  coincide,  and  (c)  the 
speed  q,  the  density  p,  and  the  pi^ure  gradient  dp/dt  along  a  stream  line 
remain  finite  and  do  not  vanish.  The  problem  of  determining  general  flows 
can  be  reduced*  to  finding  two  functions 

9(P»  ^  the  Bernoulli  function,  d{p,  »  the  direction  function, 

which  satisfy  the  equation 

(1)  qKQpp  -  q^p)/6*]*  +  iqX)p  “  0, 


where  the  subscripts  denote  partial  diflerentations.  Once  the  Bernoulli  and 
direction  functions  have  been  determined  subject  to  this  equation,  a  general 
flow  is  presented*  in  the  physical  plane  by 


(2) 


X 


y 


/{- 

/{- 


qpp  - 

e* 

qpp  -  qfi\ 
e* 


cos  B  dp  +  iq  sin  6)^  d^ 
am  6  dp  —  (q  cos  B)p  df 


}. 

}. 


and  in  the  hodograph  plane  by 


(3) 


u  ^  q  cos  $, 


V  »  9  sin  B. 


For  a  polytropic  gas  Bernoulli’s  law  states 

k*  -  C  ~  [p*-7(l  -  n)]  exp  [{S  -  S,)/C,],  0  <  n  -  I/7  <  1, 

so  that  the  Bernoulli  fimction  is  known  as  soon  as  the  entropy  distribution 
S  —  S(^)  and  the  distribution  of  energy  C  *  C(\f/)  are  prescribed.  Equation  (1) 
then  becomes  a  quasi-linear  partial  differential  equation  for  the  determination 
of  the  unknown  direction  function  B{p,  ^).  If  C(^)  a  const.,  theflow  iaisoenergetic, 
otherwise  non-ieoenergetic.  If  S(^)  «  const.,  the  flow  is  iseniropic,  otherwise 
anisentropic.  In  particular  we  can  always  realize  C  »  |  for  isoenergetic  flows  by 
proper  choice  of  units,  so  that  Bernoulli’s  law  becomes 


(4)  9*  -  1  -  [2p*-/(l  -  n)]  exp  [{8  -  So)/^,]. 


With  this  choice  of  C  the  maximum  speed  on  all  stream  lines  is  unity. 


*  Prim,  R.  C.  On  a  family  of  rotational  ga$  fiowt.  Naval  Ordnance  Laboratory  Memoran* 
dum  9366,  October  1947.  Prim  gives  the  graphs  of  the  stream  lines  foimd  in  Figures  7  and  8 
of  the  present  paper  without,  however,  showing  isobars,  isopycnics,  or  the  regions  of  sub¬ 
sonic  and  supersonic  flow. 
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For  general  flows  the  vorticity  equals*  pqq^  ,  and  consequently  general  ani- 
sentropic  flows  of  a  polytropic  gas  are  necessarily  rotational. 

When  the  hodograph  (3)  of  a  flow  degenerates  into  an  arc  in  the  hodograph 
plane  the  flow  in  the  physical  plane  is  a  PrandU-Meyer  flow.  A  Prandtl-Meyer 
flow  which  is  general  in  a  region  of  the  physical  plane  is  called  a  general  PrandU- 
Meyer  flow,  or  briefly  a  GPM-flow. 

From  now  on  we  restrict  ourselves  to  GPM-flows  of  a  polytropic  gas  imder 
the  hypothesis  that  they  are  isoenergetic  and  anisentropic.  As  has  been  pointed 
out  above,  such  flows  are  necessarily  rotational  and  there  is  no  loss  in  generality 
in  taking  the  Bernoulli  function  deflned  by  (4). 

We  begin  with  the  following  theorem.* 

Theorem  1.  For  isoenergetic,  anisentropic  GPM-flows  of  a  poly  tropic  gas  the 
hodograph  curves  h:  d  =  0{q)  in  the  hodograph  plane  constitute  the  solutions  of  the 
second  order  differential  equation 

(5)  e”  -  a{q,  \)e’  -  b{q,  \)9'*  =  0,  '  -  d/dq, 

in  which 

a  =  2Hq  -  -  q-*m  +  q'')  -  f]"*. 

b  =  [i(9  -  q-^)  -  (X  +  l)q]  [i(l  +  9”)  “  T*, 

where  I  «  7(7  —  1)”*,  and  \  is  a  real  parameter  which  serves  to  determine  the 
entropy  distribution  function  S(^)  as  follows: 


\  9^  0:  =“  (C,/X)  1(^  —  \l/o)  +  const.;  X  *  0:  5(^)  *  A(\^  —  \f/o) 

Here  C,  is  the  specific  heat  at  constant  pressure  and  ^0 ,  A  ^  0  are  any  real  constants. 

Corresponding  to  the  two  forms  of  the  entropy  distribution  function,  the 
entropic  equation  of  state  reduces  to  the  forms  given  in  the  introduction. 

Differential  equation  (5)  results*  when  a  solution  to  (1)  is  sought  of  the  form 
0  »  0(q)  for  q  deflned  by  (4).  This  differential  equation  reduces  to  one  of  first 
order  of  Bernoulli  type 


(6) 


u'  +  2 


X9 

.1  -  ' 


*  "1  _  (2Xc*  +  1)9*  + 

9(9*  -  C*)J  *  9*  -  c* 


when  we  set 

(7)  (j'  -  f  -  1(1  +  O, 

where  e,  defined  by 

c*  -  (7  -  l)/(7  +  1) 

is  the  critical  speed. 

*  Martin,  M.  H.  Steady,  rotational,  plane  flow  of  a  gae.  Naval  Ordnance  Laboratoyr 
Memorandum  10274,  and  Am.  J.  of  Math.  vol.  72  (lOfiO)  pp.  465-484. 

*  Loc.  cit..2. 
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2.  The  hodograph  curves  h.  The  substitution 


carries  (6)  into  a  linear  differential  equation 

As  may  be  checked  by  direct  substitution,  the  general  solution  of  (9)  is 

(im  ’  „  Ml -}■)(}■ -A)  q'  \ 

'  A  V  («•  -  f)*  +  (1  -  -  tf)')’ 

(where  /iC  is  an  integration  constant),  provided 

(11)  A  -  [(2X  +  l)/(2Xc*  +  l)]c\ 
is  finite  and  not  zero,  that  is,  provided 

(12)  X  ^  — |c~*,  X  ^ 

Letting  A  — ♦  «  in  (10)  we  are  led  to  expect  that 

(131  ,  _  g'il  -  t’)  .  fri'd  - 

(j’  -  ^  *  (4*  -  e?)*  ’ 

is  the  general  solution  when  X  »  —  as  is  indeed  verified  by  substitution 
in  (9).. 

For  X  =“  —  i  the  general  solution  is 
I,A\  _  _  4’(>  -  -  'V  log  (1  -  4*)  -  cl  ,  „  4‘(l  -  4^ 

- - (4>-<?)*- 

In  view  of  (7),  (8),  and  (12),  (13),  (14),  the  differential  equation  of  the  hodo- 
graph  curves  takes  the  following  forms: 

g*(l  -  a*)(g*  -  A)  +  Kq*{l  -  9*)-»’  X  -  Jc  ,  X  -i, 

“  -c4g»(l  -  %  +  ^?*(1  -  9*)*'**  ’  X  -  -ic 

fl7l  B'*  »  _ (g  —  C*) _  .  ^  __c 

^  ^  ^(1  -  ?*)[(1  -  c*)^*  log  (1  -  ,*)  -  C«J  +  Kq*(l  -  9*)’ 

Throughout  the  paper  our  attention  is  directed  to  (15),  with  /C  —  0,  except 
at  the  conclusion  of  section  3  where  we  touch  briefly  on  the  case  X  “  —l,K>0. 

If  iiL  “  0,  A  «  9?  >  0,  the  hodograph  curves  are  obtained,  from  (15),  by 
integrating 

(18)  O''  -  (9J/C*)  1(9*  -  c‘)V9‘(l  -  ?*)  (9*  -  ql)]- 


X  9^  —  Jc  *,  X  —i. 


X  —  — |c“ 


There  is  obviously  no  loss  in  generality  in  assuming  9^  >  0.  Since  the  maximum 
speed  is  unity,  (18)  implies  0  <  90  ^  9  ^  1,  and  the  hodograph  curves  are 
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accordingly  confined  to  the  annular  ring  between  the  circles  q  ^  qo  ,  q  ~  1. 
If  we  set  A  »  ql  in  (11),  the  minimum  speed  qo  is  related  to  the  parameter  X  by 

(19)  X  -  (c*  -  ql)/2c\ql  -  c*). 

It  is  clear  from  this  that  0  <  90  <  1,  if,  and  only  if,  X  is  excluded  from  the  interval 

(20)  -i, 

where  I  is  defined  in  Theorem  1. 

Direct  insight  into  the  nature  of  the  hodograph  curves  is  afforded  by  the 
following  lemma. 

Lemma  1.  The  locus  of  a  point  qe^  in  the  hodograph  plane  fixed  upon  a  radius 
{prolonged,  if  necessary)  at  a  distance  t  >  0  from  the  center  of  a  eirde  of  radius  \  s  \ 
as  this  circle  rolls  upon  another  circle  of  radius  r  >  0  with  center  at  the  origin  of  the 
hodograph  plane  is  a  solution  of  the  differential  equation 

/oiN  «/*  /r  +  2sY  [g*  —  {[(r  4-  <)*  —  <*]/(r  +  2s)  jr]* 

^  ^  V  r  ;  g*((r+«-f  0*-g*][9*-  (r+«-0*]’ 

the  circle  of  radius  \  s  \  rolling  externally  if  s  >  0,  and  internally  if  s  <  0,  upon 
the  circle  of  radius  r.  For  s  ^  Q,  the  locus  is  a  circle  of  radius  t  with  center  on  the 
cirdc  of  radius  r. 

For  the  proof  of  this  lemma  we  distinguish  three  cases  corresponding  to  the 
three  figures  in  Figure  1.  First  we  treat  cases  (i),  (iii)  simultaneously  and  then 
take  up  case  (ii). 


The  small  circle  with  center  Q  is  assumed  to  roll  on  the  large  circle  with 
center  0,  the  heavy  arc  TW  of  the  smaller  circle  having  made  contact  with  the 
heavy  arc  ET  of  the  larger  circle  so  that 


»V  - 
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From  triangle  OTV  we  have  ^  —  /3/2  in  both  cases,  and  consequently 

(23)  /3  =  I2r/(r  +  2s)]», 

in  view  of  (22). 

From  triangle  OUV  we  see  that 


(24)  0  -  «  +  a  -  t/2, 

and  from  triangles  PUW,  OPQ  it  follows  that  a  «»  (y  —  a)/2.  The  law  of  tangents 
applied  to  the  triangle  OPQ  yields 

tan  a  =  l(r  +  «  —  0/(»‘  +  «  +  01  cot  0/2. 

It  follows  from  (23),  (24)  that 

(25)  -  w  +  arc  tan  ([(r  +  «  —  0/(»"  +  »  +  01  cot  [rw/ (r  +  2«)])  —  t/2, 

where  the  branch  between  0  and  t  is  chosen  for  the  arc  tangent.  From  triangle 
OPQ 

(26)  9*  *  (r  +  «)*  +  —  2t{r  4-  «)  cos  [2r«/ (r  +  2«)]. 

Equations  (25),  (26)  jrield  parametric  equations  for  the  locus  of  P  as  the 
small  circle  rolls  on  the  larger  and  Lemma  1  is  verified  by  substitution  into  (21). 
Frwn  (25)  obviously  w  — »  0  implies  ^  0.  By  adding  an  arbitrary  constant  to 
(25)  it  is  clear  that  we  can  realize  ®  as  «  — ►  0. 

When  «  B  0,  the  locus  of  P  is  a  circle  of  radius  t  with  center  Q  on  the  circle 
with  center  0,  e.g.,  the  small  circle  in  (ii).  To  verify  this,  draw  VQ  the  perpen- 
“  dicular  bisector  to  the  chord  GP.  Corresponding  to  (23)  we  see  that  /3  =*  2«,  and 
ccmsequently  from  the  triangle  OQP 


7  -  —  2«  +  T,  tan  J(7  4-  tf)  -  [(r  —  t)/{x  -H  01  cot  w. 

When  7  is  eliminated,  one  finds 

(27)  ®  ■»  w  4-  arc  tan  ([(r  —  <)/ (r  4*  01  cot  «)  —  t/2. 

Coupled  with  this,  we  have 

(28)  5**  -  r*  4-  <*  -  2ri  cos  2a. 
from  the  triangle  OQP. 

That  (27),  (28)  define  a  solution  of  (21)  for  «  «■  0  is  clear,  since  they  reduce  to 
(25),  (26)  when  «  «  0.  As  before,  an  arbitrary  constant  0o  may  be  added  to  (27). 
Thus  all  circles  of  radius  t  with  centers  on  the  circle  with  radius  r  and  center  0 
are  solutions  of  (21)  when  s  ~  0. 

If  we  place 


(29) 


1  4*  go  _  (1  4~  9b)(9o  ~  ,  I  go 

go  4*  *  2(go  +  c*)  *  2  * 


in  (21),  we  obtain  (18)  and  the  following  theorem. 

Thxobem  2.  For  X  —  0,  A  »  go  >  0,  (Ac  hodograph  curves  are  generated  by 
rolling  a  circle  of  radius  \s  \  on  the  circle  q  ^  r.  The  hodograph  curves  are  traced 


out  by  a  point  qe  fixed  upon  a  radius  of  the  rolling  circle  at  a  distance  t  >  0  from 
its  center,  provided  r,-s,  t  are  defined  by  (29).  Their  parametric  equations  in  polar 
coordinates  q,  6  in  terms  of  the  angle  u  in  Figure  1  are 

q*  ■>  sin*  c*a/qo  4*  9o  cos*  e*(d/9o  , 

(30) 

arc  tan  (qo  cot  c  u/Qo)  —  ir/2  +  ^ 


where  Bo  is  an  arbitrary  constant  and  the  branch  between  0  and  re  is  chosen  for  the 
arctangent. 

The  quantities  r,  s,  t  defined  in  (29)  are,  for  fixed  c,  monotonic  functions  of 
96  in  the  interval  0  ^  96  ^  1  and  their  relative  magnitudes  for  any  given  go 
may  be  read  off  from  the  figure  below,  provided  c  <  3c*  <  1.  This  assumption 
is  met  for  most  gases,  e.g.,  c*  »  1/4,  1/6  for  monatomic  and  diatomic  gases 
respectively.  In  order  to  compare  t  and  |  s  |  in  the  range  0  <  96  <  c*  we  observe 
that 


f  ”  9^(1  ~  c*)/(qo  +  c*)  >  0, 
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and  consequently 


Fio.  2 

We  distinguish  the  following  seven  cases  : 

I:  0  <  90  <  c*,  r  >  f  >  1  «  I ,  «  <  0; 
II:  90  =*  c*,  r  >  f  >  «  =■  0; 

III:  c*  <  90  <  c,  r  >  f  >  «  >  0; 

IV:  90  *c,  C“r><  —  «“(1  —  c)/2, 

V:  c  <  90  <  3c*,  r  >  «  >  f  >  0, 

>  VI:  90  “  3c*,  r  =  s  >  t  >  0, 

VII:  3c*  <  90  <  1,  «  >  r  >  f  >  0. 
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Seven  different  types  of  hodograph  curves  are  obtained  corresponding  to  these 
seven  cases.  They  are  shown  in  Figure  3.  These  figures  indicate  as  (18)  implies, 
that  whenever  a  hodograph  curve  meets  the  sonic  circle,  it  meets  it  at  right 
angles.  . 

From  (18)  we  see  that 

(18')  S'  -  =b(go/c*)  (g*  -  c’)/9V(l  -  gf)(g*  -  gj), 

in  .which  the  positive  sign  is  taken  for  the  arcs  marked  +  in  Figure  3  and  the 
negative  sign  for  the  arcs  marked  — .  If  we  set  9o  0  in  (30)  and  let  w  range 
from  0  to  «  Tgo/2c*  the  +  arcs  a^  traced  from  the  point  ^  “  0  on  the  circle 
g  “  go  to  the  point  B  ^  Um  —  ir/2  on  the  unit  circle  g  —  1 ;  if  «  ranges  from 
0  to  —  w«  the  —  arcs  are  traced  from  the  same  point  on  the  circle  g  *  go  to  the 
point  B  =“  t/2  —  on  the  unit  circle. 

Case  IV  affords  a  check  on  our  calculations,  for,  from  (11),  go  ~  c  corresponds 
to  X  —  00.  In  view  of  Theorem  1,  this  implies  isentropic  flow.  Since  the  flow  is 
isoenergetic  it  must  be  irrotational  and  it  is  well  known  that  the  hod(^^phs  of 
irrotational  PAf -flows  of  a  pol3i<ropic  gas  are  the  epicycloids  in  FV  of  Figure  3. 

This  disposes  of  the  case  /F  »  0,  provided  X  does  not  lie  in  the  interval  (20). 
For  —  1  ^  X  <  —  l/2c*  we  have  A  2;  1  from  (11),  and  therefore,  by  (15),  (19), 
only  trivial  hodograph  curves  g  »  0,  g  *  1  are  possible.  If  X  —  —  l/2c*  or  X  — 
—  1/2  the  same  result  follows  from  (16),  (17)  respectively  and  remains  in  force 
for  —  l/2c*  <  X  <  —1/2  in  view  of  (15),  since  A  <  0  holds  because  of  (11). 
Thus  only  values  of  X  outside  the  interval  (20)  lead  to  hodograph  curves  of 
interest  when  K  0. 

The  study  of  hodograph  curves  for  .Kl  9^  0  is  an  interesting  problem  which  we 
shall  only  touch  upon  in  the  next  section. 

3.  The  flow  in  the  physical  plane.  As  we  shall  see  in  a  moment  the  isovels 
(g  «  const.)  are  straight  lines  for  a  wide  class  of  GPM-flows.  This  suggests 
that  the  isovels  and  stream  lines  be  introduced  as  coordinate  lines,  i.e.,  that 
g,  ^  be  employed  as  independent  variables. 

If  we  set 

dp  »  [dg  -  g^]/g, ,  B  -  B(q), 
in  (2)  these  equations  become 

For  a  Bernoulli  function  which  satisfies  the  partial  differential  equation 
(31)  H-Hiq), 
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these  equations  simplify  to 

f  (H  —  OB'*  -j  ,  ^  cos  -h  sin  9  j,\ 

(32)  + - 4 

f  (H  —  q$'*  .  .  ,  .  sin  ^  cos 

+ ^ - 4 

where  the  function  p  —  p{q,  is  defined  implicitly  by  9  «  q(jt,  ^). 

Let  us  introduce  angles  x>  *  defined  by 

(33)  tan  x  “  V*/^  t  tan  k  —  —  $'/H. 

Clearly  x  is  the  angle  of  inclination  of  an  isovel,  and  from  (32)  it  follows  that 

(34)  X  “  ®  +  »’f 


so  that  y  is  the  angle  at  which  the  stream  line  and  isovel  intersect.  Since  6  »  d{q) 
and  y  y{q)  by  (33)  it  follows  that  x  x(9)'  implies  that  x  is  constant 
along  an  isovel  and  the  following  theorem  has  been  established. 

Theorem  3.  If  the  BemouUi  function  eatiefiea  (31),  the  isoveU  in  a  GPM-flow 
are  straight  lines. 

As  an  example  of  such  a  Bernoulli  functicm,  it  is  readily  verified  that  the 
Bemotdli  function  for  isoenergetic  flow  of  a  polytropic  gas  defined  by  (4)  satisfies 
(31)  with 


(35) 


H 


g*  -  c* 
c*g(l  -  g*)‘ 


The  following  the(H«m  applies  to  any  isoenergetic  GPM -Row  of  a  polytropic 
gas  and  confirms  Theorem  3. 

Theorem  4.  In  isoenergetic  GPM-flow  of  a  polytropic  gas  the  isovels  comprise  a 
family  of  parallel  straight  lines  if  \  ^  —I  and  a  family  of  concurrent  straight  lines 
for  all  other  values  of  X.  In  all  cases  each  isovel  meets  the  stream  lines  at  the  constant 
angle  y{q)  defined  in  (33). 

To  prove  this  theorem  we  first  observe  from  (4)  that  corresponding  to  the  two 
different  forms  for  the  entropy  distribution  function  S(^)  in  Theorem  1,  there 
are  two  forms  for  the  function  p  —  p(q,  ^)  in  (32),  vis., 

(36)  p  «  k(^  -  ^•)~"^(1  g^)‘  for  X  0,  p  -  e^^*-**\l  -  q'Y  for  X  -  0, 


where  ^0 ,  A;  ^  0,  x  >  0  denote  real  constants,  and  I,  X  are  defined  in  Theorem  1. 
The  line  integrals  (32)  take  two  forms 


(37) 


+ 


/f  cos  S  -h  ^  sin  S 


26'qa  -  «*) 


I 


-b 


H  eon  6  —  s'  cos  6 

~2$W 
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(38) 


ff  H  -qe'' 

J  \W'(1  - 


COB  6  dq  — 


Bind  dq  — 


H  COB  d  sin  d 
2l$'q{l  -  * 

H  wad  —  O'  cos  6  _*(^o) 
2W'g(l  -  g*)‘-»  * 


depending  on  which  form  is  employed  for  p  in  (36).  Here  H  is,  of  course,  the 
function  of  q  defined  in  (35)  and  B  =  d(q)  is  any  solution  of  (5). 

In  view  of  integrability  conditions,  we  must  have 


(39) 


d  H  cos  4-  O'  sin  ® 


dq  B'qil  -  ?*)‘-i 

d  H  Bxn  8  —  S'  cos  $ 
dq  B'qil  —  5*)*“‘ 


2(X  +  t) 
2(X  +  1) 


H  -  qB'* 

e'd  - 

H  -  qB'* 

6'{l  -  qy 


cos  8, 
sin  B. 


These  relations  may  be  verified  by  direct  calculation  with  the  aid  of  (5)  and  (35). 
They  hold  for  all  real  values  of  X  and  with  their  help  it  is  easy  to  verify  that, 
up  to  possible  additive  constants,  (37)  yields 


(40)  X  —  /2  cos  X,  2/  “  12  sin  X,  R 


provided  X  —  I,  the  angle  v  *  v{q)  being  defined  in  (33)  and  the  angle  x  “  x(?) 
by  (34). 

When  X  —  —  f,  we  infer  from  (39)  that 


(41) 


H  cos  ®  sin 


W  -  9*)‘-‘ 
and  (37)  leads  to 


const., 


H  am  8  —  B'  cos  B 
8'q(l  -  g*)*-* 


/9  —  const., 


1  r  H  -  OB'*  ^  ,  N 

(42)  , 

*  -  -  id'"* 

The  constants  a,  0  are  not  arbitrary,  for  squaring  and  adding  equations  (41),  we 
find,  in  view  of  (35)  and  (15),  since  A  =■  1  by  (11)  when  X  =  —  Z, 

a*  +  |8*  -  >  0. 

When  X  —  0,  (38)  replaces  (37)  and  (40)  must  be  changed  to 

CSC  pe~*^*~**^ 

(43)  x~Rcoex,  y  -  sin  x,  ^  ~  2klq{i  -'^y-^' 

If  we  set  9  »  const,  in  (40),  (43)  and  allow  ^  to  vary,  x  remains  constant  and 
R  varies,  so  that  the  isovels  are  straight  lines  concurrent  at  the  origin  of  the 
physical  plane. 

By  placing  q  =  const,  in  (42)  and  allowing  ^  to  vary  it  is  clear  that  when 
X  »  —  Z,  the  isovels  comprise  a  family  of  parallel  straight  lines  of  slope  /3/a. 
This  completes  the  proof  of  Theorem  4,  but  before  passing  (m,  it  should  be 
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noted  that,  whereas  the  isovels  in  irrotational  PM-flows  of  a  pol}rtropic  gas  can 
envelope  an  arbitrary  curve  in  the  physical  plane,  the  isovels  in  isoenergetic  an- 
isentropic  GPM-flows  are  restricted  to  the  special  types  in  Theorem  4. 
Returning  for  a  moment  to  the  case  X  «  —I,  we  have  noted  that  (15)  becomes 

(44)  gf*  «  _ ^7  ~  _ 

For  the  quantity  in  the  bracket  to  be  positive  in  the  interval  0  <  g  <  1  it  is 
necessary  that 

K  >  c“*(l  - 

and  if  K  meets  this  condition,  this  quantity  will  be  positive  in  an  interval 

qo  <  q  <  qi  where  0<gb<c<gi<l. 

Consequently  the  hodograph  curves  lie  in  the  aimular  ring  bounded  by  the 
circles  q*"  qo,q^  qi.  It  ia  easy  to  obtain  the  equation  of  these  hodograph 
curves  in  closed  form.  Indeed  in  (41)  we  have  two  homogeneous,  simultaneous 
linear  equations  for  9',  H  and  on  equating  the  determinant  of  coefficients  to 
zero  one  finds  ^ 

9  =*  9o  +  arc  CSC  {y/Kqil  —  g*)*~0» 

from  which  it  appears  that  the  hodograph  curves  are  simple  closed  curves 
tangent  to  the  bounding  circles  q  ^  qo,  q  ^  qi,  with  a  radial  line  9  ■■  const, 
as  an  axis  of  S3rmmetry.  The  investigation  of  the  flow  in  the  physical  plane  is  an 
interesting  problem  which  we  pass  over  in  this  paper.* 

4.  The  flow  in  the  jdiyiical  plane  for  K  >  0.  From  (32)  we  find 
J  -  d(x,  y)/d(q,  ^)  «  (g9'*  -  H)lptP^e', 
which,  from  (18),  (35)  yields 

j  ^ _ g*(go  —  c*) 

,  c'qoPtP^V (I  -  9*)(?*  -  gS)‘ 

From  (36)  it  follows  that  J  remains  finite  and  different  from  zero  for  all  g  in  the 
interval  go  <  g  <  1  and  for  all  finite  ^  if  X  *->  0.  If  X  ^  0,  we  require  instead 
^  f  0  >  unless  X  »■  —1. 

From  (33),  (35),  (18')  we  find 

tan  r  «  ^go\/(l  -  g*)/(g*  -  g?)- 

In  particular  tan  r  is  negative  if  ^  is  a  +arc  in  Figure  3  and  is  positive  for 
a  —arc.  If  we  introduce  the  angle  <a  in  Figure  1  by  substituting  for  g*  from  (30), 
we  obtain 

(45)  tan  w  “  —go  cot  c*<a/qo ,  —it  ^  ^  0 

*See  Prim,  R.  C.,  Rotational  gat  flow  around  a  comtr,  Naval  Ordnance  Laboratory 
Memorandum  9642,  September  1948.  Prim  employs  a  hodograph  plane  (u,  v)  in  which  u 
denotes  the  radial  component  and  v  the  component  of  the  velocity  normal  to  the  radius. 
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where 

(46)  0  ^  (d  ^  (i>M  for  a  +arc,  — ««,  ^  w  ^  0  for  a  —arc. 

Let  us  use  (45)  to  eliminate  v  from  (34)  to  obtain 

(47)  d  *  X  +  arc  tan  (go  cot  c^u/qp),  . 

where  we  again  choose  the  branch  between  0  and  r  for  the  arctangent.  For 
a  +arc  or  a  —arc  we  set  ^  0  in  (30)  and  infer,  for  such  arcs  that 


Consequently  u  may  be  identified  as  the  angle  a  in  the  physical  plane  shown  in 
Figure  4  between  an  isovel  g  »=  const,  and  the  2/-axis.  This  identification  of  u, 


which  originally  appeared  as  an  angle  in  the  hodograph  plane  in  Figure  1,  as  an 
angle  in  the  physical  plane  offers  a  geometrical  construction  of  the  velocity 
vector  field  in  the  physical  plane  analogous  to  the  well-known  construction  (or 
irrotational  PM-flows.  The  construction  is  illustrated  in  Figure  5  where  it  is 
carried  out  for  case  I.  (0  <  gb  <  c*). 
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The  angle  (a  being  fixed  in  the  hodograph  plane  we  draw  the  ray  O'O  in  the 
physical  plane  parallel  to  the  line  VT  in  the  hodograph  plane.  Thus  (TO  makes 
an  angle  «  with  y-axis  and  the  angle  x  with  the  x-axis  by  (48).  From  (40)  the 
ray  O'O  is  an  isovel  at  each  point  of  which  the  velocity  vector  is  the  vector  OP 
in  the  hodograph  plane. 

The  form  of  the  streamlines,  isobars  and  isopycnics  in  the  physical  plane  will 
now  be  investigated.  We  recall  that  for  iC  —  0,  only  those  values  of  X  outside 
the  interval  (20)  need  be  considered. 

When  we  substitute  for  q*  from  (30)  and  for  v  from  (45),  we  find  that  (40)  yields 
(49)  „)■"■,  B.  -  -  ^’‘0. 

where 

(60)  m  -  1  +  l/\  -  c*(l  -  ql)  (9J  -  c*)'^  ^  0, 

is  finite,  and  from  (19),  (43)  that 

-*(*-*•) 

(51)  R  -  fto(8ec  «)*'* ,  flo  -  2ik/J(l  -  (;«)*->»  ^ 

Equations  (49),  (51)  are  the  polar  equations  for  the  stream  lines  in  the  physical 
plane.  Before  entering  upon  the  discussion  of  their  form  we  shall  derive  iK>lar 
equations  for  the  isobars  and  isopycnics. 

For  the  isobars  we  use  (30)  to  eliminate  9*  from  (36),  and  then  use  the  result  to 
eliminate  ^  —  ^0  from  (49),  (51).  One  finds 

(52)  «  -  (sec  -  flo  -  -  P”"'»  ^^0 

\  qo  /  2lmqo 

(53)  ft  -  flo  cos «»,  fto  -  (1  -  e*)l2kU'p  X  -  0, 

where 

(54)  m'  -  1  +  X/Z  -  c*(l  +  c*)"‘(l  -  ql)  (c*  -  gj)~‘  ^  0. 

To  obtain  the  isopycnics,  Mve  observe  that  p  —  —iqqp)~^  from  Bernoulli’s  law. 
The  quantity  qq,  is  calculated  by  differentiating  (36)  with  respect  to  p.  This 
yields  p  in  terms  of  q*,  yff  —  4^  .  Ab  before,  we  use  (30)  to  eliminate  q*  to  secure 
p  in  terms  of  ^  ^  and  <■>.  When  this  last  expression  is  used  to  eliminate  ^  ^ 

from  (49),  (51),  we  obtain 

(65)  ft  -  fto(8ec  «o  -  -m-V(2KZ)"'‘(l  -  ?J)'V"',  X  0 

(66)  ft  —  fto  sec  «,  fto  —  (fa;*p)~\  X  —  0, 

with  m'  as  defined  in  (54). 

The  quantity  fto  in  (49),  (52),  (55)  is  positive  by  (50)  for  90  <  c*,  negative  for 
qo  >  c*,  and  is  positive  or  n^ative  in  (51),  (53),  (56)  as  fc  is  positive  or  negative. 
The  isovel  of  minimum  speed  qo ,  from  (30),  occurs  when  «  »  0,  and  is,  by 
(40),  (48)  the  negative  y-axis  for  fto  >  0  but  is  the  positive  y-axis  when  fto  <  0. 


PRANDTL-MEYER  FLOW  OF  A  POLYTROPIC  GAS 


277 


As  q  ranges  from  90  to  1  along  a  +  arc  in  Figure  3,  angle  (a  increases  steadily 
from  0  to  (i>»  and  the  isovel  turns  counterclockwise  from  the  isovel  of  minimum 
speed  90  to  the  isovel  of  maximum  speed  1.  Under  the  same  circumstances,  for 
a  —  arc  angle  w  decreases  steadily  from  0  to  —  and  the  isovel  turns  clockwise 
from  the  isovel  of  minimum  speed  towards  the  isovel  of  maximum  speed. 

The  values  of  taken  for  various  values  of  90  are  shown  below. 


70 
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For  7  “  7/5,  c*  =  1/6  (the  approximate  values  for  air)  the  values  of  90  in¬ 
crease  from  left  to  right  and  Wm  — »  3t  as  90  — >  1.  Since  the  field  of  flow  in  the 
physical  plane  covers  a  radial  sector  of  angle  2a>»  there  will  be  no  overlapping  for 
0  <  90  <  2c*  and  we  obtain  flows  in  the  unshaded  radial  sectors  shown  in  Figure  7. 
When  9o  «  2c*  the  isovels  of  maximum  speed  coincide  on  the  negative  y-axis  and 
flow  around  the  half  line  shown  in  III4  of  Figure  7  results.  For  2c*  <  90  <  1  the 
flow  overlaps  in  the  physical  plane  and  only  the  portion  corresponding  to  a  —  arc 
in  Figure  3  is  shown  in  Figure  8. 

The  polar  equations  of  the  streamlines,  isobars  and  isopycnics  given  earlier 
all  have  the  form 

(67)  R  “  iEo(8ec  c*«/9»)* 

with 

(58)  c  —  —  1/c*,  e  »  c,  ■=  —  (2X  -H  1),  e  —  —  1  —  2X/7, 

holding  for  streamlines,  isobars  and  the  isopycnics  respectively.  It  is  worth 
noting  that  (58)  holds  even  for  X  >■  0,  as  a  glance  at  (51),  (53),  (56)  verifies.  As  an 
aid  to  graphing  these  curves  these  exponents  are  plotted  against  9^  below. 
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From  (18')  it  is  clear  that  0'  ^  0  for  a  +  arc  and  ^  ^  0  for  a  —  arc  according 
as  9  ^  c.  The  stream  lines  accordingly  have  inflection  points  on  the  sonic  isovels 
9  =  c  in  I,  II,  III  of  Figures  7  and  8  and  as  indicated  on  these  figures,  their 
concavity  differs  in  the  subsonic  and  supersonic  regions. 

We  now  discuss  the  various  flows  in  the  physical  plane  shown  in  Figures  7  and 
8.  The  roman  numerals  in  these  figures  identify  flows  with  their  hodographs  in 
Figure  3  and  in  the  discussion  which  follows. 

I.  0  <  9o  <  c*(— 1/2  <  X  <  0).  From  Figure  6  we  see  that  e*  >  e,  >  0  >  e,  . 
In  view  of  these  inequalities  the  stream  lines,  isobars  and  isopycnics  take  the 
forms  shown  in  I  of  Figure  7.  An  insight  into  the  behavior  of  these  curves  for 
changing  values  of  4^,  p,  p  is  obtained  by  inspecting  the  various  formulas  for  Ro 
given  in  (49),  (52),  (55).  In  the  present  case  m  <  0,  m'  >  0,  and  we  conclude 
that  as  ^  >  -b  00  the  streamline  approaches  the  boundary  of  the  hatched  r^on 
but  for  ^  » ^0  it  recedes  to  infinity  below.  As  p  — »  oo  the  isobars  close  down 
on  the  comer  O'  and  as  p  — ♦  0  they  expand,  approaching  the  bovmdary.  As 
p  — » -b  00  the  isopycnics  approach  the  boundary  and  as  p  — >  0  they  recede  to 
infinity  below,  their  behavior  being  not  unlike  that  of  the  stream  lines. 

This  case  may  be  characterised  as  comer  flow. 

II.  9o  =  c*(X  =  0).  Here  *  1/c*,  e,  =  1,  —  1.  The  stream  lines  have  the 

same  general  form  as  in  I  and,  for  k  >  0,  behave  in  the  same  way  as  ^  • 

The  isobars  are  circles  tangent  to  the  boundary  of  the  shaded  region  at  0'  and 
their  diameters  Ro ,  from  (53),  are  inversely  proportional  to  p.  The  isopycnics 
are  horizontal  straight  lines  whose  distance  Ro  below  the  boundary  of  the  hatched 
region  is  inversely  proportional  to  p.  Thus  when  p  and  p  are  varied,  the  isobars 
and  isopycnics  exhibit  the  same  general  behavior  as  in  I. 

'This  case  may  be  characterized  as  half-plane  flow. 

It  is  desirable  to  divide  case  III  into  the  five  subcases  below. 

nil .  c*  <  9o  <  9i  (0  <  X  <  y/2).  Here  e*  >  e,  >  0  >  Sp .  Since  m  >  0, 
the  stream  lines  approach  the  boundary  as  ^  and  recede  to  infinity  above 
as  ^  »  +  oo .  The  behavior  of  the  isobars  and  isopycnics  as  p,  p  are  varied  is 
essentially  the  same  as  in  I,  since  m'  is  still  positive. 

nil .  9o  =  9i  (X  =  y/2).  We  have  «  1/c*,  Cp  »  0,  c,  *  —  (7  +  1)  and  m  >  0, 
m'  >  0.  As  p  vary  the  stream  lines  and  isobars  exhibit  the  same  general 
behavior  as  in  IIIi ,  but  the  isopycnics  are  circular  arcs  concentric  at  O'.  These 
arcs  shrink  down  on  O'  as  p  and  expand  to  infinity  as  p  — ►  0. 

nil .  9i  <  9o  <  2c*.  Here  c^  >  0  >  c,  >  Cp  and  m  >  0,  m'  >  0.  The  stream 
lines  and  isobars  behave  as  in  Hit  but  now,  like  the  isobars,  the  isopycnics  all 
emanate  from  the  vertex  O'.  As  p  — »  -f- «  they  shrink  down  upon  0'  and  as 
p  — ♦  0  they  expand  indefinitely,  approaching  the  boundary  of  the  hatched  region. 

III4 .  90  ^  2c*.  There  is  no  essential  difference  between  this  case  and  IIIi 
except  that  the  hatched  region  has  shrunk  to  the  negative  y-a,xia. 

The  four  cases  above  may  be  characterized  as  flow  around  a  wedge,  the  wedge 
degenerating  into  a  half -line  in  III4 . 

In  the  remaining  cases  >  x.  As  pointed  out  earlier,  this  leads  to  overlapping 
in  the  physical  plane  when  both  -|-  and  —  arcs  in  the  hodograph  plane  are 
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mapped  upon  the  phyaical  plane.  For  simplicity  we  confine  our  attention  to 
—arcs  in  the  hodograph  plane  from  now  on. 

nil .  2c*  <  9o  <  c.  Besides  the  overlapping  just  noted,  there  is  no  essential 
difference  between  this  case  and  Ills  • 

IV.  qo  “  c.  This  is  the  classical  case  of  irrotational  PM-flow.  There  is  no 
subsonic  region.  The  isobars  and  isopycnics  coincide  with  the  isovels. 

For  c  <  go  <  1  we  see  that  c,  >  c,  >  e*  1/c*  and  m  >  0,  m'  <  0.  Cases 
V,  VI,  VII  are  sufficiently  similar  to  each  other  to  be  discussed  simultaneously. 
As  ^  ^  ^  the  stream  line  moves  radially  inwards  towards  O'  and  approaches  the 
isovel  of  maximum  speed;  as  ^  »  <x)  the  stream  line  expands  to  infinity.  The 

isopycnics  and  isobars  move  towards  O',  approaching  the  isovel  of  maximum 
speed  as  p,  p  tend  to  zero  and  as  p,  p  —*  they  expand  to  infinity. 

Case  VII  requires  further  comment.  As  go  increasesfrom  3c*  to  y/  2c(l  -f-  c*)“*^* 
both  isobars  and  isopycnics  turn  their  concave  sides  away  from  O'  in  radial 
zones  adjacent  to  the  isovel  q  —  qa  and  their  concave  sides  towards  O'  outside 
these  zones.  For  go  in  the  range  y/2c{l  +  c*)~‘^*  to  cy/ 2  —  c*i  the  isobars  retain  a 
zone  adjacent  to  g  gb  in  which  they  are  concave  away  from  O'  and  outside 
which  they  are  concave  towards  O']  the  isopycnics  being  concave  towards  O' 
everywhere.  For  cy/2  —  c*  <  go  <  4c*  both  the  isobars  and  isopycnics  are 
concave  towards  0'  everywhere.  When  4c*  <  go  <  1  the  flow  overlaps  itself 
in  the  physical  plane. 

Since  the  isothermals  are  characterized  by  p/p  =*  const.,  it  is  clear  from  (52), 
(53),  (55),  (56)  that  the  isothermals  coincide  with  the  isovels,  i.e.,  are  the  rays 
emanating  from  O'  in  all  cases. 

Institvtk  fob  Fluid  Dynamics  and  Appued  Mathematics 

Unitebsitt  of  Mabtland 


(Received  April  20,  1960) 


TABLES  OF  ROOTS  AND  INCOMPLETE  INTEGRALS  OF 
ASSOCIATED  LEGENDRE  FUNCTIONS  OF 
FRACTIONAL  ORDERS* 

Bt  Piebbc  a.  Cabrus  and  Chablotte  G.  Treuenfels 

General  spherical  harmonics  and  associated  Legendre  functions  of  non-integral 
orders  are  found  to  arise  naturally  in  connection  with  an  increasing  number  of 
problems  in  applied  science.  Qualitatively,  such  functions  represent  a  well-known 
chapter  of  modem  analysis;  but  ‘quantitative  investigations  of  their  various 
properties  are  still  mostly  lacking.  In  recent  months,  in  our  laboratory  the  need 
arose  for  the  roots  of  associated  Legendre  functions  considered  as  functions  of 
their  index  n,  and  for  incomplete  integrals  of  squares  of  such  functions,  in 
connection  with  problems  related  to  the  scattering  of  electromagnetic  waves 
from  conical-shaped  conductors.  Since  no  tables  of  these  quantities  have  so  far 
been  published,  they  had  to  be  evaluated  ab  initio  and  are  reproduced  in  this 
paper  with  the  hope  that  they  may  be  found  useful  in  future  investigations 
involving  associated  Legendre  functions  of  fractional  orders.  As  the  computation 
of  the  new  tables  gave  rise  to  some  special  numerical  problems,  the  first  part 
of  the  present  paper  will  be  devoted  to  a  description  of  the  methods  by  which  the 
tables  were  constructed ;  while  its  second  part  will  contain  the  tables  themselves. 

Part  I.  Consider  the  equations 

Pi(cos  <?)  -  0  (1),  (d/de)Plicoe  d)  ~0  (2) 

where  P,  stands  for  associated  L^endre  functions  of  order  1  and  fractional  index 
n  or  V,  and  let  it  be  required  to  ascertain  such  values  of  n  and  v  for  which  these 
equations  are  satisfied  for  discrete  values  of  t/2  <  0  <  r. 

Since,  by  definition, 

Pi(cos  0)  *  sin  0  d(P„(cos  0)]/d  cos  0,  (3) 

equation  1  can  be  rewritten  in  terms  of  a  hypergeometric  series 

Pi(coe  e)  =  -I-  !•)  sin  0  tFilf*  +  2,  1  -  n\  2;  J(1  -  cos  fl)}  =  0  (4) 

which  is  satisfied,  for  any  given  0,  by  an  infinite  spectrum  of  real  values  of  n.  If 
the  order  k  of  the  respective  root  is  large.  Pal*  has  proved  that 

^  +  1_0.375 -1-0.1875 1  +0.01171875^  +  0.06152343^^+  •  • -j 

cc^  ^  |_0.140625  -  0.0703125  ^  +  •  •  -  j  +  •  •  •  (5) 

where 

f  -  (ir/28)i2k  +  i)  -  §.  (6) 

*  Work  performed  under  Contract  AF  10(122)-68  with  the  Air  Force  Cambridge  Research 
Laboratory,  Cambridge,  Massachusetts. 
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The  foregoing  asymptotic  expansion  converges  provided  that  t/2  <  9  <  3t/4, 
and  does  so  the  more  rapidly,  the  larger  the  value  of  k  (i.e.,  the  order  of  the 
respective  root  in  the  complete  spectrum).  For  low  values  of  k  the  formula 
obviously  furnishes  no  useful  result,  so  that  the  direct  algebraic  solution  of 
equation  (4)  becomes  indispensable.  From  the  computational  point  of  view, 
this  becomes  increasingly  more  difficult  as  0o  — ^  t,  as  the  convergence  of  the 
hypergeometric  series  on  the  left-hand  side  of  (4)  becomes  then  very  slow  and 
deteriorates  further  with  increasing  values  of  k.  For  this  reason  only  the  first 
few  roots  could  be  evaluated  by  this  method,  while  higher  roots  were  computed 
from  (5)  which  converges  the  more  rapidly,  the  greater  the  value  of  k.  Equation 
(6)  implies,  in  fact,  that  given  any  do  and  some  c  arbitrarily  small,  positive, 
there  exists  some  k{dft ,  c)  such  that,  for  all  A;  >  k(9o ,  c),  the  following  holds  true 

I  M*+i  —  Mk  —  (t/»o)  1  <  «.  (7) 

It  must  be  noted,  however,  that  for  a  given  c,  k(9o ,  <)  increases ‘with  9o .  The 
larger  the  angle  9o ,  the  higher  the  rank  of  the  root  mm  after  which  the  recurrence 
relation  (7)  can  be  used  with  sufficient  accuracy.  These  considerations  determined 
the  number  of  places  with  which  the  roots  could  be  guaranteed  for  any  k. 

When  we  come  to  investigate  the  roots  of  equation  (2)  we  find  it  convenient 
to  put  cos  *=  X.  For  a  given  9o ,  the  values  of  y  which  satisfy  equation  (2)  will 
also  satisfy  the  equality 

x(d/dx)P,(x)  -  (1  -  X*)  (d*/dx*)P,(x).  (8) 

Remembering  that 

P.(x)  -  ,Fi(y  +l,-y,  1,  (1  -  x)/2) 

and  that 

F(a,  b,  c  —  I,  z)  -  F(a,  b,  c,  z)  =  [abz/c{c  —  1)]  F(o  -}-  1,  6  -f-  1,  c  -b  1,  z), 
equation  (8)  assumes  the  form 

(1  +  x)F{y  -h  2,  1  -  V,  1,  (1  -  x)/2)  ~  Fiy  + 2,  I  -  ^  2,  (1  -  x)/2) 
which  is  equivalent  to 

V'  U  +  +J  +  2)r(l  -  y+j)  /I  -  x\-_^ 

U  my  +  2)r(l  -  .)r(j  -1-2)  V  2  /  “ 

The  forgoing  equation  admits  also  of  an  infinite  number  of  discrete  roots  r* 
for  any  fixed  value  of  x;  and  when  k  is  large,  these  roots  can  again  be  approxi¬ 
mated  by  a  certain  asymptotic  expression  deduced  previously  by  Pal‘.  This 
expression  is  derived  from  Watson’s  asymptotic  expansion  for  PZi^oe  0)*  and 
remains  valid  for  t/6  <  9  <  5t/6.  A  similar  expression  is  then  written  for 
P^_i(co8  fl);  the  substitution  of  PII(x)  and  PZ-iix)  in  the  recursion  formula 

*  Pal,  B.,  Bull,  of  the  Calcutta  Math.  Soc.,  9,  p.  85,  1918. 

*  Cf.,  Hobson,  “Spherical  and  Ellipsoidal  Harmonics’’,  Cambridge  1931,  p.  302. 
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nxKix)  -  (n  +  m)F^.x{x)  -  (x*  -  1)  (d/dx)P:(*)  -  0 

then  yields  Pal’s  asymptotic  expr^ion  for  v*  .  To  obtain  the  accuracy  required 
by  our  problem,  it  was  necessary  to  extend  Pal’s  expressions  to  the  terms  of 
higher  orders.  The  following  discussion  describes  the  procedure  employed. 

This  equation  was  ordered  in  powers  of  1/n;  terms  of  order  1/n*  and  higher 
were  neglected.  The  substitution 

^  =  (X  -  X,),‘ 

with 

X  -  n  -  i,  Xo  -  (x/2tf,)(2fc  +  §), 


transforms  Pal’s  equation  into 


coe 


+  K  +  kir)i2  sin  6)*  +  — ^  cos  d  sin  +  A;t)(2  sin  6)* 

2  ,  /  n+  f 

•  CO.  (*  +  «  +  t»)(2  .in  »)• 


+  2.4.  ( J +^1kL  +  3)  ««  (»  +  M  -  ?  +  far)(2  rin  «) 

(-3)(5)  2n 

2*4*(2n  +  3)(2n  +  5)  (2n  +  1) 

•  cos  9  sin  +  3d  —  T  4-  kx)i2  sin  6) 


2-4-6  (2n  +  l)(2nV  3)(2ii  +  5)  ^ 

(-3)(5)(21) 


+ 


2n 

2-4-6-(2n  +  3)(2n  +  5)(2n  +  7)  (2n  +  1) 


sin 


3t 


cos  d  sin  ( ^  +  4d  —  -5-  +  fcx 
2  t 


0.  (10) 


Equation  (10)  is  linear  and  homogeneous  in  sin  ^  and  coe  ^  and  can  be  written 


tan  ^  —  L/Jlf . 


(11) 


We  can  then  expand  the  right  hand  side  of  equation  (11)  as  a  power  series  in  X 
neglecting  all  terms  of  order  1/X*  and  higher.  The  coefficients  of  such  a  series 
are  expressions  in  cos  do  and  sin  do  .  We  obtain 

tan  (X  ~  Xo)do  “  tan  ^  LfM  o#  4"  oi  4-  aj  -|-  ai  4*  0(1/X*), 

*  Cf.,  Whittaker  and  Watson,  “Modem  Analysis”,  Cambridge  1946,  p.  324. 

*  Barnes,  E.  W.,  Quart.  Joum.  of  Math.,  39,  97, 1908. 
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abi  ao  {  ,  Oi\  I  1  1  “bi\ 

•  /  04  ,  erOi  /<»*  ,  ,  aa\Jbi  ,  a6i\  64  ,  a6» 

“■  “  -““IJi  + -  u  +  35;  /  "ti  +  33/t3  +  3?/  +  TS  +  IS;- 
135;  +  AW  ■  "U  +  a5Aa5  +  35;j  +  U  +  35  j  I 

_  /  ^  1  I  I  «bi\ 

Apy  \A  A/3y  /U  ^/SJ 

_  ,  aq»\  /  64  ,  gft>\  ,  ,  abi 

U  ^is/ U/3  AfiyJ  ^  A0y  AiSra’ 

and  with  the  following  definitions: 

0  =  1-}'  2X,  j8  =  2-}-X,  7  =  3-}- X, 

a  =  4-}-X,  A  =  l-}-Oi-}'  X(1  -f-  2gi) 
_  _  1 _ ^  _  3  cos  (t/2  -  $0) 


Oi  =  — i  cos 


a,  -  ^  cos 


^  cos 


00  sin  —  00^, 

sin  (x  —  20o) 

2  sin  00  ’ 

.in(|:.-M.) 

“  (2  sin  0o)*  ’ 

sin  (2t  —  40o) 


2*  2  sin  00 

—3.5  cos  (x  —  20o) 
2*  (2  sin  0o)*  ' 


(!-«•) 


3.5.7  -  sin  (2x  —  4 

“  -7=-  cos  00 

2*  (2  sm  0o)* 


61  —  i  cos 


00  cos  -  00^ 


.  —3  -  cos  (x  —  20o) 

0*  “  cos  00  — ^  -.--- - 1 

2*  2  sin  00 


,  -3.5 

.  -3.5.7  ^  cos  (2x  -  40 

— COS0O 

The  roots  i»*  are  then  defined  by 


-3.5.7  V  2 

2’  (2  sin  0o)’  ’ 


*  2*  2  sin  00  ’ 

.  _  —3.5  sin  (x  —  20o) 

°*  “  “2*  (2  sin  0o)*  ’ 

,  _  -3.5.7  ““(f"®’*) 

”  2»  (2  sin  0o)»  ’ 


i'*  “  J  -h  Xo  -}-  (l/0o)  tan  u 


with  «  "  04  oi  -|-  oj  -}-  ai  -}- 
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Remembering  that  ao ,  ai,  ott  and  at  are  functions  of  X  and,  therefore,  of  Vk  , 
we  expand  (12)  by  Lagrange’s  theorem 

-  J  +  X.  +  1  (ton-  »)x.  +  ^  (jj  ton-  ^  ton-»)^_ 

+  »J  (ji  ")x,  ■'■■■■  • 

This  expression  can  be  expanded  in  a  power  series  o(  Xo  whenever  w  <  1.  The 
roots  vk  were  thus  obtained  from  equation  (13)  for  all  Bo  and  k  in  the  ranges 

ir/2  <Bo<  13t/18,  ifc  <  50. 

If  k  increases  beyond  any  limit,  the  corresponding  roots  can  be  approximated 
by  the  condition 

lim  I  Vk  —  Vk-\  —  {tr/Bo)  1  “  0. 

^  *-»<e 

If,  however,  A:  is  in  the  neighborhood  of  imity,  the  convergence  of  equation  (13) 
again  becomes  too  slow  to  make  it  of  any  avail,  so  that  recourse  must  be  had 
to  the  original  equation  (9)  considered  as  a  function  of  w.  The  same  will  be 
true — irrespective  of  k — when  ^  -+  Jx.  If  so,  the  value  of  as  given  by 
equation 

cos  Bo  cos  f  ^  —  Boj 

BMX  ™  - 

1  —  COS  flo  sin  ( ^  —  ^0  j 

approaches  —  1  and  the  error  committed  in  neglecting  higher  powers  of  oq  in  (13) 
becomes  intolerable.  It  is  this  reason  which  prevented  us  from  extending  our 
tables  of  the  n's  which  follow  beyond  Bo  *  130®. 

Part  IL  Having  specified  the  roots  of  the  equation  (1)  and  (2),  let  us  now 
set  out  to  evaluate  the  dehqite  int^^s  of  the  form 

Bnixo)  -  f  IPUx)]*  dx,  (14) 

where  n  »  m  or  y  are  the  roots  of  equation  (1)  or  (2)  for  x  »  Xo .  If  Xo  —1 
the  answer  is  well  known*;  but  for  —  1  <  xo  <  0  the  task  proves  to  be  by  no 
means  as  easy. 

In  order  to  accomplish  it,  let  us  consider  the  integral  (14)  as 

Bn  ^  It , 

h  -  £  [PUx)]*  dx  and  /,  -  [PUx)1*  dx. 


where 
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As  long  as  Zo  is  small,  /i  can  be  evaluated  if  we  approximate  its  integrand  by 
Pal’s  asymptotic  formula 

P^,(cos  (?)  (2n/ir  sin  cos  X  -f  w  sin  X}, 

where 


X  -  (n  +  +  t/4 


and 


3  , 


_  3c,' 
4n* 


c,  “  “I"  cot*  0  c,  *  — ■§■  cot  6. 

These  coefficients  are  complete  only  as  far  as  terms  of  the  order  of  n“*  are  con¬ 
cerned.  Inasmuch  as  terms  of  higher  orders  in  n~*  become  exceedingly  com¬ 
plicated,  it  is  evident  that  Pal’s  as3rmptotic  formula  will  be  useful  only  for  large 
values  of  n  and  if  0  does  not  depart  too  much  from  90°.  Within  the  scheme  of 
our  approximations  we  can,  therefore,  write 

{P1,(cos  fl)}*  «  (2n/F  sin  0)  {u*  cos*  X  -|-  2iiv  sin  X  cos  X  -|-  r*  sin*  X}  (15) 


where,  to  the  order  of  accuracy  within  which  we  are  working, 


M*  *»  a  •+-  /3  cot*  ®  -I-  •  •  •  v*  “  7  cot*  -1-  •  •  •  2Mt;  =-  4  cot  4  -!-••• 


a 


^-^Tn 


0 


15 

64n* 


+  •••  7  - 


(16) 


Inserting  (16)  in  (15)  and  integrating  we  obtain 

/.  _  l/aL  --+ 

xl  L  2  p  P  J 

“  (/9  +  7)  ^cot  4o  +  ^0  —  —  (/9  —  7)^i(p)  +  iP*(p)^i 


where 

Flip) 


cot*  0  am  p0  d0, 


rh 

Fi(p)  “  /  cot  0  cos  p0  d0 

J  w/t 


and  p  *  2n  -b  1.  The  latter  two  expressions  cannot  be  integrated  in  a  simple 
expression  for  all  p  but  for  any  one  p  the  evaluation  by  quadratures  presents  no 
difficulties. 

When  we  come  to  int^rate  the  expression  for  /, ,  we  find  it  convenient  to 
consider  it,  by  virtue  of  equation  (3),  in  the  form 


It  -  j(*(l  -  x*){(<i/ii)P,(z)}*<ir. 
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If  we  integrate  by  parts  and  remember  that  P«i(x)  satisfies  the  Legendre  equation, 
the  foregoing  expression  clearly  reduces  to 

/,  -  -P,(0)(d/dx)P,(0)  +  n(n  +  1)  I'  {P.(x)}*(ix. 


From  the  relations 


-2v^ 


we  find  that 


Pn(0)  •  (d/<ix)P,(0)  =  sinnir/T. 

Now  Barnes*  proved  that,  for  unrestricted  n, 

£  p;  *  l|;  (17) 

but  the  generalized  hypergeometric  series  on  the  right-hand  side  converges, 
unfortunately,  so  slowly  that  several  thousand  terms  would  be  required  to 
stabilize  the  first  significant  figure  of  the  sum.  The  series  as  it  stands  is,  therefore, 
quite  useless  for  approximating  the  numerical  value  of  the  integral  on  the 
left-hand  side;  but  the  difficulty  can  be  overcome  by  the  following  device. 
Consider  the  functicm 

yn{z)  •  ^  z|  (18) 

which  is  known*  to  satisfy  the  third-order  differential  equation 


z*(l  —  z)y'”  ■+■  ^2(7  —  9z)y"  -f-  {j  —  3z  -1-  n(n  -|-  \)z]y'  in(n  -|-  \)y  -  0. 


Suppose  that  this  equation  is  integrated  munerically  from  the  initial  conditions 
implied  in  (18)  for  z  »  0  up  to  z  =»  1 ;  the  value  of  j/n(l)  is  clearly  equal  to  the 
sum  of  the  series  on  the  right-hand  side  of  equation  (17)  and,  therefore,  to  the 
desired  integral  on  its  left-hand  side.  We  have  performed  a  sufficient  number  of 
such  integrations  to  enable  us  to  prepare  a  table  of  yn(l)  for  n  »  0.00(0.05)1.00; 
if  n  >  1,  the  appropriate  value  of  2/»(l)  can  be  foimd  from  a  repeated  use  of  the 
recursion  formula 


(2n  -I-  l)y»(l)  =  (2n  —  l)2/,_i(l)  -b  2  sin  nx/nx. 


In  conclusion,  it  is  a  pleasure  to  record  that  the  construction  of  the  present 
tables  was  undertaken  at  the  suggestion  of  Dr.  Roy  C.  Spencer  and  of  Mr.  C. 
Sletten  of  the  Cambridge  Field  Station  of  Watson  Laboratories.  The  authors 
wish  to  express  their  appreciation  to  Professor  2klen6k  Kopal  for  his  guidance 

*  Bailey,  W.  N.,  “Generalised  Hypergeometric  Series”,  Cambridge  Tracts  on  Mathe¬ 
matics  and  Mathematical  Physics,  No.  32,  Cambridge,  1936. 


TABLE  I  1 

Firtt  fifty  rooU  in,  of  the  equation  Pm(co6  tf»)  ^  0  for  ^  90*(S)17S'‘.  For  0%  <  IStF  the  first  ] 

few  roots  were  improved  by  means  of  the  appropriate  hyper  geometric  series 

*  I  -  90*  I  -  9S*  I  *t  -  100*  I  *•  -  105*  I  «•  -  110*  i 


8 

9 

10 

11 

12 

13 

14 
16 
16 

17 

18 
10 


1.5776 

3.2005 

4.8310 

6.4647 

8.0091 

0.7342 

11.370 

13.006 

14.641 

16.277 

17.913 

19.649 

21.186 

22.821 

24.467 

26.094 

27.730 

29.366 
31.002 
32.639 
34.275 
36.911 
37.547 
39.184 
40.820 

42.466 
44.003 
46.729 

47.366 
40.001 
60.638 

52.274 
63.010 
66.647 

67.183 

68.819 

60.466 
62.002 

63.728 

66.366 
67.001 
68.637 

70.274 
71.910 
73.546 

76.183 

76.819 

78.466 
80.092 

81.728 
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TABLE  I — Continued 


k 

*t  -  US* 

*•  -  120* 

t»  -  12S* 

*•  -  130* 

*t  -  13S* 

1 

1.4969 

1.4241 

1.3680 

1.3001 

1.249 

2 

3.0466 

2.9043 

2.7763 

2.6669 

2.649 

3 

4.6037 

4.3966 

4.2060 

4.0297 

3.869 

4 

6.1661 

6.8910 

6.6394 

6.4077 

6.194 

6 

7.7279 

7.3880 

7.0768 

6.7881 

6.622 

6 

9.2915 

8.8860 

8.5133 

8.1697 

7.862 

7 

10.866 

10.384 

9.9616 

9.5622 

9.183 

8 

12.420 

11.883 

11.300 

10.936 

10.614 

9 

13.984 

13.382 

12.829 

12.318 

11.846 

10 

16.649 

14.882 

14.268 

13.702 

13.178 

11 

17.114 

16.381 

16.707 

16.086 

14.611 

12 

18.679 

17.881 

17.147 

16.470 

16.843 

13 

20.243 

19.380 

18.586 

17.864 

17.176 

14 

21.808 

20.880 

20.026 

19.238 

18.608 

16 

23.373 

22.380 

21.465 

20.622 

19.841 

16 

24.938 

23.879 

22.005 

22.006 

21.174 

17 

26.603 

26.379 

24.345 

23.390 

22.607 

18 

28.068 

26.879 

26.786 

24.776 

23.840 

19 

29.633 

28.379 

27.224 

26.159 

26.173 

31.198 

29.878 

28.664 

27.643 

26.606 

21 

32.763 

31.378 

30.104 

28.928 

27.839 

22 

34.329 

32.878 

31.644 

30.312 

29.172 

23 

36.894 

34.378 

32.984 

31.697 

30.606 

24 

37.469 

36.878 

34.423 

33.081 

31.838 

26 

39.024 

37.378 

36.863 

34.466 

33.171 

26 

40.689 

38.878 

37.303 

36.860 

34.606 

27 

42.164 

40.378 

38.743 

37.234 

36.838 

28 

43.719 

41.877  . 

40.183 

38.619 

37.171 

29 

46.286 

43.377 

41.623 

40.003 

38.604 

30 

46.860 

44.877 

43.063 

41.388 

39.837 

31 

48.416 

46.377 

44.603 

42.772 

41.170 

32 

49.980 

47.877 

46.943 

44.157 

42.604 

33 

61.646 

49.377 

47.383 

46.641 

43.837 

34 

63.110 

60.877 

48.822 

46.926 

46.170 

36 

64.676 

-  62.377 

60.262 

48.310 

46.603 

36 

56.241 

63.877 

61.702 

49.696 

47.837 

37 

67.806 

66.377 

63.142 

61.080 

49.170 

38 

69.371 

66.877 

64.682 

62.464 

60.603 

39 

60.936 

68.377 

66.022 

63.849 

61.836 

40 

62.601 

60.877 

67.462 

.  66.233 

53.170 

41 

64.067 

61.377 

68.902 

66.618 

64.603 

42 

66.632 

62.877 

60.342 

68.002 

66.836 

43 

67.197 

64.377 

61.782 

69.387 

67.169 

44 

68.762 

66.877 

63.222 

60.771 

68.603 

46 

70.327 

67.377 

64.662 

62.166 

69.836 

46 

71.893 

68.876 

66.102 

63.641 

61.169 

47 

73.468 

70.376 

67.642 

64.926 

62.603 

48 

76.023 

71.876 

68.982 

66.310 

63.836 

49 

76.688 

73.376 

70.422 

67.694 

66.169 

78.163 

74.876 

71.862 

69.079 

66.602 
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TABLE  I — Continued 


k 

0,  -  140* 

0t  -  145* 

•i  -  ISO* 

«•  -  ISS* 

«(-l<0* 

1 

1.202 

1.160 

1.122 

1.092 

1.069 

2 

2.461 

2.360 

2.278 

2.138 

3 

3.721 

3.586 

3.460 

3.344 

3.240 

4 

4.997 

4.816 

4.646 

4.491 

4.361 

5 

6.2n 

6.049 

6.838 

5.643 

5.465 

6 

7.668 

7.286 

7.032 

6.798 

6.582 

7 

8.841 

8.623 

8.228 

7.964 

7.700 

8 

10.124 

9.762 

9.425 

9.111 

8.820 

9 

11.408 

11.001 

10.622 

10.269 

9.941 

10 

12.692 

12.241 

11.820 

11.428 

11.063 

»1 

13.977 

13.481 

13.018 

12.587 

12.185 

12 

16.262 

14.721 

14.217 

13.746 

13.308 

18 

16.646 

16.961 

15.416 

14.906 

14.431 

14 

17.831 

17.202 

16.614 

16.066 

15.664 

16 

19.116 

18.442 

17.814 

17.226 

16.678 

16 

20.402 

19.683 

19.013 

18.387 

17.801 

17 

21.687 

20.924 

20.212 

19.647 

18.926 

18 

22.972 

22.166 

21.411 

20.708 

20.049 

19 

24.267 

23.406 

22.611 

21.868 

21.173 

20 

26.643 

24.646 

23.810 

23.029 

22.297 

21 

26.828 

25.887 

26.010 

24.189 

23.421 

22 

28.114 

27.128 

26.209 

26.360 

24.546 

23 

29.399 

28.360 

27.409 

26.611 

26.670 

24 

30.684 

29.610 

28.609 

27.672 

26.795 

26 

31.970 

.  30.862 

29.808 

28.833 

27.919 

26 

33.266 

32.093 

31.008 

29.994 

29.044 

27 

34.641 

33.334 

32.208 

31.166 

30.168 

28 

36.826 

34.675 

33.407 

32.316 

31.293 

29 

37.112 

36.816 

34.607 

33.476 

32.417 

30 

38.398 

37.067 

36.807 

34.637 

33.642 

31 

39.683 

38.299 

37.007 

36.798 

34.667 

32 

40.969 

39.640 

38.206 

36.960 

36.791 

33 

42.264 

40.781 

39.406 

38.121 

36.916 

34 

43.640 

42.022 

40.606 

39.282 

38.041 

36 

44.826 

43.263 

41.806 

40.443 

39.166 

36 

46.111 

44.605 

43.006 

41.604 

40.290 

37 

47.397 

46.746 

44.206 

42.765 

41.416 

38 

48.682 

46.987 

45.406 

43.926 

42.640 

39 

49.968 

48.228 

46.605 

46.087 

43.666 

40 

61.264 

49.470 

47.806 

46.248 

44.789 

41 

62.639 

60.711 

49.005 

47.409 

46.914 

42 

63.826 

61.952 

60.206 

48.571 

47.039 

43 

66.110 

63.194 

61.405 

49.732 

48.164 

44 

66.396 

64.436 

62.606 

60.893 

49.289 

46 

67.682 

66.676 

63.805 

52.064 

60.414 

46 

68.967 

66.917 

65.004 

53.216 

51.538 

47 

60.263 

68.160 

66.204 

64.376 

52.663 

48 

61.639 

60.400 

67.404 

66.638 

53.788 

« 

62.824 

60.641 

68.604 

56.699 

64.913 

60 

64.110 

61.883 

69.804 

67.860 

56.038 
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TABLE  l-Conduded 


k 

«• «  l«$* 

0*  -  170* 

1 

1.063 

1.06 

2 

2.063 

2.04 

3 

3.160 

3.07 

4 

4.226 

4.113 

6 

6.304 

6.169 

6 

6.386 

6.206 

7 

7.467 

7.260 

8 

8.662 

8.309 

9 

9.637 

0.362 

10 

10.724 

10.416 

11 

11.811 

11.469 

12 

12.809 

12.624 

13 

13.988 

13.679 

14 

16.076 

14.634 

16 

16.166 

16.690 

16 

17.264 

16.747 

17 

18.344 

17.803 

18 

19.433 

18.860 

10 

20.623 

19.017 

20 

21.613 

20.974 

21 

22.703 

22.031 

22 

23.703 

23.089 

23 

24.883 

24.146 

24 

26.973 

26.204 

26 

27.063 

26.262 

26 

28.163 

27.320 

27 

29.244 

28.378 

28 

30.334 

29.436 

29 

31.424 

30.494 

30 

32.616 

31.662 

31 

33.606 

32.610 

32 

34.606 

33.668 

33 

36.786 

34.726 

34 

36.877 

36.784 

36 

,37.967 

36.843 

36 

39.068 

37.001 

37 

40.148 

38.960 

38 

41.239 

40.018 

39 

42.330 

41.076 

40 

43.420 

42.134 

41 

44.611 

43.193 

42 

46.601 

44.261 

43 

46.602 

46.310 

44 

47.783 

46.368 

46 

48.873 

47.427 

46 

49.964 

48.486 

47 

61.066 

49.644 

48 

62.146 

60.602 

49 

63.236 

61.661 

60 

64.327 

62.719 

*t  -  175* 


1.00 
2.01 
3.03 
4.04 
6.08 
6.08 
7.08  ■ 
8.008 
9.120 
10.146 
11.16^ 
12.193 
13.217 
14.241 
16.266 
16.201 
17.316 
18.341 
19.366 
20.392 
21.418 
22.444 
23.470 


40.933 

41.962 

42.989 

44.017 

46.046 

46.073 

47.101 

48.129 

49.166 

60.186 

61.213 


TABLE  II 

Fir$t  fifty  rooU  vt  of  the  eqwUion:  {d/d6Pl^  (cos  —  Ofor$t  ■■  90'‘(S)1SO“.  It  it  to  he 

noted  that  a  Layranyian  five-point  interpolation  formula  allotoa  the  interpolation  0 — 
uriee  of  the  roote  uk  and  n  correepondiny  to  any  yiven  k 


k 

**  -  90* 

*•  -  95* 

«*-  too* 

*t  -  105* 

«t  -  110 

1 

1.000 

.9672 

.9216 

.8921 

.8696 

2 

3.000 

2.8301 

2.6788 

2.5437 

2.4230 

3 

6.000 

4.7196 

4.4681 

4.2417 

4.0373 

4 

7.000 

6.6116 

6.2632 

5.9486 

5.6636 

6 

9.000 

8.6062 

8.0604 

7.6586 

7.2942 

6 

11.000 

10.399 

9.8686 

9.3702 

8.9268 

7 

13.000 

12.293 

11.667 

11.082 

10.560 

8 

16.000 

14.187 

13.466 

12.796 

12.196 

9 

17.000 

16.082 

15.256 

14.608 

13.830 

10 

19.000 

17.976 

17.055 

16.222 

16.465 

11 

21.000 

19.871 

18.855 

17.936 

17.100 

12 

23.000 

21.765 

20.664 

19.649 

18.736 

13 

25.000 

23.660 

22.464 

21.363 

20.372 

14 

27.000 

25.564 

24.264 

23.077 

22.007 

16 

29.000 

27.449 

26.063 

24.791 

23.643 

16 

31.000  • 

29.344 

27.853 

26.606 

26.279 

17 

33.000 

31.238 

29.663 

28.219 

26.915 

18 

36.000 

33.133 

31.463 

29.933 

28.651 

19 

37.000 

36.028 

33.263 

31.647 

30.187 

20 

39.000 

36.922 

36.062 

33.361 

31.823 

21 

41.000 

38.817 

36.862 

36.075 

33.459 

22 

43.000 

40.712 

38.662 

36.789 

36.096 

23 

46.000 

42.606 

40.462 

38.603 

36.731 

24 

47.000 

44.601 

42.252 

40.217 

38.367 

26 

49.000 

46.306 

44.062 

41.932 

40.003 

26 

61.000 

48.290 

45.852 

43.646 

41.639 

27 

63.000 

60.185 

47.662 

46.360 

43.275 

28 

56.000 

52.080 

49.462 

47.074 

44.911 

29 

57.000 

63.974 

51.252 

48.788 

46.547 

30 

69.000 

56.869 

53.052 

60.602 

48.183 

31 

61.000 

67.764 

64.862 

62.217 

49.819 

32 

63.000 

60.660 

66.662 

63.931 

61.466 

33 

65.000 

61.663 

68.462 

66.646 

53.091 

34 

67.000 

63.448 

60.261 

67.360 

64.727 

36 

60.000 

65.343 

62.051 

60.074 

66.363 

36 

71.000 

67.238 

63.851 

60.788 

57.999 

37 

73.000 

60.132 

66.661 

62.602 

60.636 

38 

76.000 

71.027 

67.461 

64.216 

61.271 

39 

77.000 

72.922 

60.261 

65.930 

62.907 

40 

79.000 

74.816 

71.061 

67.645 

64.643 

41 

81.000 

76.711 

72.861 

69.369 

66.179 

42 

83.000 

78.606 

74.661 

71.073 

67.816 

43 

86.000 

80.601 

76.461 

72.787 

69.461 

44 

87.000 

82.396 

78.261 

74.602 

71.087 

46 

89.000 

84.290 

80.061 

76.216 

72.723 

46 

91.000 

86.186 

81.861 

77.930 

74.369 

47 

93.000 

88.080 

83.661 

79.644 

76.996 

48 

95.000 

89.974 

85.451 

81.369 

77.631 

49 

97.000 

91.869 

87.261 

-  83.073 

79.267 

60 

99.000 

03.764 

89.061 

84.787 

80.903 

61 

101.000 

96.660 

90.851 

86.601 

82.639 
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PIKRRE  A.  CASRUB  AND  CHARLOTTl!  O.  TREUENFEIiS 


TABLE  ll—C<mdud»d 


k 

••  -  Its* 

«•  -  120* 

*•  -  12S* 

*•  -  130* 

1 

.8632 

.8434 

.8458 

2 

2.3161 

2.2191 

2.1362 

2.0611 

3 

3.6843 

3.6321 

3.3946  - 

4 

6.4046 

5.1683 

4.9527 

4.7660 

6 

6.9623 

6.6591 

6.3816 

6.1275 

6 

8.6227 

8.1532 

7.8146 

7.6038 

7 

10.084 

9.6490 

9.2496 

8.8827 

8 

11.647 

11.146 

10.686 

10.263 

9 

13.210 

12.644 

12.123 

11.646 

10 

14.774 

14.142 

13.661 

13.027 

11 

16.338 

16.640 

14.999 

14.409 

12 

'  17.902 

17.139 

16.437 

15.792 

18 

19.467 

18.638 

17.876 

17.176 

14 

21.031 

20.137 

19.316 

18.659 

16 

22.696 

21.636 

20.764  ^ 

19.942 

16 

24.160 

23.136 

22.193 

21.326 

17 

26.726 

24.636 

23.633 

22.710 

18 

27.290 

26.134 

26.072 

24.094 

19 

28.856 

27.634 

26.611 

25.478 

20 

29.133 

27.961 

26.862 

21 

31.986 

30.633 

29.390 

28.246 

22 

33.661 

32.133 

30.830 

29.630 

23 

35.116 

33.633 

32.270 

31.016 

24 

36.681 

35.133 

33.710 

32.399 

25 

38.246 

36.633 

36.160 

33.784 

26 

39.812 

38.133 

36.590 

36.169 

27 

41.377 

39.633 

38.030 

36.653 

28 

42.942 

41.133 

39.470 

37.938 

29 

44.607 

42.633 

40.910 

39.323 

30 

46.072 

44.133 

42.360 

40.707 

81 

47.638 

46.633 

43.790 

42.092 

32 

49.203 

47.133 

46.230 

43.476 

33 

60.768 

48.633 

46.670 

44.861 

34 

62.333 

60.133 

48.110 

46.246 

86 

63.899  ,  - 

1  61.633 

49.660 

47.630 

36 

66.464  * 

1  63.133 

60.990 

49.016 

37 

67.029 

64.633 

62.430 

60.399 

88 

68.694 

'  66.133 

63.870 

61.784 

39 

60.160 

67.633 

66.310 

63.169 

40 

61.726 

69.133 

66.760 

64.663 

41 

63.290 

60.633 

68.190 

66.938 

42 

64.856 

62.133 

69.630 

67.322 

43 

66.420 

63.633 

61.070 

68.707 

44 

67.986 

66.133 

62.610 

60.092 

46 

69.661 

66.633 

63.960 

61.476 

46 

71.116 

68.133 

66.390 

62.861 

47 

72.681 

69.633 

66.830 

64.246 

48 

74.247 

71.133 

68.270 

66.630 

49 

76.812 

72.633 

69.710 

67.016 

60 

77.377 

74.133 

71.160 

68.399 

61 

78.942 

76.633 

72.690 

69.784 

TABLE  III 


Values  of  the  integral  I\ 


I  (P2(z))*  dx  where  Xt  —  cos  0»,/or  all  iu,*e  obtained  from  Tablel 
for  0t  -  9S’‘(5)14S’‘ 


k 

*•  -  95* 

*t  -  100* 

*•  -  lOS* 

-  115* 

1 

.00167 

.0115 

.0329 

.107 

2 

.01032 

.0664 

.174 

.474 

3 

.0306 

.1814 

.427 

.866 

4 

.0645 

.3512 

.707 

.9353 

1.009 

5 

.117 

.5489 

.912 

1.006 

1.025 

5 

.188 

.7380 

.9960 

1.020 

1.236 

7 

.274 

.8838 

1.0037 

1.177 

1.650 

8 

.3697 

.9676 

1.0365 

1.498 

1.951 

9 

.4738 

.9990 

1.1774 

1.826 

2.005 

10 

.5784 

1.0016 

1.4278 

1.985 

2.073 

11 

.6790 

1.013 

1.7058 

2.002 

•  2.391 

12 

.7705 

1.068 

1.9110 

2.070 

13 

.8481 

1.183 

1.9937 

2.321 

2.992 

14 

.9093 

1.353 

2.0019 

2.675 

15 

.9536 

1.550 

2.0362 

2.930 

16 

.9811 

1.738 

2.1780 

2.999 

3.565 

17 

.9952 

1.883 

2.4288 

3.016 

3.911 

18 

1.000 

1.968 

2.7064 

3.172 

19 

1.000 

1.998 

2.9096 

3.497 

1  4.041 

20 

1.002 

2.001 

2.9934 

3.824 

4.311 

21 

1.011 

2.013 

3.0015 

3.983 

4.729 

22 

1.031 

23 

1.067 

24 

1.119 

25 

1.188 

26 

1.274 

27 

1.370 

28 

1.473 

29 

1.579 

30 

1.679 

31 

1.770 

32 

1.848 

33 

1.909 

34 

1.953 

35 

1.981 

36 

1.995 

37 

2.000 

38 

2.000 

39 

2.002 

40 

2.011 

41 

2.031 

42 

2.067 

43 

2.119 

44 

2.189 

45 

2.274 

2.370 

47 

2.473 

48 

2.579 

49  ' 

2.679 

50 

2.770 
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TABLE  \\1— Concluded 


k 

••  -  120* 

«•  -  12S* 

«•  -  130* 

«•  -  133* 

ft  -  140* 

ft  -  14S* 

1 

.1666 

.211 

.2465 

.326 

.385 

.447 

2 

.6247 

.766 

.8617 

.945 

1.007 

3 

.9764 

1.020 

1.031 

1.062 

1.110 

4 

1.016 

1.054 

1.166 

1.342 

1.541 

1.729 

6 

1.168 

1.440 

1.726 

1.925 

2.016 

2.040 

6 

1.624 

1.916 

2.014 

2.091 

2.267 

7 

1.966 

2.011 

2.081 

2.340 

2.679 

2.928 

8 

2.009 

2.166 

2.578 

2.919 

3.019 

9 

2.167 

2.676 

2.987 

3.017 

3.161 

3.622 

10 

2.623 

2.993 

3.031 

3.339 

4.010 

11 

2.964 

3.027 

3.424 

3.916 

4.016 

4.119 

12  J 

3.006 

3.362 

3.932 

4.014 

4.266 

4.780 

13 

3.167 

3.867 

4.010 

4.339 

4.898 

6.016 

14 

3.623 

4.006 

4.280 

4.915 

6.016 

6.320 

13 

3.963 

4.115 

4.814 

6.012 

6.397 

6.960 

16 

4.005 

4.600 

6.338 

5.961 

6.022 

17 

4.166 

4.973 

6.161 

6.913 

6.034 

6.588 

18 

4.623 

6.013 

6.721 

6.011 

6.637 

7.008 

19 

4.962 

5.289 

6.002 

6.338 

6.995 

7.166 

6.008 

6.811 

6.076 

6.913 

7.079 

7.831 

21 

6.166 

6.003 

6.677 

7.676 

8.011 

22 

6.623 

6.082 

6.981 

7.338 

8.006 

8.383 

23 

5.961 

6.620 

7.027 

7.912 

8.167 

8.977 

24 

6.004 

6.947 

7.424 

8.009 

8.798 

9.054 

26 

6.166 

7.006 

8.338 

9.007 

9.654 

26 

6.623 

8.007 

8.912 

9.265 

10.008 

27 

6.961 

7.747 

8.280 

9.008 

9.893 

10.203 

28 

7.004 

7.998 

8.843 

9.338 

10.011 

10.875 

29 

7.167 

8.044 

9.004 

9.912 

10.394 

11.012 

30 

7.624 

8.440 

9.160 

10.008 

10.958 

11.460 

31 

7.961 

8.911 

9.722 

10.338 

11.031 

11.987 

32 

8.003 

9.003 

10.000 

10.911 

11.637 

12.080 

33 

8.166 

9.163 

10.074 

11.008 

11.992 

12.718 

34 

8.623 

9.676 

10.677 

11.338 

12.077 

13.008 

36 

8.961 

9.988 

10.980 

11.912 

12.676 

13.266 

36 

9.003 

10.023 

11.025 

12.007 

13.003 

13.911 

37 

9.166 

10.363 

11.423 

12.338 

13.156 

14.018 

38 

9.623 

10.866 

11.929 

12.911 

13.797 

14.618 

39 

9.960 

11.001 

12.006 

13.007 

14.004 

14.996 

40 

10.003 

11.113 

12.280 

13.337 

14.263 

16.111 

41 

10.166 

11.609 

12.842 

13.911 

14.892 

16.774 

42 

10.623 

11.970 

13.003 

14.006 

16.009 

16.004 

43 

10.961 

12.010 

13.169 

14.338 

16.396 

16.316 

44 

11.003 

12.288 

13.722 

14.911 

16.967 

16.942 

46 

11.166 

12.809 

13.999 

16.007 

16.029 

17.030 

46 

11.624 

13.000 

14.074 

15.338 

16.637 

17.686 

47 

11.960 

13.072 

14.677 

16.911 

16.991 

18.001 

48 

12.003 

13.619 

14.979 

16.006 

17.076 

*18.162 

49 

12.166 

13.945 

16.026 

16.337 

17.677 

18.826 

60 

12.624 

14.003 

16.424 

16.911 

18.002 

19.006 
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TABLE  IV 

Value$  of  the  integral  of  Table  III  for  tM  n*e  (Stained  from  Table  II  for  —  96'‘(S)1S0“ 


k 

«•  -  9S* 

*t  -  100* 

*•  -  105* 

«t  -  no* 

*•  -  115* 

1 

.0881 

.3312 

.2547 

.33543 

0.417 

2 

.2049 

.4453 

.4414 

.51965 

0.576 

3 

.2737 

.4995 

.5196 

.54126 

0.596 

4 

.3509 

.5100 

.5203 

.55714 

0.684 

5 

.4122 

.6102 

.5459 

.74767 

6 

.4563 

.5376 

.6812 

1.0917 

1.424 

7 

.4837 

.6197 

.9289 

1.3923 

1.515 

8 

.4975 

.7629 

1.2076 

1.5083 

1.552 

9 

.9499 

1.4134 

1.5164 

1.813 

10 

1.147 

1.4991 

1.6200 

2.230 

11 

.5042 

1.318 

1.5076 

1.9102 

2.483 

12 

.5120 

1.435 

1.5396 

2.2587 

2.513 

13 

.6324 

1.491 

1.6796 

2.4694 

2.617 

14 

.5673 

1.503 

1.9289 

2.5072 

2.979 

16 

.6200 

1.505 

2.2070 

2.5418 

3.365 

16 

.6893 

1.635 

2.4118 

2.7447 

3.506 

17 

.7738 

1.619 

2.4964 

3.0908 

3.521 

18 

.8701 

1.763 

2.5047 

3.3875 

3.737 

19 

.9736 

1.950 

2.5381 

3.5004 

4.150 

1.105 

2.147 

2.6790 

3.5095 

4.452 

21 

1.180 

2.317 

2.9289 

3.6173 

22 

1.271 

2.433 

3.2068 

3.9099 

4.576 

23 

1.348 

2.489 

3.4106 

4.2675 

4.893 

24 

1.410 

2.502 

3.4946 

4.4654 

25 

1.464 

2.504 

5.496 

26 

1.481 

2.534 

3.6374 

4.5387 

5.514 

27 

1.496 

2.618 

3.6789 

4.7436 

5.673 

28 

1.501 

2.762 

3.9288 

29 

1.501 

2.949 

4.2066 

5.3852 

6.414 

1.503 

3.147 

4.4102 

5.4969 

6.511 

31 

1.511 

3.317 

4.4947 

6.548 

32 

1.532 

3.433 

4.5028 

5.6149 

6.813 

33 

1.567 

3.488 

4.5369 

34 

1.620 

3.501 

4.6784 

6.2559 

7.483 

35 

1.689 

3.504 

4.9289 

7.511 

36 

1.774 

3.534 

6.2066 

6.4961 

37 

1.870 

3.618 

5.4102 

6.6353 

38 

1.974 

3.762 

4.4936 

6.7418 

8.363 

39 

2.106 

3.950 

6.5017 

40 

2.180 

4.147 

5.5367 

7.3826 

8.523 

41 

2.270 

4.317 

5.6783 

7.4913 

8.739 

42 

2.348 

4.432 

5.9290 

9.164 

43 

2.410 

4.488 

6.2065 

7.6123 

9.456 

44 

2.463 

4.500 

6.4100 

7.9083 

9.514 

45 

2.481 

4.504 

6.4936 

8.2548 

9.677 

46 

2.496 

4.534 

6.5017 

8.4584 

9.897 

47 

2.501 

4.619 

6.5361 

8.4941 

48 

2.501 

4.763 

6.6800 

8.5316 

49 

2.503 

4.950 

6.9291 

8.7407 

50 

2.512 

5.148 

7.2066 

9.0684 

10.674 
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TABLE  TV—Conduded 


k 

A  -  120* 

«•  -  12S* 

$»  -  130* 

1 

.4967 

.6762 

.6040 

2 

.6184 

.6920 

.8404 

3 

.6931 

.7061 

.8252 

4 

.8862 

1.141 

1.146 

5 

1.352 

1.632 

1.660 

6 

1.631 

1.668 

1.689 

7 

1.661 

1.816 

2.077 

8 

1.881 

2.336 

2.657 

9 

2.344 

2.640 

2.680 

10 

2.516 

2.601 

3.028 

11 

2.653 

3.035 

3.465 

12 

2.880 

3.468 

3.483 

13 

3.341 

3.530 

3.983 

14 

3.512 

3.736 

4.349 

16 

3.550 

4.259 

4.395 

16 

3.878 

4.618 

4.939 

17 

4.338 

4.561 

6.243 

18 

4.609 

4.960 

6.318 

19 

4.548 

6.423 

6.899 

20 

4.878 

6.520 

6.124 

21 

6.338 

6.673 

6.249 

22 

6.607 

6.183 

6.837 

23 

6.648 

6.602 

7.009 

24 

6.879 

•  6.637 

7.176 

25 

6.339 

6.870 

7.778 

26 

6.608 

7.376 

7.894 

27 

6.646 

7.617 

8.140 

28 

6.878 

7.623 

8.709 

29 

7.340 

8.106 

8.782 

30 

7.606 

8.483 

9.096 

31 

7.648 

8.624 

1  9.632 

32 

7.878 

8.796 

9.673 

33 

8.340 

9.318 

10.061 

34 

8.608 

9.616 

10.646 

36 

8.647 

9.684 

10.672 

36 

8.877 

10.026 

11.017 

37 

9.337 

10.456 

11.465 

38 

9.609 

10.618 

11.478 

39 

9.649 

10.729 

11.978 

40 

9.877 

11.263 

12.346 

41 

10.339 

11.510 

12.393 

42 

10.609 

11.664 

12.936 

43 

10.646 

11.946 

13.238 

44 

10.880 

12.420 

13.318 

46 

11.341 

12.616 

13.890 

46 

11.606 

12.671 

14.125 

47 

11.646 

13.181 

14.249 

48 

11.680 

13.500 

14.839 

49 

12.341 

13.636 

15.010 

60 

12.609 

18.869 

16.176 
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TABLE  V 

Value  of  the  integral  7i  >■  (Pit(«))*  dx  for  n  ^  0{,j0S)1,  together  urith  the  second  tabular 


difference  for  facilitating  the  interpolation  n — wise  of  the  table 


• 

3^  (F.(«)pA( 

A" 

0 

1.00000 

05 

.96833 

-.00183 

.93483 

-.00154 

15 

.89979 

-.00124 

20 

.86351 

-.00092 

25 

.82631 

-.00063 

30 

.78848 

-.00032 

36 

.75033 

-.00005 

40 

.71213 

.00021 

45 

.67414 

.00047 

50 

.63662 

.00074 

56 

.59984 

.00098 

60 

.56404 

.00118 

65 

.52942 

.00138 

70 

.49618 

.00156 

75 

.46450 

.00169 

80 

.43451 

.00180 

85 

.40632 

-.00189 

90 

.38002 

.00196 

95 

.35668 

.00199 

1.00 

.33333 

and  suggestions.  The  actual  preparation  of  the  tables  which  follow  was  a  joint 
effort  of  several  staff  members  of  our  Computation  Laboratory.  In  particular, 
Miss  Virginia  K.  Brenton  and  Mr.  Thomas  G.  Duke  aided  largely  in  the  prepara¬ 
tion  of  Tables  I  and  II,  while  Mrs.  Mai^aret  D.  Hill  and  Mr.  Robert  E.  Briggs 
assisted  in  the  numerical  integrations  underlying  Table  V. 

Mabsachubktts  Inbtitutx  or  Tbchnologt 

(Received  February  9, 1960) 


FORCED  PERIODIC  SOLUTIONS  OF  A  STABLE  NON-LINEAR 
SYSTEM  OF  DIFFERENTIAL  EQUATIONS 

■  Bt  a.  B.  Farnill,  C.  E.  Lanqrnhop  and  N.  Lbtinson 

1.  We  consider  the  system 

(1.0)  dxjdX  ^  Ax  +  f(x,  ut)  -H  kb(ut) 

where  (1)  x  is  a  vector  with  n  components  x,-  and  |  x  |  —  S  |  x,- 1, 

(2)  A  is  a  constant  matrix  the  characteristic  roots  of  which  have  negative 

real  parts, 

(3)  the  vector  function  b{t)  is  continuous  and  has  period  1  and  the 

average  of  b{t)  over  a  period  is  zero, 

(4)  k  and  co  are  constants,  and 

(5)  the  vector  function  /(x,  t)  is  continuous  and  periodic  of  period  1  in  t 

and  for  any  ij  >  0 

<1-1)  I  fix,  t)  -  fiy,  t)\  ^  ri\x  -  y\ 

for  small  enough  |  x  ]  and  |  y  \  uniformly  in  t.  Moreover  /(O,  t)  =  0. 

Theorem.  If  k  is  sufficiently  small  or  if  u  is  sulficiently  large  then  (1.0)  has  a 
‘periodic  solution  x  “  p(t)  of  period  l/w.  Moreover  there  exists  a  constant  p  >  0 
such  that 

1  pit)  I  ^  pk/il  +  <a). 

The  solution  p(t)  is  stable  and  indeed  there  exists  an  e  >  0  such  that  any  solution 
x(0  of  (1.0)  which  at  t  Ut  satisfies  [  x(fo)  |  ^  «  also  satisfies  x(0  —  pit)  —*  0 
ast—*«)  providing  k/il  -f  «)  t«  small. 

An  example  of  (1.0)  is  the  second  order  differential  equation 

(1.2)  d*u/dt*  -f  giu,  du/dt)  du/dt  +  hiu)  —  fc  sin  orf 

where  jf(0, 0)  >  0  and  A'(0)  >  0.  A  special  case  of  (1.2)  in  turn  is  the  case  where  g 
is  constant  and  h  =  u  +  Ciu*  +  Ctu*  where  Ci  and  Ct  are  ccMistants. 

The  condition  (1.1)  is  npt  needed  as  given  and  can  be  replaced  by  a  less 
restricted  requirement  as  will  be  seen  in  the  proof  of  the  The(wnwn.  Incidentally 
the  successive  approximations  procedure  used  in  proving  the  Theorem  offers  a 
practical  method  for  getting  an  arbitrarily  good  approximatimi  to  the  stable 
periodic  solution  of  (1.0)  when  k  is  small  or  u  is  large.  It  is  the  case  that  bit) 
may  be  piecewise  continuous  rather  than  continuous. 

2.  We  proceed  now  to  prove  the  theorem. 

Proof.  Part  1.  Here  we  prove  the  existence  of  pit).  Our  h}rpothesis.  iotiplies 
the  existence  of  K  and  <r  >  0  such  that 

(2.0)  I  e'**  I  ^  ^  0. 

(Here  the  norm  of  a  matrix  |  A  j  *  2  1  Oij  |.)  We  replace  (1.0)  by 
'  30Q 
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(2.1)  x(t)  -  k  j[*  €-“^>6(«t)  dr  +  e^“-"V(x(T),  on)  dr. 

(That  is  if  (2.1)  has  a  solution  it  follows  easily  that  (1.0)  is  satisfied  by  the 
solution  of  (2.1).) 

We  set  x^*^(0  »  0  and  define 

(2.2)  x‘"‘!‘"(<)  ~k  [*  Ho>t)  dr  +  f*  e^<‘-'7(x‘"’  (t).  on)  dr 

CWrIv 

(2.3)  x‘“(<)  -  Ife  jT*  Hon)  dr. 

Let  Bit)  -  6(r)  dr.  Then 

x‘”(0  -  (fc/«)  e^^'-^\dBio>T)/dT]  dr 

-  (fc/«)e-‘“""’B(«T)]i^  +  ik/o>)  Ae^^^^Bioir)  dr 
Since  |  Bit)  \  is  uniformly  bounded  we  have  using  (2.0) 

1  x‘”(0  1  ^  ikKi/»)  -I-  ikK,/o»r) 

*  where  Ki  and  Kj  are  constant.  If  «  <  1  we  have  from  (2.3)  directly  1  x^\t)  | 
kKt/o  for  some  Kt .  Thus  in  any  case 

(2.4)  I  x“’(f)  I  ^  kKJil  +  «) 

I  for  some  Kt . 

From  (2.2)  we  have 

(2.5)  I  »■•"’«)  -  *<•>«)  \SK  f  «-<-*>  I  /(*<’>(r),  »t)  -  /(*<-”(r).  »t)  1  dr. 

i 

f  If  1  x^"“‘'(0  1  and  I  x^"’(0  1  are  less  than  some  6  we  have 
[  .  (2.6)  I  /(l“>(r),  »t)  -  ;(l‘"-"(r),  »r)  (  S  i(./J0  |  l‘*’(r)  -  l'^"(r)  [. 

•  Thus  if  Mn  “  max  |  x*"’(0  —  x‘"“‘’(0  |  we  have  from  (2.5)  and  (2.6) 

Mn+l  ^  ^Mn . 

From  (2.4)  we  have  Mi  ^  fcX4/(l  +  «).  Thus 
;  (2.7)  Mn  ^  2""'*-‘  kK^il  +  «). 

(  From  (2.7)  we  have 


i 

1 

1 


I  x‘-‘(0  1  ^  2kKi/il  +  «) 
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and  therefore  if  we  choose  k/{l  +  u)  small  enough  so  2kKi/ (1  +  u)  <  j  the 
above  formulas  are  valid. 

From  (2.7)  we  see  that  converges  uniformly  to  a  limit  which  satisfies 
(2.1)  and  which  we  denote  by  p(0.  The  periodicity  of  p(t)  follows  from  that  of 
which  in  turn  follows  from  (2.2). 

Part  i.  Here  we  prove  that  p{t)  is  stable  as  stated  in  the  Theorem.  Let  z(<) 
be  a  solution  of  (1.0)  and  let  |  x(0)  |  be  small.  (We  take  fo  0  with  no  restricticm.) 
We  have 

(d/dt)(x(t)  -  p(i))  -  A(x(t)  -  p(t))  -  fix,  «f)  -  fip,  cd) 

Thus 

x(0  -  Pit)  ~  j[‘  e^'‘-’>[/(x(r),  «t)  -  /(p(r),  «r)l  dr  +  e^‘[x(0)  -  p(0)]. 

We  can  choose  k  small  enough  or  u  large  enough  so  |  pit)  \  <  For  f  >  0  and 
so  long  as  |  x(0  |  <  5  we  have 

I  xit)  -  Pit)  \^K  r  I  x(r)  -  p(r)  1  dr 

(2.8)  ^ 

+  iCe-'‘  |x(0)-p(0)  |. 
Or 

e"  1  xit)  -  Pit)  1  ^  ia  e"  I  x(t)  -  p(r)  \dr  +  K\  x(0)  -  p(0)  |. 

From  this  follows  easily 

e''  I  xit)  -  Pit)  1  S  X  1  x(0)  -  p(0)  1  e'‘«. 

Or 

(2.9)  1  xit)  -  Pit)  1  g  K  1  x(0)  -  p(0)  1 

Since  we  can  take  |  x(0)  |  small  and  get  |  p(0)  |  small  by  taking  k/ (1  +  w)  small 
we  have  *  , 

I  xit)  -  Pit)  I  <  ^  0. 

Since  |  pit)  |  <  we  have  |  x(0  |  <  h  and  thus  (2.8)  is  valid  for  all  0  as  is 

(2.9) .  From  (2.9)  we  have  xit)  —  pit)  — ►  0  as  f  — ►  «  which  completes  the  proof 
of  the  Theorem. 

Iowa  State  C!ollbqb 

Massachusetts  Institute  or  Technoloot 
Unitebsitt  or  Ck>u>BAi>o 
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COULOMB  WAVE  FUNCTIONS  EXPRESSED  IN  TERMS  OF 
BESSEL-CLIFFORD  AND  BESSEL  FUNCTIONS 

Bt  Milton  Abbamowitz 

1.  Introduction:  The  Computation  Laboratory  of  the  Applied  Mathematics 
Division  of  the  National  Bureau  of  Standards  is  now  preparing  tables  of  the 
solution  of  the  Coulomb  Wave  equation 

(1.1)  dV/V  +  [1  -  2n/p  -  L(L  +  l)/p*]v  =  0. 

This  equation  is  of  importance  in  the  study  of  the  interaction  of  particles  in  a 
Coulomb  field  of  force.  The  regular  solution  is  to  be  tabulated  for  L  =  0(1)5, 
10,  11,  20,  21,  p  *  0(.2)5,  =  —5(1)5  together  with  the  reduced  derivatives 

with  respect  to  The  purpose  of  this  article  is  to  give  expressions  for  the  regular 
solution  which  will  be  useful  outside  the  range  of  the  tables.  Specifically,  we 
shall  give: 

(1)  an  expansion  in  terms  of  the  modified  Bessel-Clifford  functions,  r"^*/,(2V^  t) 
valid  when  t/  is  large  [2,  3],  and 

(2)  an  expansion  in  terms  of  the  Bessel  functions  J»(p). 

2.  Definition  of  the  Regular  Solution  [1].  In  applications  the  regular  solution 
y  “  Fi,(ij,  p),  of  (1.1)  is  normalized  in  such  a  manner  that  as  p  — ♦  «> 

(2.1)  Fl(ij,  p)  sin  (p  —  ij  ln2p  —  Lt/2  -b  ^l) 

where  <ri,  arg  r(L  +  1  -f  I'n).  The  power  series  expansion  of  p)  is 

(2.2)  F^(,,  p)  -  CL(n)p^'!-Vi,(i7,  p)  «  AS(i,)p-^^ 

»-L+l 

where  the  coefiUcients  A  n(v)  Are  determined  from  the  relations 

(2.3)  A  1+1  “  1,  At+j  =  u/(L  +  1), 

(n  +  L)(n  -  L  -  l)Ai  *  2iiAt-i  -  AjU, forn  >  L  +  2. 
The  normalizing  factor  Ctiv)  is  defined  by  the  relations 

(2.4)  Cl  =  PLCll2ri{2L  +1);  Cj  -  2xi,/[exp  (2ti,)  -  1] 
where 

(2.5)  pi/2n  -  1-(1’  +  n’)  (2*  +  n‘)  •  •  •  (L*  +  ii*)2*V(2L  +  1)  [(2L)I1*. 

The  function  <^1(1;,  p)  ~  u  satisfies  the  differential  equation 

(2.6)  pu"  +  (2L  +  2)m'  +  (p  -  2ii)m  -  0 

with  u  »  1  for  p  =  0.  We  shall  confine  our  attention  to  equation  (2.6). 
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3.  Expansion  in  terms  of  modified  Bessel*Clifford  Functions.  The  modified 
Bessel-Clifford  fimctions  are  defined  as 

■  (3.1)  £.«)  -  r"'-/.(2Vi)  -  t  r(.  +  i)r(n  + .  +  i) 

and  they  satisfy  the  following  differential  equation  and  recurrence  relations 

(3.2)  tE':  +  (n  +  1)®:  -  E.  -  Q, 

(3.3)  =  En+l, 

(3.4)  tEn+i  ^  En  —  (n  l)En+l, 

(3.5)  E-n  =  rEn. 

With  these  preliminaries  we  can  now  obtain  the  desired  solution  by  first 
making  the  transformation  t  »  2i7p  in  (2.6).  We  then  obtain 

(3.6)  tu"  +  (2L  +  2)u'  +  (f/4ij*  -  l)ti  =  0. 

Now,  if  — ►  oo,  (3.6)  becomes  identical  with  (3.2)  for  n  =-  2L  -|-  1  and  thus 
V  — >  EiL+i{t).  This  suggests  that  we  try  to  obtain  a  solution  of  (3.6)  in  the  form 

(3.7)  M  -  uo(0  +  (4u*)"‘mi(0  +  (4i,*)"*m,(0  +  •  •  • 

Substituting  (3.7)  into  (3.6)  and  equating  to  zero  powers  of  (4i;*)“^  we  get  the 
following  system  of  equations 

fwo  "f"  (2X(  ■{”  2)11(1  “  Mo  “  0, 

(3.8) 

fM,  +  (2L  4-  2)m,  -  m,  «  <M,_i  ;  n  -  1,  2,  •  •  •. 


This  system  of  equations  may  be  solved  successively  and  we  get  for  n  »  0,  1,  2 
Mo(0  *  EiL+\ify,  Ml(f)  “  LEiL-\{t)  —  \EtL-t{t), 

^(0  “  —  l)EtL-*  ~  ■Ar(5f>  “  S)EiL-i  + 


From  the  form  of  the  expressions  in  (3.9)  we  note  that  the  regular  solution  of 

(3.7)  may  be  expressed  in  the  form 

(3.10)  u(t)  “  A;(i7)  /  EiL+i{t)  +  2  a,{ti)Ett^(t) 

(  f-i.t.... 

where  k(ri)  is  a  constant  to  be  so  chosen  that  u(t)  a  ipLint  p).  Since  iPL^v,  0)  «  1, 
jb(ij)  is  determined  by  setting  m(0)  =  1.  From  (3.1)  and  (3.5)  we  have  £?jt+i(0)  -■ 
1/(2L  +  1)1,  EiL-(0)  -  1/(2L  -  «)I  if  «  <  2L,  £?ii^(0)  -  0,  if  «  >  2L  and 
therefore 


(3.11) 


k-\v) 


+  E 


o»(>») 


(2L  +  1)1  ^  -ft...  (2L  -  «)!* 

Substituting  (3.10)  into  (3.6)  we  get 
(3.12)  tEtt^i  +  o,(ij){4ij*(«  +  l).Eix_t  +  iEtL-t\ 
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With  the  aid  of  (3.3)  and  (3.4)  this  may  be  written  in  the  form 

1  “  2LEiL  +  Of(ii){4n*(«  -4*  l)^?ii^-#+i  +  Eti 

—  (2L  —  s  —  l)EtL~»~i}  “  0. 


(3.13) 


UtL-t  ~  2LEti  +  o,(ij)  {4»;*(«  4*  l)^>i 


Then  equating  coefficients  of  Eiu-*  to  sero  we  get 

4  A  -  L,  3(4,*)a,  -  -1,  (4n*)*a,  -  L(L  -  l)/2, 


(3.14) 

4ij  («  +  l)o,  -  (2L  +  1  -  «)a^2  -  0.-4 ,  a  =  4,  5,  • 

Summarizing  the  results  of  (3.10),  (3.11),  (3.14)  we  have 
Theorem 

(3.16)  p)  “  *(»»)  r^itfi(2i?p)  +  £  o,(i;)^*l_(2ijp) 

L  .-i.*.... 

where 


k  *(»?)  = 


+  z 


o.(»?) 


(2L  +  1)1  '  (2L  -  s)l 

and  the  coefficients  a,(ri)  are  given  by  the  recurrence  relations. 

4i?*Oi  =*  L;  3(4»j*)oi  =  —1;  (4if*)*03  =  L(L  —  l)/2 

4ij*(8  +  l)a,  =  (2L  +  1  —  «)o,_j  —  a,_a  for  «  =  4,  5,  •  •  •. 

We  shall  not  enter  into  any  discussion  of  the  convergence  of  (3.15)  but  it  is 
clear  from  (3.15)  that  the  expansion  will  converge  rapidly  when  ti  is  large  while 
2i}p  remains  fixed. 

Example.  To  compute  0l(ij,  p)  for  L  —  1,  i>  =  50,  p  —  .25.  For  the  particular 
case  t  =  2ijp  -*  25  and 


^(’/»  p)  “  k(ri)  {Ei(t)  4-  aiEi(l)  +  atEo(t)  +  aatEi(t)  4-  •  •  • } 


where 


E,(t)  =  14.067046 

Ol  = 

1.0  X  10“^ 

aiEi(t)  »  .053420 

Oi  = 

-3.3  X  10"* 

a,Eo(t)  -  -.093857 

Oj  = 

0 

a^Ei(t)  =>=  .000000 

04  = 

-1.3  X  10~* 

aJ^E,(t)  =-  -.000076 

Ot  = 

5.6  X  10"“ 

a^E,(t)  -  .000122 

Total  -  14.026655 

and 


fc  *(if)  =*  £^a(0)  4"  Oi£?i(0)  4"  OtEoiO) 

-  (1/31)  4-  (oi/ll)  4-  o,  -  5002  +  30,000 

qonnn 

Thus,  <»i(50,  .25)  -  X  14.026655  -  84.126279  as  compared  to  84.126275 
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obtained  with  the  power  series  (2.2).  However,  to  achieve  this  accuracy  with 
the  power  series  seventeen  terms  are  required.  Taking  only  the  first  term  in  our 
present  approximation  we  get  84.33  with  an  error  of  less  than  1/4%.  To 
obtain  comparable  accuracy  with  the  power  series  ten  terms  would  be  necessary. 


4.  Expansion  in  terms  of  the  Bessel  Function  Jn{p)-  We  shall  now  obtain  an 
expansion  for  0L(n«  p)  in  terms  of  the  Bessel  functions  Jnip)  which  is  useful 
when  1}  is  small  and  p  is  large.  Let  us  assume  the  representation 

(4.1)  p)  “  Z)  bn(ii)Jn(j>);  bo  -■  1 

Substituting  in  (2.6)  we  get 


(4.2)  f:  b«(,){pj';  +  (2L  +  2)7',  +  pJn-  2,^/,}  -  0 


From  the  differential  equation  and  recurrence  relations  satisfied  by  Jn{p), 
namely 

(4.3)  pJn  +  Jn  +  p7»  -  -  7n  -  +  7,^,}  *,  27',  -  7_1  -  7,h-i 

p  z 


The  expression  (4.2)  may  be  written  in  the  form 

Z  b,(n){|(n  +  2L  +  l)7,^i  +  i(n  -  2L  -  l)J^i  -  2,^/,} 

(4.4) 

—  irfioJo  “  (2Z/  -f”  l)bo7i  "  0 

Then,  equating  coefficients  of  7,  to  zero,  we  get 

bo  “  1;  bi  =  2ij/(L  -1-  1);  (2L  +  3)bj  “  Sr)*/{L  +  1)  +  2(2L  -|-  1) 

(4.5) 

(n  2L  +  l)b,  “  4ifb,_i  -|-  (2L  +  3  —  n)b,_i  ;  n  “  3,  4,  5.  •  •  • 


The  convergence  of  (4.1)  follows  from  the  known  absolute  convergence  of  (2.2)[4]. 

Example.  To  compute  0t(ijf  p)  for  L  —  4,  ij  =»  1,  p  =  5:  From  (4.1)  and 

(4.5)  we  have 


n 

b»/n{S) 

0 

1.0000  00 

-.1778  97 

1 

.4 

-.1310  32 

2 

1.7818  18 

.0829  71 

3 

.8606  06 

.31^  76 

4 

1.2242  42 

.4789  63 

6 

.7186  16 

.1876  59 

6 

.8997  11 

.0786  91 

7 

.3296  82 

.0176  92 

8 

.1833  80 

.0033  76 

9 

.0773  71 

.0004  27 

10 

.0269  40 

.0000  38 

11 

.0061  88 

.0000  02 

t 


I 


! 


^4(1,  6)  -  .8649  66 
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The  value  of  ^4(1,  5),  correct  to  six  decimal  places,  obtained  with  the  power 
series  is  .8549  66.  However,  to  achieve  this  accuracy,  twenty-one  terms  of  the 
power  series  are  needed. 

The  expansion  (4.1)  may  also  be  obtained  with  the  aid  of  the  Laplace  trans¬ 
form.  For  the  sake  of  simplicity  we  demonstrate  the  method  for  the  case  L  =  0. 
If  p  is  a  complex  variable  with  positive  real  part,  then  the  Laplace  transform  is 
defined  as 

(4.6)  £{0o(p)}  “  e”’’'0o(p)  dp  —  gip) 


To  derive  the  transform  of  the  function  0o(n>  p)  we  need  the  following  properties 
of  the  Laplace  transform,  namely 

(p)}  =  w(p)  -  MO) 

(4.7)  £{p^'(p)}  “  -Wdp)ip*g)  +  ^(0) 

£{p^(p)l  =  -g'ip) 


Now,  if  we  multiply  equation  (2.6)  by  e  "  and  integrate  from  0  to  «  we 
obtain  as  a  result  of  (4.6)  and  (4.7) 

(4.8)  (H-pV  +  2w-  -1 

This  equation  is  readily  solved  and  we  get 


(4.9)  gip)  =  £{^(p)}  =  kexp  { -2?;  arctan  p}  -  l/2ij 


where  k  is  the  integration  constant  chosen  so  that  ^(oo) 
From  the  well-known  integral 


(4.10) 


[Vl  +  p«  -  p]" 
Vi  +  p* 


0,  i.e.,  k 


e''/2ir. 


one  has  the  transform  of  the  function  Jn(p).  If  we  therefore  assume  the  expansion 
(4.1)  in  the  case  L  =  0,  we  obtain  with  the  aid  of  (4.9)  and  (4.10) 


exp[^-  a,.ret.np]  _  1  |,.(,)[VrT?  -  pl" 

2ri  2ri  n-o 

To  determine  the  coefficients  bniv)  we  first  put  z  —  y/l  +  pl*  —  p  whence 
p  =  —  K*  ~  *”*)>  Vl  +  p*  =  i(2  +  2^  *)  aiid  (4.11)  becomes 

(4.12)  t  bMz' 

2ij  2ij  1  -r  2*  n— 0 

If  we  designate  the  left  member  of  (4.12)  by /(«),  we  then  obtain  by  differentiation 

(4.13)  (1  -t-  2*)/'  =  4r,f 


Then  substituting  the  right  member  of  (4.12)  in  this  last  equation  and  equating 
powers  of  z  we  obtain  the  recurrence  relations  (4.5)  for  the  coefficients  bniv) 
when  L  —  0. 
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